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ON SINGULAR RADII OF POWER SERIES

by

Let QU  denote the class of anal>-tic  functions

which are regular and unbounded in ;zI < 1. According io D. GAIER and
IV.  MEYER-K~NIG [I] we call the radius Rq  defined bJ+  x = r&c’!,  0 5 r <:  1
singular for f(x), if f(z) is unbounded in any sector /zI  < 1, pl - E < arg 2 <
< p7 + e Fith  E  > 0.  h radius which is not singular for f(z) is called regular
for f(z). In [l] it has been shown that if f(z) belongs to the class QU  and the
power series of f(z) has HADAMARD-gaps,  i. e.

(lb)

wit’h

(k=O,l,... )

then every radius is singular for f(z). Clearly for every j(z)  E /,Q, there is at
least one singular radius. Tt, is easy  to see that if we suppose onlv that the
power series (lb) has FABRY-gaps,  i. e. if instead of (2a)  we suppose only

(3b) lim 1 ” 1 = 0 ,
x-+=  Xna<x

then it, is possible that there is only one singular radius for f(z). 9 simple
example is furnished bg

(3a)

where N,+,  2 N, + E2  (k = 1, 2, . . .), Clearly fI(z)  is regular in 121  < 1
and if .x is real, we have

lim fI(z) = + 00
w-1-0
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thus fr(z)  belongs to the class f& and R. is a singular radius for jr(z). On
the other hand we have by (3a)

(3b)

t’hus  every radius RQ,  with 0’ < 9~  < 2n  is regular for fr(z).
It is also clear from this example that to ensure t’h.at  every radius should

be singular for f(z) it is not sufficient to prescribe the rate in which the ratio

tends to 0 for x--+-j-  M . As a matter of fact, for fr(z)  defined by (3a) we have

where s is defined by the inequality N, g x < N,+,  and thus we can choose
t,he sequence N,  so that

holds, where E(X) (z = 1, 2, . . .) is a sequence of positive numbers, tending
to 0 arbikary  rapidly.

P. ERDBS
K&IG

[2] has shown - answering a quest’ion  of GAIER and MEYER-
- &at to ensure that every radius should be singular for f(z), it is

not even sufficient to suppose that the exponent’s nk  of the lacunarg power
series (lb) of f(z) c QU  satisfy the condition

PC) lim (n.k+l  - nk)  = + 00  .
k-.m

The question arises, for which sequences nk does there exist a function
f(z) belonging to t’he  class QU  and having the power series expansion (lb),
which has only one singular radius? Clearly it is impossible to give a crit,erion,
which depends only on the rate of growth of the sequence nk, because the
number-theoretical properties of the sequence n.k come in. As a matter of
fact’  let the sequence nk sat,isfy  the following condition :

D) for every m (m, = I,  2, . . .) there elttists  an ~integer  12,  su.ch  that for
k 2 Ii, nk is divisible by 2m.

In this case if R, is a singular radius for f(z) then R,,,  where 97’ = cp  +
+ 2~1/2~  is also singular for any pair of positive imegers  I and m ; as a
matt’er of fact,,  if z,i (j = 1, 2, . . .) is a sequence of complex numbers with
!Zjl  < 1, p- F < arg Zj < p + E and

l i m  ‘f(x,)I  =  + 03,
j-t-m

then  pmting 97’  = q + 2~d/2~~  a’nd  23  = Zj exp (2ki!/2m) we have ‘p’  - E  <

arg  xj  < p’ +  E and as  the  ser ies  for  j(z,!)  d i f fers  from that~  for  f(zj)
only in a finite number of terms, we have also
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As the set of values of cp for which R, is singular for f(z) is clearly olosed
(see [l]),  it follows that every radius B, is singular for f(z).  Now
the divisibility condition D) implies (Zc),  but (except for this) is compa-
tible with every possible order of growth of nk ; by other words if ok  is
an increasing sequence of positive integers, tending arbitrarily slowly
to + 00,  then there exists a sequence nk of integers having the property D)
and satisfying the condition nk-I  - nk < 03~.  Thus our question has to be
modified to some extent,. We ask for which sequences nk does there exist
a sequence n; such that 0 5 n; - nk I: 0.1~  where c+ is a sequence tending
arbitrarily slowly to + 03,  and a function

belonging to the class Q,, which has R, as ibs  only singular radius? We shall
prove, by using standard methods of probability theory, that if nk sat,isries
the condition

(24 lim inf (.nk-nj)k--j  = 1
(k-j)-+  + -

then there exists always such a function,
Thus we prove the following
Theorem 1. Let nk be an increasing sequence of natural  num,bers,  sat&-

fying  the condition (2d).  Then for any sequence ok of natural numbers for which

Iim  cok  = + b3,
k-t  m

ihere  exists a sequence n’k of natural numbers such that 0 SC  ni  - nk  < ok
and an analytic function f(z), which  is regular in the un~7  circle has the
power seriesI)  (lc), is zcnbounded  in I.z/ < 1, but is bounded in the domain
(21 < 1, larg  z/  > E for any F > 0.

Our proof of the above Theorem is not constructive ; we prove only
by using probabilistic methods, the existence of a suitable function f(z),
but can not give it explicitely.

The condition (2d) plays a role in other problems of a similar kind
too ; e. g. P. ERD& has proved [3]  that if (2d) is satisfied, there exists a
power series (lb) which converges uniformly but not absolmely  for [z(  = 1.

Proof of theorem 1. We shall need the following
Lemma.2) Let m, < m2  < . . . c md be natural numbers, vl,  yz,  . . . , Ye

independent random variables, each of which takes on the values 0, 1, . . . , s - 1
with the same probability l/s. Let 2 be a complex number  such that @I I 1 and
2.~11 - z\ 2 1. Let us consider fhe  random variable

*I f(z) cam be chosen so that its power series has nonnegative coefficients.
i) A &milar  lemma has been used in a previous pa.per  [4j  of the authors of the

present  Praper.
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Then we have3)

Proof of the Lemma. Let us put z = T eip  and denote by C resp. S
the real resp. imaginary part of 2, i.e. we put

d
(ib) C= \‘ Fi+Yj  - COS (?TZr  + Vj) (p

jZi
and I?

PC) S = jz  Tmj+‘f  - sin (mj  + Vj) v

As

we have evidently

Kow let, us calculate the mean value of etc where we shall choose the value
of the real number t later. We have

and

yNOWh)  c0SN(?7hj  + h) Q1 5 3 (iv = 2,3,. . . )

we have for 0 < jtj  < l/2

M {et’}  s
i

2 ItI1 + ____
811 -zl

Evidentl?

3) Here and in what follows P {. . . } denotes the pxbability  of the event in the
brackets and M {[}  the mean value of the random variable 6’.
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further if t < 0, then

Ph--‘vFd \

216  f&f

< M {efC}  e Sjl--.I

\ -s1-zz(J-
and

212  fd

W
F & 5 - -

2 l&d 1

\ Sll - 211
5 M {e-f}  e- sm

By choosing in (7)
1

we obtain, taking into account that 81/S  - 9 > 2 and that’  11  - ~1”  5 4,

@a)

In the same way it can be shown that

Clearly (6),  (9a)  and (9b) imply (5).  Thus our Lemma is proved.
Let, us choose now a subsequence nkp of the sequence nk  such that-:

k, < k, < . , . < k, < . . . ,

(loa) lim (k,,,, - k,,) = + 00
p--tTm

and t

By (2d)  this is possible. As a matter of fact, if 0 <: E <$ and

h - nj)h  < 1 + E,  then either i > [kc]  or j s [i&l ; in t.he  lat(ter case
we have

1 k-j 1- - -

(nk - ?Lj)k-j  I k-F1 (= (1 + e)=  5 1 + 3~

Thus we may suppose that there exists a sequence of pairs (k, j) such that
1

k--+-k-,  j++==, (k - j)  + + 03 and (nk  - ni)m  + 1. This implies
the existence of a sequence k, having t’he required properties.

Clearly we may rarify the sequence k, as much as we want, ; tShus  it’
can be supposed t’hat  besides (10a)  and (lob) the following t’hree  conditions
are also sat.isfied  :

(104
1 1

@kZptl - nkp,)kSpT1--k2p  < 1 + s
P

OOd)
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and

IlO4

Now let  us put

%+1 - Ic,,  > 64 pl0

014
and

(lib)
~furt,her  put

.(llc)

Old)

and

.( lle)

Let’  us put

,( 12a)

further

d, = k2PS  1- 4,

mpi  = nk’LeTj  - nkpp (j = 1,2,.  . . . , dp)

A’,  = (mpd,  + SP)  sp a”p (p=  1,2,  I . .  )

2xih

zph  = e Np (II = 0, 1, . ‘ ., N, - 1)

(12b) x* = ( +, for “&VP g h g (1 - $,) b$
ph  I2 cos 25% 6,  _ Xph for OSh<S,N,  and (1-c3S,)Np<h<N,

(clearly in t’he second case z$ is obt’ained by reflecting zph on the line
fi&?(x)  = cos 2ncJ)).

Evidently

,(13)  IZZh  - l~>=l-~cos2n~~~88~  f o r  ~24, h = 1,2, . . . , Np

Let us den.ote  by k’, the contour c0nsistin.g  of the arc 2378,  =( q~ 5 2n (1 - dp)
of the unit circle z = e@  and of the arc j’pi < 27~  6,  of the circle z =
= 2 cos 2578,  - e’g ; clea,rly the points zgh  (h = 1, 2, . . .)  XP)  divide t’he

line LP  into arcs of the length 2x/N,.
(?’ = 1, 2, . . .

By our lemma we have, denot’ing  by vP;
d,) independent’ random variables, each of which takes on

the values 0, 1, . . ., sP  - 1 with the probability l/s,  ,

(14)
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and thus for any two points z, z’  of the closed unit circle

(17) 1 Q&) - &p@‘) I s d,(~&  + sp) ! 2 - 2’ I -

Thus we obtain

and therefore by (14)

and thus with respect to (lOa)-(  lle) that  for p 2 64

I1 w P

Thus it follows that

converges, and therefore, with probability 1, only a finite number of the
inequalities

y; I&,(+ 2 3

is satisfied.
This implies that’  the values of Vpi  can be chosen in such a way that

(21)

for all p 2 pO.
Let us put now

where the polynomials Q,(z)  are chosen in such a way that (21) is satisfied
for all p 2 pO,  Clearly f(z) is regular in 121  < 1, and also unbounded, as all
its coefficients are nonnegative and QJl) = dP.  On the other hand, for any
q + 0 mod 2~  and any E > 0 n-ith  0 < q~ - E < pl + F < 237  we have for
all values of p,  for which 2 n/p < 9: - E and 27~  (1 - l/p) > y + E , for
IJI  - E 5 arg z 5 p + E, 1x1  < 1 (by the maximum principle)

for p 2 p,.  But this implies, that f(z) is b ounded in the sector Iz\  < 1,  q~ - E s
5 arg z s rp + E, or, by other words, R, is the only singular radius of f(z).
Taking into account that
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evidently f(z) satisfies all requirements of Theorem l., m-hieh  is therewith
proved.

I t  can be  shown that  the  condit ion  n&  - 72k  =  O(w,)  with wk
tending arbitrarily slowly to + 00  can not be replaced in Theorem 1. by
ni - nk = 0 (1). We prove namely the following result :

Theorem 2. Let nk  be an increasing sepuence  of natural numbers, such
that nk  is divisible by 2m for all k: 2 k,  (m = 1, 2, . . .). Let

(23)

be regular and unbounded i,n the unit circle, where the sequence b,  of integers
is bounded. Then every radius R, is singular with respect to f(z).

Proof of Theorem 2,4)  It suffices to-  show that f(z) can not’  be bounded
in a sector Ix] < 1, a < arg z < 13.  Th.is  will be shown by proving that if
f(z) would be bounded in such a sector, it would be bounded in t,he whole
unit circle. As a matt,er  of fact, let us suppose that. f(z) is given by (23) and
t’hat  lb,1 g B (k = 1, 2, . . .) and put

(24) /j(z) = zCkznk
bk=j

(ii1  5 B)
Then we may writ,e

Let us consider the values zI  = e
Zni I

2”8,  where m is a fixed natural number,
such that

(25)
2m > 4n(B  + 1)

-p-G-

and I takes on the values 0, 1, . . . , Zm  - 1. Putting

(26) k’j+,(T,  ?9)  = (-Bi=j<+B)

wehaveforOsr<l, 026<2nandE=O,  1, . . . . 2m-l

(23~) f(re’” Zl)  = z,B  2 F,(r,  6) 2: + A
I.  =o

where A denotes a term which is bounded in the unit circle, t’he  bound de-
pending only on m .

As a matter of fact we have

(27)

4, It will be seen from the proof that the condition ,,?%k  is divisible by 2’”  for all
k > km (m = 1, 2, . . .)” could be replaced by the following more general condition :
,,there  exists a sequence A, m = 1, 2, . . . ) of natural numbers, such that cl,+  + ~0
and % k  is divisible by L& for k > km (m = 1, 2, . . .).”
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Now by (25) there are at’  least’  2B + 1 terms of the sequence z1 (2 =
1 ,  .*., 2” -.- 1) lying on the arc a - 6 < arg z < b - 6, 1.~1  = 1.

Let us denote these numbers by zl,  , zl,+  1, . - . , z+s~,  let us fix the value
and put

25

(284

We have by the interpolation formula of Lagrange

t28b)
where

(29)

As by supposition t’here  exists a constant. K such that If(z)!  5 K for
jz/  < 1, a < arg x < B we have by (23c), (27) and (28a)

(30) !&a(r,  zll+j)l  s K + A (j = 0, 1, . . ., 24 .

Thus it, follows, that for 151  = 1 we have

It follows from (23~)  for I = 0 that

(32) + A for 0 5 r < 1 and 0 5 6 < 2~.

As the bound on the right hand side of (32) does not depend on T or 6, it
follows that f(z) is bounded in the whole unit circle, which contradicts our
hypothesis. Thus Theorem 2. is proved.

It remains an open question, whether condition (2d) is best possible.
In other words, the following problem is still unsolved :

Let

be regular and unbounded in jz\  < 1. Suppose that

lim inf (nk  - nj+  = 17  > 1
(k-j)-+ m

IS it true that,  all radii Rp,  (0 5 v < 2~)  are singular for f(z)?

(Received July 1, 1958.)
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HATVhYSOROK  SZINGULkRIS  SUGARAIR6L

ERDCiS  P. 6s RGKYI  A.

Kivonat

Legyenf(z)  al; egyshgktirben  regulAris 15s  nem korl&Dos  fiiggv&ny.  A z = T&P
(0 s T < 1) sugarat,  melyet  a rijvidseg ked~&t  R,-vel  jelijliink,  D. GAIER
6s W. MEYER-K&IG  nyoman  (l&d [l]: [2])  szingJc&mak  nevezziik,  ha
f(z) nem korlBtos a 1~;  < 1, 93 - E < arg z < rp  + E kbrcikkben, ak&rmilyen
kis pozitiv sz&m  is E.  A nem-szingul&ris suga’raka,t  regularis  sugbrnak  neveziiik.
A jelen dolgozatban a lrijvet,kezii  t&teleket,  bizonyitjuk be :

1 .  tktel.  Legyen  nk termhszetes  sxcimok  e g y  n.iivekvd sorozata,  amelyre

(1)

Legyen wk egy tetsx6legesen
olyan

(2)

lim inf (n’k - nj)h = 1 .
W-j)-+  m

la.ssan  uPgtelenhez  turf6  szdmsorozat.  Akkor  l&e.zik

f(z)  = ,2 CA  .SfQ

alakzi  hatv&tysorral  bird, az  egy&gk&-ben  regul&is e’s nem korl&os  f(z) fitgg-
ve’ny, amelynek csuk  egyetlen szingul&ris  sugara  van, 4s amelynek nL kite&
eleget tesznek  a

(3)

f e&telnek.
AZ 1. t&e1  a dolgozatban vahhziniiskgsz~mit~si  m6dszerrel  van be-

bizongitva.

2. tktel.  Legyen A, (m = 1, 2, . . .  )  e g y  termt;szetes  szltmokbdl  cilld
tetsdeges  n&ekvti  soroxat e’s n k egy olyan termkszetes  szc$mokbdl  ~3%  sorozat,
amely axxal  a tulajdonsriggal  bir,  hogy az  nl( soroxat tagjaii  v4ges  sok LStellel
osxthatdk A,-mei!  (m = 1, 2, . . . ). Legyen b,  tetsztileges  eg&z  szcimakbdl  &Jld
korhitos  sorozat. Tegyiik fel, hogy

f(Z) = n2Ck Xnkfbk

az  egysdgkiirben  regultiris  & lEem  korl&os  fiiggue’ny.  Akkor f(z)-re vonatkox&hg
az  egyse’gkiir  minden  sugara  szinguldris.
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0 CWHI-YJIFlPHbIX  PAflClYCAX  CTEIIEHHbIX PRflOB
I?. ERDiiS  N A. RZNYI

Pesmme

nyCTb  $yHKlQfR  f(Z)  perj'JapHa  IJ HeOrpaHHseHHa  B eflMHMqHOM  Kpyre.
PaAHyc  z=reip(O  I T < l), 0603HaqaeilrbIti  fim KpaTKocTa  Yepes  Rpr, cne~yfl
D. GAIER-y  M \v.  MEYER-KBNIG-y  (CM. [I  1, [2]),  Ha3bIBaeTCR  CHH~~JIFI~-
HbIM,  ecJIM  f(2)  HeOrpaHMqeHHa  B KpyrOBOM  CeKTOpe  IX < 1,~ - E  < WgZ <
<pl+  E npu  nIO60M  IlOffO?KCMTeJIbHO.V  8. HeCHHryJIRpHbIe  pafiI4yCbI  Ha3bIBaIOTCfl
perymipHbIM&L  B HaCTO5Wlefi pa6OTe  AOKa3bIBaIOTCR  CJIefiyW~He  TeOpeMbI  :

Teopema 1. llycmb  nk  ecmb 803ppucmatoou;laa  nocnedosamenbFiocmb  Hamypanb-
HblX wcen,  dns Komopoii

nycmb wk ecmb KaK  y2odHo dt4ed,~eHtro  cmpedwqascfi  K 6ecKoHeqHocmu  wcno8as’
nocnedo8ameflb~ocmb.  To2da  cyqecm8yem  maicag  pe2yJl~pHas  u ueo2pacluwHHa~
6 eduHuwofi  Kpyze @y~KquR  f(z), pa3Jzazae,t4aR  6 cmenewoti  pod  suds

Kot?t?OpU~  UAteem  nlllUb PdUHCmBeHHbl~  CUHZyiE7pHblu  pa&lyC  II r>nJl  KOmOpOti

8bUlOAHeHHO  yCAO8ue

(3) 0 5 ,n;,  - 7 k 5 OJli  .

TeopeMa  i ~OKa3bIBaeTCR  B pa6OTe  TeOpeTtlKO-BepOFITHOCTHbIM  MeTO~OM;
Teopema 2. nycmb  A, (.?n  = 1, 2, . . .  )  ,uoo’aA  803pacmafooufaz  nocnedosa-

tnenbHocmb HamypanbHbix qucefi, a ~2~  nocnedosmenbffocmb  Hamypa,qbHblx  wcefl,
3a uCKnyWHUeA4  KOHeYHO20  YUCna  de.‘WU#lXC~  Ha & (m  = 1, 2,. . .).  flyCmb  b,
nudafl  ozpaHu4eHnaa  nocited08amt9bHocmb  yeirbrx wcen. l7pednoflowui~,  Ymo

§YHKW

pezynsptra  u HeOzpaHuYeHHa  6 edUHuYHOM  Kpyze. Tozda  omHocumeAbHo  f(z) 8c11-
KUli  PUdllyC  eduHuWlOZ0  KpyZa CUHZyirrrpeH.


