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‘Let]l < @ = a:s S - .- be a sequence of integers. Denote by f(n) the number
representations of noas the produet of the a's, where two representations are

ared equal only i they contain the same factors in the same order. As
I know the first papers written on the subject are those of L, Kalmér,'

ﬁ-

o) = 3769 = — 211+ o),

is defined as the unigue positive root of {(p) = 2. He also gives estimates
or the error term.

Another paper on this subject is that of E. Hille. He obtains among others
he following results: Let p, < pa < --- be a sequence of primes and
@ < 4y < --- the sequence of integers composed of these primes, then

F{ﬂ) = m'[l + ﬂ[l}]J
_Eé= 1, p > 0. Hille uses the theorem of Wiener and Tkehara.
L1

& ¢'s are not all powers of a;, then we prove that
F(n) = en”[1 + o(1)],

1, p > 0. The proof will be elementary.
we need 2 Lemmas,

Fin) = ); F[&] g

Follows immediately by considering those products in which a, is
st factor, and summing for ax .

Kalmér, Acta Litt ac Beient. Bzeged, Tom. 5 (1930) p. 95-107.
Hille, Acta Arithmetica Vol. 2 (1637) p. 134-148,
o use of this identity was suggested to me by L. Kalmér,
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Lemma 2.

(5) 0 < tim =2 < i E < o
Proor. Put F(n) = cn’. We have [rom (4)

e.n’ {mmz g
I’:E'} « af !

hence

Thus by induction
<1+ X <,

which proves the first half of (5).
The proal of the second half of (5) will be slightly more complicat
Fin) = c;{n + 1)°. It suffiess to prove that ﬁ_’l‘-ﬁ; = 0.

n+1
L

= 1 we obtain by (4)

caln 4+ 1) >mine 2, @1 . i ciln + 1}"(1 - 3 é}
fi-;—" apEn "‘.'_" ap>n :.'. g

Thus
" e 1
Cn > MIA £; (1 - X —,).
‘ﬂ% ap=n ﬂ'}
Henge by induction
1
g ,.I,I;_ (l - .,*;-n EE)
The product on the right side (if extended to infinity) converges since

= i log au 1
1
Zhast g <L

2y

converges. This proves lim ¢, > 0, and completes the proof of Lem
Now we can prove our theorem. Suppose that (3) does not hold,

_ 1. Fin) F(n) Fin) _ o Fn) _
(6) 0<c¢c lim et = lim it 1}#{ Tim P Hmm
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‘Let m be sufficiently large and such that Fim) > (C — &(m 4 1)". Clearly
(fixed k exists (depending only on ¢ and C) such that for every z satisfying
1Sz 3 m(l+ k)

F(x) C+e
E+1r” 2
Now let a, be the lenst a which is not a power of ay. Consider any z satisfying

i = r = ma(l 4 k). We have by i4), (6). {T) und[i] + 1= E*l-—l

F(z) > EF[ ] setrCE iy, v+l o

a;ge 2 a? wizm O
Fz) C -
>¢ —- = i)
Grip > ot o —
we obtain that for the » satislying ¢"aim < » < alaim(l -+ k)
F(z)
Gty =51 0

bere 3, depends only upon o and 8. Tt is well known that the guotient of
o eonsecutive integers of the form aaf tends to 1. Thus there exists a se-
ee of integers A, < 4; < ... < A, all of the form a'a{ and satisfying

AE”‘{I+E. i=12.c.r—1 and A4,> ad;.

s 'f;y (10) and since the intervals [A m, A;m(1 + k)] and [A am, deamil 4= 6]
erlap we have for Am 5 = = g;Am

r&:?}c+mmi.;-f+ﬁ

sufficiently large m, where 3 is fixed and depends only on ¢ and €.  Consider
in (8) and (9)
[,T} }':l‘.'-l-ﬂ}u!j +c E - - a{i]:-g.i.a( Z = = 0(1).

1) 1 di>a) 0] ay ey Of

B[ - 205z

=o(1) > c+ a(l P %) (1 s _..) = of1).
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Finally we obtain for af Ay = 2 = aidm (k fixed, m sufficiently large)

F‘{m}
a2 (z + 1) SE H (1 L si>a 1, —) =oH;

Denote
= 1
] — — )=
111( P us) ;-
The product converges since 2, h%?a-‘ converges. From (12) we h
Am S z £ didim

(13) F(z)

L]
{—I+ 1},‘:~c+ 95"

Now choose k 8o great that

1 . 435y
g B.Za>

Then from (13) and (4) we have for Aydim = z = Ar™'m

Flz) > _‘Eﬂ F [E‘-‘] > (-c + %‘) "Elﬂ E’—';—w :

Similarly for any r, in the interval dafm = z = A.0i"'m we have by (14)

F(z) ( + &
'ﬂ-iﬁ‘-}(""%)};[,.él a.'-:l-l}}c 7

Thus lim (mFis}n, > ¢. This contradicts (6) and completes the proof of¢
theorem. .
It i o easy to see that in our theorem, we can replace the assumption the

2 H, CONVErges b}f the following Bhghth more general one: t_--f_.

a k > Osuch that 3, aj‘.‘ converges, and E —a‘r converges too.

Let az = k + 1. By using Lemma 2 we can prove that constants ¢ A
exist, 0 < &2 < & < 1, such that for infinitely many n

o) > 31—:‘;;;;,
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that for all n > ng

n
1) < g

Tas UstvensiTY oF PENNSYLVANIA

; Hille proved that fin) > #** for infinitely many n (ibid).
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