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In a previous paper ~ I proved that, for an infinity of m and n, the
equations m = p2-q2 and n =p2+q2, where p and q are primes, have more
than mc1/loglogm and nc2/(loglogn)2 solutions respectively . The proofs were
elementary . " In § 1 of this papér I prove that, for an infinity of n, the
number of solutions of the equation n = p2+q2 is greater than nc3/loglogn,

The argument is very similar to that of I, the principal difference being
that it requires Brun's method. I give the proof in detail only where
it differs from I .

In ~ 2 we prove the following theorem, which is a generalization of the
result proved in ~ 1 of I .

Let r1 < r 2 < . . . be an infinite sequence of positive integers such that
for an in fintiy of N the number of is less than or equal to N is greater than
N1-(c4/loglogN), with c4< 2 log 2 . Then for an infinity of M the number of
solutions of the equation r; 2 r=2 M is greater than Mc5/loglogM, where
c 5 depends only upon c 4 .

The results of this paper were stated in I .

1 . As in I, we put A 5 .13 . . . pk , where k is sufficiently large and
the p's are the first k primes of the form 4d+1. We write A = al a 2 . . . ax,
where x is a sufficiently large absolute constant, to be determined later (in
I we had x = [10 log log A]), and all the a's have at least [k/x] prime factors .

First we prove the following

LEMMA. There exists an a; such that the number of primes p < A 2 in
each ofat least ~ ~ (a; ) residue classes mod a i is greater than A tiI~ (a=} (log A ) 2 .

Proof . Suppose that the lemma is not true . For every a; we divide the
á(aá ) residues prime to a= into two classes . Class 1 contains the residues
for which the number of primes in each of them is less than A2~~ (a=)(lóg A ) 2 ;
class 2 contains the other residues. Similarly we divide the primes
p < A2 with p+Ainto two groups:in group I we put those primes which,
for at least . one ai,are congruent mod a= to a residue of class 1, in group II
all the other primes .
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The number of primes p < A2 congruent for a fixed modulus a; to a
residue of class 1 is evidently less than A 2 /(log A)2.Hence the total number
of primes belonging. to group I is less than A2x J (log A)2.

The number of residues mod A belonging for every a; to class 2 is, in
consequence of the .. multiplicativity of the residue classes, less than

-s~(a1) 8~(a2) . . . $~(ax )

	

(~} ~(A) •

Now, by a theorem due to Brun and Titchmarsh*, the number of
primes belonging to group II is less than

for sufficiently large x, which is contrary to the prime number theorem .
We now . consider an a; for which the number of residues belonging to

class 2 is greater than ~~(ac ;) .
Let these residues be z 1 , z2 , . . ., zl ; l > ~ c~(ai ) . we denote by S1 the

number of solutions of the congruence zK~-~-za2- 0 (mod a,) . In I we
proved that
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But then the number of primes p < A 2 would be less than
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where V (ai) denotes the number of prime factors of a= . Hence, by our
lemma, the number of solutions of the congruence p2+q2 0 (mod ai),
with p, q < A 2 , is greater than

2V(ai) ~ (a,) A4	2v(ai) A4	2k/x A4	2log A/4x log logA A4	 i	
16~ (ai} 2 (log A)4 16 (log A ) 4 a= > 32 (log A ) 4 ~ > 32 (log A )4 a;

2log A./5x log logAA4
>	,a=

since, by the prime number theorem for arithmetical progressions or by a
more elementary theorem},

' E. C . Titchmarsh, Rend. dá Palermo, 54 (1930) 414-429.
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But the integers of the form p2+q2 , with p, q C A 2 , are all less than
2A 4 . Hence there exists a multiple of a=, say n, less than 2A 4 , for which the
_equation n = p2-}-q2 has more than

2(log A/5x log log A )-1 > elog A/ 10x log log A	A 1/10x log log A > n1/50x log log d

solutions ; this concludes the proof.

2. The proof of the second theorem stated in the introduction is also
similar to that of § 1 of I .

Let N be sufficiently large and let A -.- 3 .5 . . p µ , the product of the
first µ odd primes such that 3 . . . pµ C N C 3 . . . p µ pµ+1 . we denote by
~ the number of is not exceeding N, ~ > N1-(c4/Iog log n), wherec4C2log2,
and estimate the number S of solutions of the congruence r; 2-r=2 - 0 (mod A)
with r= C r; C N .

First we determine the number of different residue-classes mod A of
the sequence 1 2, 22, 3 2 , . . . , A 2. It is well known that the number of different
residue-classes mod p (p a prime) of the sequence 1 2, 22, . . ., p 2 is equal to
-~ (p-}-1) ; hence, in consequence of the multiplicativity of residue-classes,
the number of the different residue-classes mod A of the sequence .
1 2, 22 , . . . , A 2 is equal to

z- ÍI 1

	

1= A ÍI 1 1 2 (pi +1)	2µ	+
i=1

	

i =1

	

pi
Hence the residues . mod A may be distributed into z classes such that
the squares of the residues of each class are . all congruent to one another
mod A .

As in I, we denote by y1 , y2, . . ., y2 the numbers of is not exceeding
N and congruent to a residue of the 1st, 2nd, . . . class . Thus we evidently
.have

S ~Cy12+y22+ . . .+ yz2-y1- y2

since

But

By a well-known elementary theorem, the sum of the squares of the y's
is a minimum if they are all equal, i .e . if y= - ~/z ; hence

y1+y2+...+yz	~.
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for every c 8 < log 2, since, by the prime number theorem,

log A
~` > c9 log log Á

for every c9 < 1 if A is sufficiently large . . Thus
N1-(c4 /log log N)s > 1_

	

~ 1 > 1_~jl-(c4/log log 11~ ~	-

	

1i 2~ z

	

2

	

`A 1 (c8/log log A)

N1-(c4/loglogN)	N1-(c8 loglogN)
>

.~.N1-(c4/log
log N)		4N1-(2c4-c8/log log N)	

1_(c8/log log d)4

	

A1-(c8/log logA)	A

> ~,N1-(2c4-c8/log log N)

But 2c4 < log 2 ; hence we may suppose that c 8 > 2c4 . Thus, finally,

S > ~N1+(c9/log log N)

where c9=C8--2C4 > 0.
But the integers of the form rj 2-ri2 with r= < r ; <N are all positive and

less than N 2, so that we can always find a multiple, say .M < N2 , of A for
which the equation rj2 ri 2=Mhas more than

Nc 9/log log N A > 1 Nc9/log log N > Mc5/log log M
~

	

N 4 pu+1
solutions . Hence the result .
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