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CONCERNING APPROXIMATION WITH NODES
BY

P. R RD Ö S (LONDON)

This note contains a remark on the subject treated by Paszkowski
[1], [2].

Define

En = min max 1 f (x)-P,, (x) 1, E,,, = nun

	

mag 1 f (x)-P,,(x)1

Pn(x) -1-<x-<1

	

PnM=1(a) -l-x`1

where P,, (x) runs through all polynomials of degree n. Clearly

Let n,k -* 00

E,,, < E,L < 2E, .

I shall prove that there exists an f (x) satisfying

(2)

	

limE,IE, = 2 .
n=oo

sufficiently fast . Put:
00

f(x) _ Y T2nk (x)lk!,
k=i

where T,(x) is the n-th Tchebyeheff polynomial . Because of 112,,(0)1 = 1
we have

k
(3)

	

Esnk < (1+o(1))/(k+1)!

	

(P,., (X,) =

	

Tzn,(x)J!) .
1=

Next we show that

(4)

	

E,nk > (2+(1))í(k+1)! .

Equality (2) follows from (1), (3) and (4) . Thus we only have to
show (4) .

Let 0,,,,(x) be the polynomial of degree < 27ak for which

Max If(x)- 02nk(x)1 = E2 ,,k .
-1_<x_<1
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Denote by y the nearest extremism of T2nk+1 (x) to 0 ; clearly

Iy1 < 7CInk+l and IT2nk+1 (y)-T2nk+1 (0)1 = 2 . If the nk tend to 0o fast
enough we clearly have

(5)

	

If(y) -f(0)I = (2+o(1))f(k+1)!,

á . e. f (x) = sl (x) á--E2 (x) +Z. (x) where
k

X1 (X) _ ~T2ny(x)17 1

	

E2 (x) = T2nk+1 (x)Í(k+1)!,

Now clearly

i=1
W

13(x)
7=k-f-2

n2

	

1
11(y) -11(0) _

Lk+1) - o ( (k+1)!

if nk

	

oo fast enough, á . e . if I g n (x)1 < 1, gn(x) is a polynomial of degree
n, then by Markoff I g;,, (x) I < n2 , - 1 < x < 1,

12 (y)-12(0) _ -(k
2

	

X3 (y)-E3(0) = o (

	

1	
) .(k+1)!

Thus (5) follows .
Now 102nk(x)1 < 2e for -1 < x < 1 (since I f(x)l < e) and since 02nk (x)

is a polynomial of degree at most 2nk , we have, by AIarkoff's theorem

102nk(x) < 8enk, -1 -<_x < 1 . Thus

< 8enke < 87Le'7202

	

1
(6)

	

IO2nk(y)- 02'k (0)

	

4+1 - o ((k+l)l )

if nk -* oo fast enough. Thus from (5) and (6)

f(y) -02nk(y)1 = ( 2+o(1))I(k+1)! ;

Hence (2) follows and our proof is complete .
By a simple modification of this argument it is easy to construct

an f(x) with

limEn/E, = 2, liMET7,IE .n = 1

(it suffices to put f (x) _ ETnk (x)IkT

	

where n2k - 0(mod 2), n2k+1 -1(mod2)
and nk -~ oo fast enough) .

I expect that one can show limE,,,/E,, - 2 for suitable f (x), but 1
have not succeeded in doing it .
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Note of the Editors. It has been stated by Paszkowski ([2), theo-
rem 5.2) that for the approximation with algebraic polynomials the in-
equality

(7)

	

lime,, (~ ; T)/e,,,(~) < 2

holds for an arbitrary continuous function $(t) and for an arbitrary sys-
tem T of nodes the notation being that of [l] .

The relation (2) proved here by Prdös shows that (7) cannot be
strengthened .
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