
13

(1)

V -1 -1x

	

~7 Ixa

uDt-7n1 nx n'a1n [1l T11ra

-1 n+7p'r7 m `~v :2 91% G +>'1 •

íM(m,k)-2 . - 1 .(m2 -r 2 ) *( 2) ; l~.r~k-1, m=(k-11t+r

+a •p 1a1~a k -i-ton ciro 91x G ~+ :)a 'Tx

	

PIY5x

.Y'72 "T , -'7Y (G-s) o'11 p a1n o's '7D 1vx n'7p7p k G-z

i{ ~2~ l m '7D~ 1z"s1z

	

n :21nn t;+n (1) 1 :r1y117 1x1n 0<X Tniu

.k 17oa n5rz 91x nio ~'aa 1s'9I nlv~Y~!~(m,k } -i 3 •~ at1 q1X

,,lly~5 f(m)-1 a'777p m ~'on1 9111- G(in)-2 Tnas

f(m) c
1

n2t1 ;

	

m=2n
k n(n+1)rl, m=2nT1

. ~1 a G, m) 'a+an 1>0 11ov v :11p T11n 5m 1tmwn

,2 ,1-n 1'7p7p nx Taos :w,51C70

(2j < j <m 12x 711 12 x

(?nl7'~a G.

	

-^7 Tr'~1T !2j 1~a71
, 12 ~'y 1n' . `1n1 , ' IC7J

	

-17a7`7 s3H iu~?An

"n~1*Tn .3>,1 11~v 'n1v 1 nx Yxo 1'~1x

	

1 . [2 nlnD7 Glm) '? , DD
.n •517an nnv :7nn nn :)1n`7 na'xna n'x1s ;cs'x1 1 ~1Txa PZI7171 naUnaa

lmxa

1s+x G (m) -V 111 :1

j-1 i O'7p'Tp,1 nx 1]n] 1

1<(2~ 11~vd -1v~a +ssa

,m

	

,

í7 YS 1 ri 7

03t '2 .ny12s ~~22 x+1 nx ,1n1'2 1n1 :71 x'1 1xY1 .71m nix-1,7 9p
njv~x1 nxi i .fi ;(t'j< J_<m 1lsv~

	

n1v~y1 nx G ( m ) -'7 o sn3 1<1

	

( i, j )

	

[~l
nt Glm )

	

2
-v 111 :1 .([Z1+1-i,(2]r1)

	

. . . , ([ z1 +1, ( ]+ 2 ) ,([2 L21 }1 )
[ 2] p~ ~'aa

nn1~1z Gn2rij

	

J]l] ,l=(ml '11 .:17 1J1~s 17'x 11vD1ni7 nlxln~r •7 3

nx 71v1

	

i,n-1<j,2n 711svp (i., j) nlv~sn nx ~'aa G(2n) :nxx11
G ( 2n)-IV 111a

(n 2n) (2n-1,2n)

	

(nt-i,n~+~_.)

	

(n,nn1T

	

i) PIY~xn,

	

. . .

	

,

	

,
.0'T'71t7a n2-1 p1 7+2n

o% n+n .1_<2n-2 o+pn1 1 `D 1Izv 1slas 1~yvnn~ Tan' m=2n+1 1I2y
.'~3~n 11pbo G(m)-s c''7o1n'1 n' ~1 a1 1Maa Ina XYa17 T+sva

o+7p7p 3n '51 := gix

	

Tii t2Jnna x31' ,m=3n ,k=4 -11 :v
nra 91,1 57b 1vr7'7 1nDx .4 17t),D 7nx o~i, 91x nlno'7 ~'aa PIy5Y 3n2+i-1

.4 17oa n , n5

	

1~'>?1x n2 nlna'7 > •a a

.(24 .1 .55) 1a~n as~ :t ~spns



14

		

n'n*,~~D7xn D1 ;nzn n17na n11nx n11Ya 77	----------------- ------

. [2] rlno`7 - am) 9-)z 7a 71» ir .5"}l , ~—] :1 1n1 .i

. D 1 7`7 1 p D

1ED ti Y 9t ,' - 1E: ]d 1x'73 1D71 `rs,n nJ2i '7 N, n 1R, 1rin 1=1 n1pt)D

.1=1 7 n .z n~1 1>1 11 :1 1 :17^ mriD111 7 .~2 1RD ~2

M 11DY VD"~D1 17u 1r131-')3 rK 7'0] P''7'C7p1'T . s'. ~'1'Ta .l-=1 K1Dx R 1 33

R'3117 1^-:: z ,m=3 11Dy j1D3

	

x."Dn ") 1i', :.D ;u,-1 "11DY 1n131D3 "R31 `(1no

7p77 7a 11 .10) 1TD n1RD 1K [ ] 1 -i7U".'• 7R .>

	

77~? r1nn. 7 7 1 DD G (m) .m>3

n1 .7721 `1noÚ 11N

	

17i~ 'D .113DD r1r17 1 2n n E o n 11nZ 1`rzo

,f(m.)->= 1r1 , `ii~17

	

, .m . ~ [2]t1 ) n1RO7 Gam)

nx1 , [man	 1 ,ron a-7p7pn Mk NKr G('n) 11ri_+ 9 1 D 3 .m-=2n+1 R , 33
1

n1Y'72 rí +1 nor 71 D'7p77 2n 17 1 D' nF'131

	

135D 111x21'1 PIv72n ID

G a m ) őz jD7 ;D'rJ t71!D?~ [2]=n=[2] r1R_~? ,n' 7177x1 nR31

	

,J`71

1

	

.R'D11 17 n'n77 N ,ND [m] norD t7 l 1 DD , 1117D1
r_

7i7`l71 NKr J'D7, 73	nod 1 ,jp -n7Dn 7r7p 7'DD ~r~ Ln) NUT . :n.=2n red R 1 33

1 1 23 x 17 XZn'7 'D 9K •- 1T 777-pD n1KY1',7 Ply 17 :11 7D NKr Dz. 7D1DD1) nt.

n1Y'72 nan-1)+2 nirTE71 D'7p77 2n-1 '7 1 D?3 nxtJ3n

	

1zr1 ; (DVS ADD notch

12-7 '7V 1PHx t7) ARK '!771 -2'7n n1"ZZ

	

~?'Dr zí1 1 ,n''2p1 .12 1 11rT2n +~ t7 , 7D 171

1m

	

m 91x1 .nt. nt. 1`7D1 n1Y'72D 11r .- ~2 ice	 . (D 1 imn n-1 n1RD7 1 °7'9z

n-1 n1Rn~ ,n's7173xn JiR31 1E7 d1!7 ,'7`DD rím TD'J1 G a2n-1) x111
(~

	

{~1'nr1 1D ,ő'7~71"7D [211 =n n1Rr:~J

	

D1 "11rnN C. 'R1'~ _~ xY1' .pro

. RY71n7

1n1 1 1 5D'7 Ga .2r1) 7'D1 ,el .7ora7 K11 C(?11) j-" 777i' ~,D 7

	

1170 őz

Gam 171Y n1Y7 N 1+D:9 ~'n r-1r1K	D17o	ő'77-T	'3
f"2

r7171ua norE)5 ,111í7 7

	

1D :, .a~

	

,G ; n ', . nn '3-7 72D .(iam)=7a2n2+2)

?RCS n1R~D 17

	

n '7 , 1~1Y őn70'~ D'7"~~ '3'° n :11 -1 Gam 73 '`? 1RzD .ARK

2n-1 1 1 DD 1K731 91z1 .G1`n ) od 1n1x ~~'Zrn_ .11 71'7D 1170 1-717D1 1 .1717D

111RDr7 17 1 D'J R11 ,1 1 :37173K ;T Prone '~J t7 , J '7Y ,ri137?s né n-1) r1- •1 öI -?p1r7

riD 1 nDD 1T21 ,ö 1 :f'71^D n n1RD=7 ~ 'DD '117, :~ n 91zn :7 bt-, K21' .a"771"ao n-1

.1=1 n ..'ipna 1 t~o D nnD1n

r71DuDn Ny -í1 1 D13 7D~

	

nvz'b Ken Yn_-`7 m--1-D n 1 371`f3A1t 1>í 11Dv

;'D~3 1RD111 `jib 3 n .2n-7 2n-2-,o 1 1 sp173x r1T7D -=2n 11DY 1 17nn

.1=3 11Dy 71R 1 :. ,D 1 7Rz D'n'1!D n3DD

1n=6,8,10 11av I n131D3 lyric rj"DjD ,`j :~1DD 1 D 9tí ,~11úS goon
:ö'1pD '3L7 I'd iJ'7d3 -1=3 ;:nr0 :] 7i.=? ; 1'~, 1?, Ill, ;1ó 1'dV1 , 1=2 N-idd

7'DD G1 2n) -b zY 1' . r last 7nz 7 1 n7 :1D' 7 r~12n)
n>8 1z ,1=2 ,n>5 n17Y l .n-o lom 1s1x ;~T 1 ,,3n1 ,ny NY [n31I n1nD'7

'r .1P 17D 'Tsz .Tsz

. 0nJ 7,D1 R= 11 n T ti npb2 j75 . 1=3

-( 1,~) 7'z3-- Y 173 r13~' .D

.1 r1'n 7D7 2,1 p1'* 11 771 7Rx'7 1D1RD , 3,j,<2n

171 1 ~D I3~'7 z21' ,2,1 D 1 7~'.71 Erik'? nD1ri?

	

~7 D

	

R'33őrt



o+7p7p1

	

:

	

nK G
a 211 ) 1lnn "sea ] .2 lx 1 c"7p -;p 1n r10Y1'1 nlv`7Y 2n-1

,1'Y'p1T3R1 J1r171 +~ Ll , 7+=n :1i7 I~i1 ,' i

	

-

	

1,1m `13% -27 3 tat 9 -11,1 .tat
Ga 2n-2)

	

1 i	GA 1a n-1} GA:n17T n1p z7Pfa "n*? r7

,T~K NKr 1'1 :7 t7 ,1-:1

	

]?p l n '

	

? p 7p1 NCH NKr NCH 131C7z`*

,1+]G'll 1 .1^K`il rlpzrTnn 0'7?'iprl `1~7n ~11 -` -X--1 Y 1"~i' .~-~ 0'71^p 1'1~

`Inl'1 ~D5 K1 ;•> J1l]IZ7 111r5tt,nb 0" i 7 7 ;1 J?1'-~ttc~ .1 nly~sl 1Daa .ZaN1110

ax 2n-_2 --x), ; n-1) 2 .

+1z nllnrTn 1'niv'~Yn 1 nlttr;tr-~ ::Y1' ,nis, 5Y an-i)2,1 Ga2n -2) 1r , Ro

G1'`Ip7pn 7ri2? % O+ ~J17b 1 nlrT~~7 G12n) i7'7n In~ ,lp~lttal 1J11Kn U+ .rp .Tp

In n17Tla~ Inlay ét ,itt	 1a,n-1) óv rí' .2_ 1x 1 x11

la an~é x	Ix Tv)	IT earn	%nl Ny T1'nla~ nn ,G(2'1)-a n+D~717a
17ana17 `I-'a22 Kn13 at ,1<3 lm2712

~n z~l , f~11T.7n nl ~ n0'6? 11'K ( ;_,?) v~3TT 10

	

n`77b11 T1v -lxma

2 lz 1-n nizsi'1 nl :? :sm 7-an ; "~ .2 1K 1-n n+ -11r7p o' 1 n1zN n'-7p .1pN
iNu31 q-11n .2-1 1 o'7p7p1 nK G1 2n) `jlnn v , n,72

	

,2n-2 xltc
.nlviy

	

-r1+1 n1n~~?1 n+7p'EP 2n-2

.1 t7Snn nnblN 01'a 'In ;Z 1 +J11y? ,~71'7~ `1tv-JM , ~ nt, pp?T3 7CSn

~'nn G1 2m) t7n 'tz .1=3 1`1 an 'a'>'Sp

	

.-

	

11'Ipnb

. .*1~rTa~ n'^`~1~+n 1-~ nn+ql q~~

lt7'n 3 .nor~-~ 0'^~17b 1_- ,7 rtt .i
nlna~r ,lrt~ll '~~ ,L'nv ..11 J~ ,Gi

	

1 ;r ~?7pnn .1 7`11 ;Z

	

~11 'j1nn

nnn11 na'naa ltb ,a+v~1 a ln nirT~~7 ~'na G} 211)

		

1an-i)

.m=2n 1 -1pt~s 1 naoa

n131ns nz - lna Iz Taiwm 71+7 rr"nln Ixn üz :m=2n -r1 1 -1pa~ 7nv,2
'1rTKa .1=3 '11 :2v m=7,9,1 1 71nv 1 , 1°? . ;, ;7rn m=5,7 1lnq 1 t=o

,ii>5 1K 1=2_ ,n>-5 C'TC'7 2(2n -rl)an-rl»n2+n+l-w
7p7p1 nK ?J'n72 ox n ~ v N~ 1v 11'K 117a-7 7riu -Tp rp nirTE~ r~ 2n+l) `7 •n n

h+nn z11 , 1~rrn11

	

la '>r~ , 17~n -1r~z ,G a2n) ~ , nnl

	

7z ~7npn' ,~711a ltl

.1

	

a^n n7Tn1TT ln+nol ~tsl ;n1n>~~7 O'+~~71'va 1 .n

xt X ;3<1 lIpn'7 n1 la'Knn 1 n r~a n71n11~ 13~7nn*'1 10

	

~a+~71II `I17Z

D1 70n'1 ,'7n~7 O'~71`r1 n' v5 n17rT1+a rj" :Dl7b Oln ~ t) L7 ~'b m ~ o'n7Yriv
. 7x7 0'-1 -1lnv 71n2 'n~nn 1~7xn' 'xac7al®

,1=2 ,,m=4 71nv lnlzln7 nz n'n1 •n al a ~1p

	

:'liy,i - :^túh I1T1~7~1
13ly 13+z 11?a7 7rTK 7p-1p nlNE)7 s("'' ) ~ a 5+na 1]+K`1rJ 'En .1=3 m=16-,

nn~é 'E- %2 P7-D'71
,G1m-1) ~ , na ;t ~11 ~npna .~7xla ét~ 7p7p n.'n~s , Í=j ~v

i1'1,3 in nlmD~ ü'r~x~lnn 1-~ nn+r.l v~Y ,1'Yp7~CS1

0`1E) r11x n1'1 ;)!DK p°1 na+p'7 7'55 7+3vb :ii1S>if
n1v~7Y1 ni n',:2 Gam)-~

:n'~~1 :n [ ] p1~7z Svz' G (M) --, ' -rn (ti+7p-7p1
J17n11 1t71IVb 7071 PnziN ,a err-l,m) 5> L?Y1 71j 1 i<i<( ] <j`r!1 j710ve (i, j)

.1 t1!DQ7n nrTn11 :~ :117rEK L„aYL Ién 13^anr7rTm ;1~x~ J11n1'T n'n17n ;17Ug1 t7



16

	

r,-i 23D~um_o' ii -i r iir :~ 111-7nx ri , Yn ~Y

c 1ozo ,nin~~ O'7~17b c .m-~ n~' ~m v~Y

	

'~z~ C- m) ~~ .2
.0<^ ,0 17ntb Y10p

C 177 p'1?b1 ~1Ym

I'zr3 n']3 .G am) tJ ,~7 -(1,2,3)

	

jl2- tm ~7_ r751rn

	

1212n2 :JIMD1i1

b' ;̀p'Tp1b x-1 ~int'm z :D'7 'Tz 'tn1I5 no' :-1m Y~ 2 01n? G 1m) -:2
nip~sm 1 :-~ bb I :)7 . ( 1 , 2 , 3 ) 1 nb :I ,-1Prp ~ 2 x i T iri1z5 t7'71'.?p m, . . .,6,5,4

~inb J'bC33 .3tm-3+3ax-i)=m+3x-3 -,n1'n

	

3,2,1 n—rpr,pNa n1zY1'N

m-3 ~'0b -1z72m 91-%M .omb ntzst'N nlv~2N 11z1 3 , 2 , 1 o'zp'rpm nz G (m)

mzu31 9'-xN ,fam)-m-3x*3 ,fam-3) oz .n1Y'7s fam)-.m-3x-3 nirTE71 o-rPIp

'71p7m lniz 'E~ . ( 4 , 5 , 6 ) 7'x2 - 7~1i7b ox '7'bb

	

KIM Yo~1 G 1m-_3) s , bb

6,5,4 O'ip-rpmb nixy1'm n1Y5s am-3) t3x-3=m+3x-6 7111'm ~D~ T27'

ix 0 , 17s k m?.Y07 'TY 1T 1'17mns j'7b31 91xmb m17zm o''TP lp1 nK n'b7s

-iz73m

	

1z ,n1Y73 fam-3k)-b nin!D1 O'7p'Tp m-3k 5'0' 'izm21 9'ix1

zYi' T iK?z7m 17~b0 , C , Tp-rp x-b nl"!) 1'm'

fam)-fam-3k) am+3x-3)*am-~3x-ó) + . . . +arr+3x-3'~)=km+3kx 2kak+1)2
z21 ,1 '1, 212M NIPD2

f m ~mt

	

,

	

xa

	

) : ~

	

2~

	

2 ) .
11z n'binc7 mb ,0'znb 0<C Yi2p i ib7

	

~, p l77?7n n , .ib b'1pb1 'zC?2

0 , 5t711' ,P , 12Ym mCJ'b`1~'~1`i .1

	

.2 C1b0n

n 1 `1 ~_ b
1] P . Turan, !,'atem. és ?h , sikj.i L)) k 4` ( 1-'9 cri ) ,

On the theory of graphs, Colloquium Mathematicum

3 a19 54) , i9-30 .

SOME THEOREMS ON, GRAPHS (Summary)
Paul Erdös

Turán (1 proved that if a graph of n vertices contains
Man,k)+1 edges where

n, k)-2(k-1)a112-r2)+a2), n=ak-1)t+r, l,<r ;k-i

then it contains a complete k-gon, i .e . it contains

430-45? .

. i'bb [21

vertices any
two of which are connected by an edge . He also showed that a graph
having n vertices and M( n,k) edges does not, have to contain a
complete k-gon .

Thus in particular Turán's theorem implies that a graph of 211

vertices and 112+1 edges contains at last one triangle . Rademacher
[2] proved that such a graph contains at least n triangles . I shall
simplify the proof of Rademacher and more generally prove the

following
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Riveon Lematematika	

Theorem . Let 153, n-21 and assume that *our graph G has n

vertices and I~1an,'c)-+1 edges . Then it contains at least 1[2]

triangles .

The theorem probably remains true for all 21<n . If n is even

it certainly fails for 1= . This can be seen by considering the graph

with the vertices 1,2, . . .,2n and edges (i,j), 1;i_n-1- ; n<j<2n, and

an,n+i), [an+i), an-r2)], . . ., [a2n-1),2n], an,2n) . This graph has n 2+n

edges and only n2 -1 triangles .

We prove our theorem in this summary only for 1=1 . We shall use

induction . Our theorem clearly holds for n=3. Assume that it holds

for n-1, we shall prove it for n. Assume first n=2mí1 . Our graph

contains at least one vertex of order m or less, for if not, the
number of i's edges would be at least am+l) a2m+1)/2>mam+1)+1=

-Dl[ a2m+1) , 3] +l . Omit this vertex of order m or less . The remaining

graph has 2m vertices and at least in -+1= ;1a2m,3)r1 edges, thus by the

induction hypothesis it contains at least m=[n] triangles, which

completes our proof if n=2m+l .

Assume next n=2ui. As before we can see that our graph contains

at least one vertex of order <m . If it contains a vertex of order <m,
we omit it, the remaining graph has ?!n-i vartices and at least
R1[a2m-1,3)]+2 edges, thus contains at least one triangle, b,y the
induction hypothesis . Omit an edge of this triangle . The remaining
graph has 2m-1 vertices and at least 1~1[a2m-1,3)]T1 edges . Thus by the
induction hypothesis it contains at least m-1 triangles, and thus our

original graph contains at least m triangles, q .e .d .

Assume finally that a-11 vertices of our graph have order at
least m . Then our graph can contain at most two vertices of order
mtl . By omitting one of the vertices of order m, we see as in the
previous paragraph that our graph contains at Least one triangle . At
least one vertex of this triangle must have order m . Omit this

vertex. The remaining graph has 2m-1 vertices and 1I[ a2m-i) , 31 tl
edges . Thus by the induction hypothesis it must contain at least m-i
edges and thus our original graph must contain at least m edges,

this complements our proof .

The same method gives the following stronger theorem :

Let G be a graph of n vertices and Man, 3) rl- edges . IfG
contains only (2) triangles its structure is uniquely determined,

Its edges are (i, j) , 1.5i;[-11), [2] < j ; n and an-1, n) .

Hebrew University, Jerusalem
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