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1 . Introduction. Let S be a set and f(x) a function which makes
correspond to every x E S a subset fix) of S so that x(f (x) . Such a function
f(x) we shall call a set-mapping defined on S.

A subset S' 9 S is called free (or independent) with respect to the
set-mapping f (x), if for every x E S' and Y E S', x ~f(y) and y ~ ftx) .

Let S = m o and n < m. Assume that f(x) < n for every x E S.
RUZIEWICZ raised the problem if there always exists a free set of power m .
Assuming the generalized hypothesis of the continuum the answer to the
problem of RUZIEWICZ is positive .'

In our present paper we are going to define more general set-mappings
and raise analogous questions to those of RUZIEWICZ . Let there be given the
set S and a set of its subsets L Assume that the function f (X) makes
correspond to every set X of 1 a subset f (X) of S so that the intersection of
f(X) and X is empty . f(X) will be defined as a set-mapping of S of type
L This is clearly a generalization of the original concept of the set-mapping .
(There 1 consisted of all the subsets of S having one element .) The subset
S' 9;S is called free (with respect to this set-mapping, or briefly a free
set of the set-mapping) if for every X 9 S' (X E I) the intersection of f(X)
and S' is empty .

Our aim is the investigation of those set-mappings where I consists
either of all subsets of S of a given cardinal t or of all subsets of less than
a given cardinal t. In these cases we shall briefly say that the set-mapping
is of type t or of type < t, respectively . If f(X) < n for all X of I we shall
say that the set-mapping is of order n. Our problems will be of the
following kind : Let S = m, further let f(X) be a set-mapping of S of order
n and type t. Does there then always exist an independent set of power p?

2. Definitions and notations . In what follows capital letters will

denote sets ; x, y, z . . . . are the elements of the sets ; greek letters denote
ordinals ; a, b, c, m, n, t, p denote cardinals and k, l, s, . . . denote integers.

I For the history and older results on this problem see [1], for the more recent
results and ramifications see [2] .
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Union of sets will be denoted by + and _Y, intersection of sets by • and H
+ will also be used to denote addition of ordinals, - will be used to
define taking relative complements. x E A denotes that x is an element of
A, A B denotes that -the set A is contained in B (A c B denotes that A is
a proper subset of B) . cod will denote the initial number of Ma (to, ,== (o) .
a+ will denote the cardinal Ma+l where a = N,, . If Q is the initial number of
a, then Sd+ is the initial number of a+ .

The cardinal numbers ba , k: are defined by induction as follows

b,a, o = a, ba, k+i = 2b°' h
The initial number of ba , k will be denoted by S2a , k-

The proof of some of our theorems makes use of the generalized
continuum hypothesis. These theorems will be denoted by (*) .

In the proof of some of our theorems, wick will be denoted by (**),
we make use of the following hypothesis :`'

Let m be a strongly inaccessible cardinal number, .5-m. Then one
can define a two-valued measure p(X) on all subsets of S for which
p (S) - I ; p Qx)) = 0 for all x E S and the measure is additive for less than
m summands. In the present paper we do not investigate the problem, if
these theorems are equivalent to the above hypothesis .

Let cp(x) be an arbitrary property of the elements of the set H. The set
of all x EH which satisfy cp (x) will be denoted by {x : cp (x)} . The notation
{ } will also be used to denote sets whose elements are those which are
contained in the brackets { } . The set {X: X C- S; X = t} will be denoted by
fS] t and the set fX:X S ; S < t} by [S]" .

For the study of the set-mappings we introduce the notations (m, n, t) p
.and (m, n, < t) , p to denote that every set-mapping, defined on S (S = m),
of order n and type t (or < t, respectively) has a free set of power p. In
the opposite case we write (m, n, t) -J,p and (m, n, < t) -'- p, respectively.

3 . A short summary of the principal results and problems. As a
first step we show that if the type t of the set-mapping is infinite, one can
never assure the existence of a (non-trivial) free set, even if the order of the
set-mapping is 2, in other words we shall show that for every m and t ~--- M",
(m, 2, t) --~, t. (From this it is easy to deduce that (m, 2, < t) -- - M o for t> No
(see Theorem 1) .)

Thus we can expect positive results only for (m, n, k) , p and
{m, n, < N,) -,, for simplicity we write (m, n, (o) p instead of (m, n, < No)- gyp .

For the symbol (m, n, (o) , p we obtain the following negative result
Let m < Mw , then (m, 2, w)

	

X,, (see Theorem 2) .

See [3] and [4] .
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Then we prove the following surprising result : (**) Let m be strongly
inaccessible and n < m, then (m, n, w) ,m (see Theorem 7) .

The simplest unsolved problem here is the following

PROBLEM 1 . (X, 2, (o ) --~ X,?
(It is easy to see that (N.„ 2, (o) -?-• X,, this easily follows from

(m, 2, w) -I, No for m < U,) .

The problem of the set-mappings of type w is closely connected with
a problem considered by ERDŐS-RADO :

Can one split fór each k (1 k < 4o ) the subsets of k elements of S
into two classes so that if S, - S (S, No) is an arbitrary infinite subset of
S, then there always exists a k such that S, has a subset of k elements in
both classes ?3

By the methods used in this paper we prove that if m is less than
the first strongly inaccessible cardinal mo, mo > No , such a splitting is possible,
but if m is strongly inaccessible, m > X, then there always exists an
S, -C S, S, = m, such that for every k (1 k < No) all subsets of S, having k
elements are in the same class (here we have to use (**)) . (See Theorem 9.)
By the symbolism introduced in [6] these results can be expressed in the
form

m --, (No) ~° if m is less than the first strongly inaccessible cardinal
mo > No and

m , (m)

	

if m is a strongly inaccessible cardinal, m > X,
For the set-mappings of finite type our results are more complete .
For the set-mappings of type 1 we already stated that (*) (m, n, 1) -+ m

for n < m and m Xo .
For strongly inaccessible cardinals m we have (m, n, (o) --> m (**) and

consequently (m, n, k) ,m (n < m) for every k too .
If m = X«, where a is a limit number (but we assume that K« is not

inaccessible), we can prove, using (*), that (m, n, k) --• m (n < m) (see Theo-
rem 8) .

Thus in these cases the exact analogue of the results of RUZIEWICZ for
k =1 holds .

If m = N«+1, the analogue of the conjecture of RUZIEWICZ fails already
for k 2, i . e. we shall show that (N«+k-1, a, k)-~~ k+ 1 for k= 1,'2, . . . (see
Lemma 2) .

On the other hand, we can prove that (*) ( «+ , «, k)

	

«+1 (see
Theorem 3).

3 See [5] .

8 Acta Mathematics IX;1-2
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Thus we know that the smallest m, for which the symbols (m, Xa, k)-,,
-~ o , . . ., (m, Xa, k) -- Xa+1 are true, is f`a+k, but, on the other hand, we do not
know the greatest p for which (f`a+k, Xa, k) --+ p is true. We can prove only
the following negative result : (*) (Ra+kp May k) -;~ f`a+k if k 2 (see Theo-
rem 5) .

So the simplest unsolved problem here is the following
PROBLEM 2.

	

Xo , 3) - i bt 2 ?
((N3, X, 3) -,

	

is true and (X3, No , 3) , X3 is false .)
For the set-mappings of finite order we have the following results
If m is infinite, then (m, l + 1, k) -,- X o (see Theorem 10) and

(*) (Na+k-11 1-1-1, k) - X. for k =1, 2, . . . ; 1= 1, 2, . . . (see Theorem 11) .
We have no negative results corresponding to the result of Lemma 2,

but we know that (*) (N,+,, 2, 2) -i- lea+1 (see Theorem 5).
The simplest unsolved problem here is the following
PROBLEM 3. (N 2 , 2, 3) --;R1?
((~2 i 2, 3) _- No is true, (N:,, 2, 3)

	

is false .)
We investigate separately the set-mappings defined on a finite set S.

We have the following result : If p, m, l and k are integers and p (m, l, k)
denotes the greatest integer p for which (m, l + 1, k) --• p is true, then

k+1

	

k

c l V m< p (m, l, k) < cz Vm log m
where the positive real numbers cl and c2 depend on k and l.

The following problem arises :
PROBLEM 4. What is the exact order of magnitude of p (m, 1, k) ?

4. Proof of the results . We enumerate some simple properties of
our symbols

Similar theorems are true for the symbol (m, n, < t) ---* p and we also
have

(m, n, t) --,. p and (m, n, < t) -t p if t < t' and (m, n, < t') --> p .

In what follows we shall use these theorems without references .
LEMMA 1 . Let S be a set, S ~_-- t } X, There exists a function . g(X)

defined on the set [S]t which satisfies the following conditions

(1) g(X) cX, (2) g(X) =t, (3) g(X) g(Y) if X+ Y 4

4 This construction is due to J . NOVAK .

If m < m' and (m, n, t) p, then (m; n, t) -~ p .
If n < n' and (m, n', t) -~ p, then (m, n, t) p .
If p < p' and (m, n, t) -> p ; then (m, n, t) p .
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PROOF . First we prove the existence of such a function in the case S - t .

Then [S]t = 2 1 . Let S2 denote briefly the initial number of 21 , and let
{X,,},, < ,Q be a well-ordering of [S]t of type S2 . We define the function g(X,,)
by transfinite induction as follows : Let g(Xo) be an arbitrary proper subset
of power t of	X, Suppose that g (X,,,) is already defined for	 all ,u < v where
v < S2. Then {g(X,)},,. v < 21 and, on the other hand, [Xj = 21 . Thuss
there exist proper subsets of power t of X,, different from all g(X,) for all
FL < v . Let g(X„) be such a subset of X,, with the smallest subscript . Thus
g(X,,) is defined for all v < SQ and it is obvious that conditions (1), (2) and,

Now let us consider the case S > t. Let M be a maximal subset of [S]t
such that X = t for every X EM and X • Y < t if X, Y are two distinct elements of M.
(The existence of such an M is assured by ZORN'S lemma.) Let {Ya}n< , be a well-
ordering of M. Since Ya = t for every a < -r, we already know that there
exist functions g,, (X) defined on the set [Ya]t satisfying the conditions (1),
(2) and (3) . By the definition of M there exists an a (a < z), for every
X E [S]', for which X• Ya = t. Let a (X) denote the smallest a for which
X.Ya =t.

We define g(X) as follows
g(X)=9-(X)(X'Y-(X))+(X--Y-(X))-

From the properties of the functions ga (X) it follows immediately that
g(X) satisfies the conditions (1) and (2) .

We have only to prove g(X,) g(X2) for Xl I X, where X„ X2 E [S]t .

We distinguish two cases : (i) a(X,) a(X2) = a, (ü) a(X,) + a (X2 ) .
(i) Then either X,-Y,, I X,. Y. or X, - Y« + X2 - Y,, and therefore

either g,,(X, . Y,,) I ga (X~, • Ya) or X,-Y,, I X,-Y,,,, hence g(X,) I g(X,~.
(ü) We may suppose a(X,) < a(..,). Then, by the definition of a(X),,

g(X,) • Y«cxj= t and g (X2 ) . Ya(x, ) < t,
hence g(`-')	g(X,). ( . e . d .

REMARK . In case S > t, we can prove with a slight modification of the
construction the existence of a function g,(X) defined on the set [S]t satisfying
the conditions (1), (2), (3) and the following condition too

(4) For every Y E [,S]t there is an X E [S]t for which Y=g, (X).j
We can not solve the following problem
PROBLEM 5 . Let S be a set, S > t X, Does there exist a function

g2 (X) defined on the set [S]t satisfying the conditions (2), (3), (4) and the
following stronger condition (1') instead of (1)

s See ERDŐS-FODOR-HAJNAL'S forthcoming paper .

(3) hold .

8*
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(1') For all X E [S]' g(X) ( X and X-g(X) --- t?

THEOREM 1 . (m, 2, t) --i- t if t X. ; (m, 2, < t) -{- X, if t > X,

We shall only prove the first statement ; the second is a consequence of it .

PROOF . Let S be a set, S=m t . We define a set-mapping f(X) of
.S of type t and order 2, having no free sets of power t. Let g(X) be a
function defined on the set [S]' satisfying the conditions (1),(2),(3) of
Lemma 1 . We define the set-mapping f(X) as follows : Let X be an arbit-
rary element of [S]' . If there is a Y E [S]' for which X=g(Y), then by con-
dition (3) this Y is uniquely determined and by (1) the set Y-X is not
empty. In this case we choose an element x of Y-X and we put f(X) = {x} .
In the other case we put f(X) = 0 . It is obvious that f(X) is a set-mapping
of S of type t and order 2.

If Xo is an arbitrary element of [S]', then by (1) and (2) we have
g(X.)CX., g(X.) E [S] t .

By the definition of f (X ), f (g(X(,)) •Xo = {xo} + 0. It follows that X o is
not free. Q . e . d .

We need the following lemma

LEMMA 2 . (X„+k-1, X, , k) 1-k+1; (xa+k, X, k) -- k+ 1 (k= 1, 2, . . .) .

Lemma 2 is another form of a theorem of KURATOWSKI-SIERPINSKI
proved in [7] . Therefore we omit the proof of it."

The proof of KURATOWSKI shows that the first part of Lemma 2 is true
in the following stronger form too

Let S be a set of power X a+k_ 1 and {x,,},, ,,a+k _ 1 a well-Ordering of S
	of type w,,,k-, • One can define a set-mapping f (X) of S of type k and order

a , having no free sets of power k+ 1 and satisfying the following condi-
tion : (1) For every {x,, I , . . ., x,,4 } E [S]', xy E f({x,,1 , . . ., Y,,J) implies that
y < Max (v 1 , . . . 71'k)-

THEOREM 2. (m, 2, (v) -- ;~ No if m < X. .

PROOF .' Let S be a set of power Nk (k = 1, 2, . . .) ; {Xy } y - w k a well-
ordering of S and f(X) a set-mapping of S of type k and order N1 satis-
fying the first part of Lemma 2 .

6 The equivalence of Lemma 2 and of KURATOVSKI'S paper [7] may be seen by using
the following idea. The splitting of Z"+1 in [7] induces a Set-mapping f(xl , . . ., xj aS

follows : f (X1, . . ., X„) _

	

IIX :
(Xi"

. . .,
X

zk-, , X, XLk+l' . ., Xi )EAk },where(il , . . ., i n )
Q k=1

runs over all permutations of the numbers 1, . . . , n .
The idea of this proof for the case k = 0 is due to j . SURÁNYI
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v- W «
So of S and a v o < to,, such that [S,]k+ 1 -1,, and So Na+, (k = 0, 1, 2, .

PROOF. Without loss of generality we may assume that the sets I v are:
mutually exclusive .

We prove the theorem by induction on k . In the case k= 0 the theorem
is obviously true . Suppose now that it is true for a certain k and let S be
a set satisfying the following conditions

("') 1,,, • 1v2 ---- 0 for

	

i , ,

117

We define a set-mapping g(X) of S of type w and order 2 as follows
Let X be an arbitrary element of [S] ~° and {fi(X)), .,,,, a well-ordering

of type w of the set f(X) . We have two cases : a) X has at most k elements ..
Then we put g(X) 0. b) X has more than k elements. Then X has the
form {X,,1	Xyk , Xvk+1 . . . , x,,k+I } (vi < vj for I < J) .

Let g(X) - {fz ({x„ 1 , . . ., xvk })} .
Since g(X) •X- 0, by condition (1) of Lemma 2, g(X) is a set-map-

ping. It is obvious that g(X) is of type cv and order 2. We have only to
prove that g(X) has no infinite free sets .

Let Y be an arbitrary infinite subset of S. Then there is a subset
{ x,, 1 ,, ,, of Y such that v,, < rs for s, `s, . The set-mapping f(X) has no free
sets of k+ 1 elements . Therefore there is an i (0 i k) and an 1 < (o such,
that

. .v i ---MX"01 . . ., X,.i . 1' X,~i,+l I . . ., X10) -

Let Xo denote the set {x„ o , . . . , x,,__ 1 , x , i+1 , . . . , x,,,.+1 } . Then Xo E [S]"), Xo C Y
and by b) g(Xo)

	

{x,,i } . Thus g(X)) • Y= {x, . i } j 0 ; hence Y is not free .
Q . e . d .

LEMMA 3. If [S]k+l = 2: 1, and S > b ga , k , then there exists a subset

('/) [SI7z+2 =

	

Iv,
11—,_ co a

Let xo , . . ., x k be k+ 1 arbitrary elements of S . We split the set
S-{xo, . . ., xk } into classes. The elements x and y belong to the same
class if and only if there is a v < co a such that {x. xn, . . ., xk } E 1,, and

1,{y, xo , . . ., x k } E . It follows from the conditions (") and ("') that this really
defines a splitting of the set S-{xp, . . ., xk } into classes . Let Q E,, denote
these different classes where 31 runs through the ordinals less than (o a . We
select an element x#1 from each of the non-empty classes .

Suppose that we have already defined the classes Qp l . . . U, , and the ele-
ments xg , _ . . p I, for NL < ~ . Let f #,} I, .,, a be a sequence' of type A of these ordi-

8 This theorem is proved in [6] . By the symbolism introduced there the theorem

can be expressed in the form : If m > b~, k , then m -> (X,+1)
I+l

.
, a

	

a

(') S > b,za k+1 ,
v, .
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construction

I_IQO1 . . .

We split these classes into subclasses as follows : The elements
x, y of

Q{~µ}~
. , are in the same class if and only if for an arbitrary

A E [{xo, . . ., X k , XR1 . . . g"J}' Jk+1 there exists a v < co,, such that the sets
{x} + A, {y} + A belong to the same class Iv . It follows from the conditions (")
and ("') that this really defines a splitting of the class into sub-
classes. Let Qp, ~1l 0, denote the classes thus obtained where #x runs over
the ordinals less than a certain initial number . We select an element xp, . . . PX
from the non-empty classes Qfi 1 . . . P'..

We shall prove that there is a sequence {,6a j x -,Q « k for which the ele-
ments xfil . . . #;, are really defined . First of all we prove that 1A < S24«, k+i for every
< Q '4« ,,z and for every sequence {cgµ}~_,, i . e . at every step in our process

the power of the set of all non-empty subclasses of the class
is at most be,, k+i . Namely, we can obtain these classes as follows : First
we split the set Q{ á, 1 ~~, . }µ\, corresponding to an element A of
[{xo , . . ., xk, x p, . . . Rµ}µ\á]k+i into Ka classes and then we say that x and y
belong to the same class if they belong to the same c lass for all A. On the
other hand, ~ -- b,4« , k and so [{xo, . . ., xk, X,g1 . . .'6µ}µJk+i = b,,ta , k . Thus the
power of the set of all non-empty subclasses of Q{ is at most
f` b"~a'k= 2ban,k =ba

	

N r , r;+1

Let A x denote the set of all sequences

	

. By the result
proved we have

4,

	

bk

	

= b bVia+ k = 2 bXa, k'
bra

, k = b,ia , 1c+1 if < Sts «, k .;t a , k+1 - va+ k+1

-- Xp, . . ., Xk . XP l . . . XP~ }F,, .X --Q
l #,

}u,, *

just

Let S,, denote the set

	

{Xo ' . . . , xk , X~_ . ,, I ,~ . If < S2,+4 , , then
{Rµ}1l- x E ax

Sx -= A ;,

	

bm, , k+1

It

	

is

	

obvious

	

from

	

the that S = S.Q+ +
,t a , k

S}

	

s,98«

	

.,k
a

It follows by condition (')

-}-

	

(If Q #1 . .,6a,) and
k E AQ` k 2,,--- .Q. + ,~

a

	

4a

Therefore ~,,Qv

	

Qua
k • b,ta, k+i - b • a , k+i •	 a,k

that there is a sequence

	

Qua k for which H QRl . . . ~~ is non-empty . Thus
S~ .,?,,k

Qh1 . . . R, is non-empty and therefore x#, . . . p, is really defined. It is obvious
from the construction that if i1 _- f_- i2) then

	

PXnz '



9 See [81, Theorem l .
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For the sake of brevity let xk+a, denote

	

Then for the set
SI = {x1,}2,0,1,1a, k we get Sl >

	

If {x4,. . ., xak } is an arbitrary subset of
k+ I elements of the set S I , then by the construction there is exactly one
v < (o . such that {xx,, . . ., x2,,, x2,} E I,, for every d > Max (Ro , . . ., ),k) . In this case
we say that {xx o, . . ., x2,k } is an element of I,. It is obvious that [SI]k+1=

	

Iy
v<wa

and Ivl•I;, z = 0 for v1

	

v2 . Thus by the induction hypothesis there is a set
So _ SI and a vo < (Ua such that [S0] k+1 ho and So N«+t

But if {xa,o , . . ., x;k+1} (zo < . . . < Ak+I) is an arbitrary subset of k+ 2
elements of the set So, then{x2 o , . . ., xx,) E lyo and therefore {xxo , . . ., x4+1} E Iv ,
i . e . [S0] k+ 2C Ivy • Thus we have finished the induction, and Lemma 3 is
proved. Q. e . d .

LEMMA 4 . Let S be a set, S = m - No (n < m) and f (X) a set-mapping
of S of type 1 and order n . The set S is the sum of at most n free sets .

Lemma 4 is a theorem of G. FODOR .9
(*) THEOREM 3 .

	

N., k)- Na+I (k = 1, 2, . . .) .
PROOF. Let S be a set, S = X ,,,k and f (X) a set-mapping of S of type

k and order Na . We have to prove the existence of a free set of power
X,I . For k =1 the theorem is well known . We shall suppose k > 1 .

fQx,, . . ., xk}) will be denoted briefly by f(x i , . . ., xk) . Let 1x I , . . ., xk _ 1 }
be an arbitrary element of [S]k-1. We define the set-mapping gxl , . . , xk_1(X )
of the set S- {x,, . . ., x,_ I } of type 1 and order N« as follows

For every xE S-1x 1 , . . ., xk _ 1 } let gxl . . .xk_I ({x}) -- f (x l , . . ., xk _ I , x) .
By Lemma 4 S- 1x1 , . . ., xk_ 1 } = I Sx l . . . xk _ 1 for every xi , . . ., xk _ I , where

Y<W a
the sets S,I . ., xk _ I are free sets of the set-mapping gx, . . . xk-1 (X) for every
v < (o,, . We may suppose that S',1 . . . 'k-1•S"

1-k-1 - O for vi vz . Let
1xµ}µ ~a+k be a well-ordering óf S of type (o a+k . Let 1xµí , xµk} (PI <

	

< ,uk)
be an arbitrary subset of k elements of the set S. We split the set [S]k into
subsets I(vl,. . Vk) where the symbol (v i . . . vk) used as subscript consists of k
ordinals less than (o,, . (xµ1 , . . .,xµk } EI(vj . . . Vk)

	

if

	

and

	

only

	

if x . E
vi

E

	

for every i (1 i k) . ObviouslySxµl . . .x~ i-1 x~i+1 . . .x~k

	

- -

[S]k
("I . . .Vk)

The set of the symbols (vI . . . Vk) is of power K, and by (*) > bxa , k-1,

thus by Lemma 3 there is a subset So and a symbol (vol . . . vk) such that
[S0]k - I(v° . . . vk) and So

	

X.+I .

I(vl . . . Vk) .
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The set So is free. It is sufficient to prove that if {Xµ0 ,	Xµk }
(yo < • • • < Uk) is an arbitrary subset of k-{-1 elements of the set So, then
x,i ~ f (Xm , . . . , x,,,_,, x,.,,+,, . . . , x,k ) for 1 = 0, . . . , k.

In fact, for example, in the cases i+-0 we have {x,0,...' xtji_1 , xµi+ l , • • • , Xµk }E
E 1(y7 _(011)

	

and

	

{xµ0 , . . ., Xµi _ 2) Xµi , . . ., Xµ k} E 1(,,0 k 0)

	

and

	

therefore
_11)

	

V9
1xµiES,.,'

	

Xµi-2 xµi+1 . . .xAk, consequently Xµi gxµ0 . . .
.xYi--2xµi+1

. . .xµk ({xµi_1}110- )

-J (XPO, . . ., Xµi-11 xµi+l' • . ., Xµk) •
We have similarly in the case i=0 that X,uo ~gxµ2

•„ Xµk
({Xµ1}) _

= f(xµ,, . . ., x~ k) . Thus we have proved that there is a free set So of power
M.+1 Q. e . d .

(*) THEOREM 4 . The smallest m for which the symbols (m, 14K., k) --I.X
(0-,d-a+1) are true is N.+k .

Theorem 4 is an immediate consequence of Theorem 3 and Lemma 2 .
(*) THEOREM 5 . (f`a+k, lea, k)-~.-• Ma+k if k 2 ;

	

2, 2) ~~ X,+, .
We shall only prove the second statement, the first is a consequence

of it. We have stated the first one explicitly, to make Problem 2 clear .

PROOF. Let S be a set, S=

	

We define a set-mapping of S of
type and order 2 which has no free set of power

	

Using (*), we have
rt a

	

aa
[S] _ Ma+, _ X,,+ , . Let {x„}„<wa+ , and {X,,},, . Wa+1 be well-orderings of
type cv a F , of the sets S and [S]X-, respectively. We define the sets S,, _

and [S]v`~ _ {XN, : Xµ, = 5,, ; y < v.} Then S„ Na and [S] ., c a for
every v < wa+1 • Let {xi}t<_wa and {X,'), <.,, be well-orderings of type cv a of
the sets S„ and [S],.a, respectively. We can choose a sequence {z~}~~, Wa
(2Q , < w,, if a, < q2) in such a manner that x E X. . This sequence may be
defined by induction . Suppose that we have already defined x

	

for every
a' < 6, then the set {x ),,<, has a power less than X . and the set X,, being
an element of [S]~a, has an element xv different from all x (a' < a) . Let T,

be the smallest z for which x, E X, and
We define the function g(xM,, x„) for y < v < (oa+1 as follows : We define

g(x", x,,) for every fixed v < co,,,, and for all i < to,, . If z is an element of
the set {we put g(X,, x„) = xt o where yo denotes the smallest ordinal
number y for which xµ E Xv (i = ice , x, x,,, x,, x, ) and put g(x,, x„) = xó
in the other cases .

Thus we have defined g(x,,,, x,,) for every y < v < coa+, . We define the
set-mapping f(X) of the set S of type and order. 2 as follows

If {x~ , x,,} (y < v) is an arbitrary element of [S] 2 , we put f ({x'l , x,,}) _
_ {g(xµ , X„)} .



We have to prove that there is no free set of power MQ+j . Let So be an

arbitrary subset of power Na+, of S and Só a subset of So such that So'=::: Ma .

Then there is a v < coa+l for which So' == X,, and a vo > v such that

X„ E [S] ;~o and x,,o E So . Then, by the construction of the function g(x N,, x,,),
there exists a µo < vo for which x µo E X,, and g(x µo , xvo) E X,, . This means

that {xµ° , x,,o} c So and f ({x N,o , xvo})•So = {g({x~o , x,.o}))0, consequently

the set So is not free . Q. e . d .

(*) THEOREM 6. If a is an ordinal number of the second kind and ria
is not inaccessible, then (M., X# , k) ,---• M. for every # < a (k = l, 2, . . .) .

PROOF. We prove the theorem by induction on k. For k=1 the

theorem is well known ."

We shall now prove the theorem for k = 2. Our proof shows clearly
how induction works in the general case .

Let S be a set of power Ma , f(X) a set-mapping of S of type 2 and

order 111114g . Let z be the smallest ordinal number for which
v<i

< w < a if ,u < v) . By the assumption of the theorem z < M. . Since ,~ < a,

we may suppose that #+ 2 < w for every v < z' .

We define .,, as the sum I ~ . We may also suppose that
µ<v

Mp,, - Nyv + 3 and that every w is of the form y + s where s 3 .

By Theorem 3 every subset of power M. of the set S contains a free
subset of power X,6,, . So we may select a sequence {Sv },,,-, of the subsets
of S which satisfies the following conditions

(1) Sv= 146 ,, ; (2) S„ is a free set ; (3) Svi • Sv, = 0 if v l + v2 .

Put F„ _ _Y S, . By (1) and (3) Fv = X y ,, . Thus [Fv]2 = My", conse-
µ v

quently Zl f (X) < My, - X # _ My,, < NO,. Therefore we may suppose that
X E [Fv]"

(4)

	

f (X) •Sv = 0 if X E [F ]2 .

Let S° denote the set

	

Sv . If X E [S °J 2, then X = {x, y} . In what
vGz

follows f(X) •S ° will be denoted by fl (x, y) . Suppose now that x, y E Sv . Then

fl (x, Y) •SN, = 0 for it > v by (4) and for µ =v by (2) . Thus f, (x, y) 9 F,, and

since fi (x, Y) < K6, A (x, Y) E [Fv]<
't

fl .

We split the set [Sv]2 into classes . The sets {xl, yI} and {x2 . Y2} belong

to the same class if and only if fi(X I , Y1 ) =fi(x2, Y2). Using (*), we have

[Fv]` 4'6 -=--- Xy., ~ f`y,,+l - Mfl,,-2 . Thus, by Lemma 3, there is an S,(--S,.

10 See e. g. [1] .
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(Sv

	

such that for every x, y E S,, f, (x, y) is the same subset of Fy .

We define Sy as follows : Sy = S,,-

	

fi (x, y) . It is obvious that

f , Y)

	

2 <

	

1

µ v, lx, y}CS"I

and therefore we have

(5)

k =--::: I of Theorem 3
free set of g„({y}) .

Let S 2 be the

construction of S,.

S. I

µ%v, { x, Y~ Sg

Let S1 be the set

	

S, . By the construction of Sy we have
v- . a

(6)

	

f 1(x, y) •S1 = 0 if x, Y E S; for every v < z- .

Let Fv be the set

	

SN, . We define the set-mapping gv({y}) of the set
µá.v

S; of type 1 as follows : For every element y of S; let g,({y})=1 fl (x, Y) • S.'
xEF,,

.

We have

2 fi (x, Y)
xEFv

Thus the order of the set-mapping g,,({y}) is less than N,6y - 1 . By the case

there is an S,; C S,1 (S RN,-1) such that Sv is a

set

	

S and F, the set

	

S, . We have by the

(7)

	

íSv

From (6) we- have

(8)

	

fi(x,
Y) . S2 = 0 if x, Y E S1, for every v < z-,

and from (4), by the construction of Sv, we get

(9)

	

fl (x,
Y) .

	

S, = 0 if x E F and Y E F,,, Or YES,, .
µw

Put Mx' Y) -Mx' Y)-
S2 .

If x E Fv and Y E S, then, by (9), f2(x, y) _C Fv. We split the set S 2

into classes as follows : y and z belong to the same class if and only if
2

f2 (x, y) = f2 (x, z) for every x E F; .
We can obtain these classes as follows : First we split Sv into classes,

corresponding to every xo E F.,-,, so that y and z belong to the same class

if f2(xo, y) = f2 (xo, z) for this xo and thus we obtain at most [F]<R~
DTI C Nyv+1 classes, since f2(x, y) E [F,]`vfl . y and z belong to the same



class if they belong to the same class for all xo . Therefore we have split the
set Sy into at most Kyy+1 = K`yv+1 classes, consequently, by (7), there is a subset

Sy of power Xpy_ 1 of Sv whose all elements belong to the same class . It

follows that

(10)
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3

Let S 3 be the set I S.,3 and Fv the set

	

Sµ. If
v<a

	

k<v

( 11 )

	

xEFr, y,ZESv,

then, by the construction of Sy, f2(x, y) = f2(x, z) . Further, by (8),

(12)

	

f2(x,
Y) S3

= 0 for x, y E Sy .

We define the set-mapping go ({x}) of the set S 3 of type 1 as follows :
For every x E Su there is exactly one v <

	

for which x E S; . Put
go({x}) _ I f2 (x, y) •S3 for all x E S3 where v is the ordinal number

for which x E Sv . It follows from (11) that go({x})

	

z- •Np < Xa .

The set S 3 has the power N,, . This is true because by (3) the sets `!
are mutually exclusive and by (10) S; _ X#, 1 . Thus, by the induction hypo-
thesis, i . e. by the case k =1 of our theorem which is already proved, there
is a free set S4 of go ({x}) such that S4 S3 and S4

=N,, . Let S4 be the set

S4•S v . Then S4

	

S4. If x, y E S 4 , then there is a µ and v such that x E Sµ
v<~ c

and y E Sv . We may suppose that µ v. Obviously, f({x, Y}).S4=f2(x, y) • S4
and, by (12), fz (x, y) • S4 = 0 if Further f2(x, y) 9gu({x}) if µ < v.

Therefore f2 (x, y)-s4=0 in this case too, since S 4 is a free set of go({x}) .

Thus S4 is a free set of power Na of the set-mapping f(x) . Q. e . d .
In the proof of Theorem 6 we have made use of the assumption that

a is not inaccessible . In the case when Xa is inaccessible, we can prove

(X, X ; , k), via (# < a) only if we use (**) . But using (**), we can prove
the following much stronger result

(**) THEOREM 7 . If the cardinal number Na > Xo is strongly inaccessible,

then (N., Xp, co) , Na for every ,~ < a .

PROOF . Let S be a set, S = Xa and f(X) a set-mapping of S of type
w and order Mg . We have to prove the existence of a free set of power X. .

Let f(x1i . . ., xk) denote briefly f ({x 1 , . . ., xk}) . Let µ(X) be the two-
valued measure defined on all subsets of S the existence of which is assured
by the hypothesis (**) .

1 23
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Let {X1, . . ., Xk) be an arbitrary element of [S] k and Y E S. We define
the set Si . ., xk as follows : Let

(1)

	

Sxl . . .xk =Ix :yEf(x1, . . .)Xk,X) ; X+Xl, . . ., X+-Xk} .

We define the set-mapping f' (x1, . . ., Xk) of the set S of type w as follows : Let

(2) f'(x1i . . ., xk)= {y : µ(Sxi . . .xk)=1}

	

for every

	

{x1, . . ., Xk} E [S] k .
We call f the derived set-mapping of f. First we prove + the following

lemma
(3) If f is an arbitrary set-mapping of S of type (o and order Rp

then the derived set-mapping f is of order Mp too .

To see this assume f'(x1, . . .,xk) dip for a certain {X1, . . ., xk)E [S]k .

Then there is a set Y (Y= N:3 ) such that Y_C f'(X1 i . . ., xk) . Let be
a well-ordering of Y of type (op . For every v < cog, by (2), µ(ST'i. . .xk)= 1
and therefore µ( H Sby

	

since # < a and the measure µ is ad-

ditive for less than a summands. Thus the set

	

Sxi x,; is non-empty ;
V< p

let xo be an element of it. Then y y E f(x1 i . ._ , xk , xn) for every v < top, there-
fore Y-f(x1, . . . , x k , xo), consequently f(x1, . . ., xk, x„) ! M_# . This is a
contradiction, because f is of order Mg . Therefore f'(x1, . . ., xk) < Mp for
every {X1, . . . , X,;} E [S]'`

Now we define the set-mappings fi (X) of S by induction on l.
Put fo (x) _- f(x) and f,&) =fi(x) . We define S'i? . .x k writing fl (X) in-

stead of f(X) in (l) .

(4) The set-mappings fi (X) of type w are, by (3), of order Hp .

Now we define a sequence {xy } y . ._ wn by induction as follows : Let xo
be an arbitrary element of S. Suppose that we have already defined the ele-
ments x, for all µ < v, where v < (,oa is a given ordinal number, such that
x, E S.

Let S" be the set Ix,), . ,, and Si the set

	

2:

	

fi(X). We

define the sets S.T; l. . xk as follows : Let

1

	

S.T 1 . . .xk

	

if
(5 )

0

	

if µ(Sr1 . . .xk) _

Let further S,-,' be the set

	

Sx'1Z. . . xk . It follows that Sy

	

v < a
Y, x1, . . .,xkEsy ;z=0,1,2, . . .

and Si v -No • ', p < N,, . From (5) it follows by the additivity of the
measure that µ(S2) = 0. Thus the set S- (S' + Si -}-S2) is of measure 1 and
therefore it is non-empty. Let x, . be an arbitrary element of it .
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Thus we have defined x,, for all v < (oa and it is obvious . from the
construction that x,, I xµ for v + µ . Therefore the set S, _ {x,,},, <wa is of
power N,, .

We define the set-mapping g ({x}) of S, of type 1 . Let g({x}) _
co

_ fi (x) • S, for every x E S,I . W e have by (4) that g({x}) e .

g({x}) is of order ,8} 1 < X,, . Then, by a theorem of ERDŐS already cited,"
there is a free set S,-S, of power Xa of the set-mapping g({x}) .

We shall prove that S2 is a free set of the set-mapping f (x) too. Since

S2 9 S,, S2 has the form {xy }

	

If S2 is not a free set of f(X), then
µ µ<cv a

there is a subset {x„µ° , . . . , x,,µh } (µ° <

	

< Pk) of S2 for which x,,µi E
E f(x„µ'0 , . . . , x,. µi-1, x,,

	

, . . . , x„ ) for an i (0 ~ i k) . If i = k, then xvµk E S1µk, in
µ'i+1

	

µk

contradiction to the construction . Therefore we may suppose that i < k . But if

i < k, then by the construction xv

	

S'~µk . Thus µ(Sxyµ .' °

	

)=1,µk

	

xv 1' . . . .rv

	

av

	

rv
µ'1

	

µi-1

	

F''i+1

	

µk-1

i . e ., by (2),
xvµi Ef,(xvµ0, (X.,,,0....,

xvµi-1' xvµi+l'
. ., xvµk-1 )_

Repeating these considerations for

	

instead of f, we obtain
that i = 0 and

xvµ0 E fk-1(xvµ,)

But this is a contradiction, because S2 is a free set of the set-mapping
g({x}) and fk_1(x,,µl)9;g({x,,µ1}). Thus S2 must be a free set of f(x) and

S2 = N,,, . Q. e . d .

(**) THEOREM 8. If a is an ordinal number of the second kind and
,~< a, then (N, Xp, k)

	

X« for k=1, 2, . . . .
Theorem 8 is a consequence of Theorems 6 and 7 .

THEOREM 9 . 12

9a) Let mo be a strongly inaccessible cardinal number, mo > N o , S = mo
and [S] k= I, f 12 for k = 1, 2, . . . . Then there exists a subset So - S and
a series {nk}k.1, 2, . . . , where nk = 1, 2, such that S, = m,) and [,S] k Ink

	

for
every k.

9b) Let mo be the first strongly inaccessible cardinal number greater
than X, and m < m, Let S be a set, S = m . One can define the classes

Ilk , 12 for every k so that the following conditions hold

11 See [1] .
12 Theorem 9 gives the solution of the problem of P . ERDÖS and R . RADO mentioned

on p. 113. The statement 9b) was first proved by G . FODOR .
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(1)

	

1 •Ik=O for k=1,2, . . . ;

(2) [S]k = l1 + 12 for k=-- l, 2, . . . ;

(3) for every infinite subset $a of S there is a k such that neither

[S"]k C 1;' nor [S°]k C 1•k .

PROOF . The idea of the proof of 9á) is the same as the one we have used

to prove Theorem 8. Therefore we shall only sketch this proof .

We define the classes li' 1,19' 1
for every 1 < w by induction on 1.

Put l1 ° = 1i , 12' ° =12 . Suppose that Ij 1, 12' 1
are already defined

and let {x,, . . . , xk } be an arbitrary element of [S] k . Put Sxi l • • xk =
_ {x : {x, , . . . , xk, x} E Il

+1, i} and Sxi l - 1k = {x : {X12, xk , x} E j2+1, l} We shall
k i+1

	

1 1.

	

k i+1

	

(Q2,1
say that {x,, . . ., xk}Eli ' If ,u(Sxi . . .xk)=1 and {xl ) . . ., Xk}E12' ~f µ(Sxi . . .xk)=1 .
Let co a be the initial number of mo . We define the sequence {xy}y .wa by

induction. Let x o be an arbitrary element of S. Suppose that xµ is already

defined for all ,u < v For every 1 and X (X E x } ]~~°)[{ µ µmy

	

there is an

n (X,1) (n(X,1) = 1 or n (X,1) = 2) such that p (Sj (x' 1 ")
=1 . The set

S.x (x' 1),1 is non-empty and we define xy as an arbitrary
xE[{xµ}µ<~v] v0 ~1 0,1,2, . . .
element of it.

Put S, _ {xy},	We split the set S, into classes, x and y belong

to the same class if and only if for every 1 < (o {x} E I,"' holds if and only

if {y} E I," holds. Thus we obtain at most 2't° classes, and therefore there

is a class Soc S, of power mo which satisfies the requirements of 9a) •
Indeed, So has the form {xyIl }fl

	

Suppose that for a k neither [So] 1;` nor
'-Wa

[So]k C J21- . Then there 1s a set {X"µ1 , . . . , Xyµk }

	

(PI <

	

< tuk) and a

set {x, :µ ,, . . ., X,
11
k ) (µl < . . . < p,k ) for which {Xyµi' . . ., Xyµk } E 1,", 0 and

{Xyµ i, . . ., Xyµk} E 12' ° • Then, by the construction, {xyµl , . . ., xyµk_1}Eli -1, i and
k-i, 1

	

1, k-1

	

1, k-1
{xyµ l , . . ., xyµk 1 } E 12

	

, . . ., and finally {Xyµ1 } E li

	

{Xyµi} E 12

	

, but this

contradicts the fact that Xy, , , Xyµi belong to the same class So .

To prove 9b) we shall first prove the following :

(1) If the statement is true for m = a, then it is true for m = 24 a .

Let S, be the set

	

Then S1 = a and by the assumption of

(i) one can define the classes 11, 12 satisfying the conditions (1), (2), (3)
of 9b) (with S, instead of S) • To prove (i) it is sufficient to define a set S

of power 2 ,"t- and the classes 1r'`, III satisfying the conditions (1), (2) and (3) . .
Let S be the set of all sequences {Ey } y~u,a where E y = 0 or ey = 1 .

Then S = 24a . Let X1, x2 be two arbitrary elements of S, x 1 = x2 , x1 = {Ey}y,Wa
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and x2 = {Ey}y~Wa . Let v(xI, x2) denote the smallest ordinal number v for
which E;, I E,2, .

We define the usual lexicografical ordering of S, we say that x 1 < x2 if
and only if Ev~ x, ; = 0 .

Now let {x1 , . . ., xk} be an arbitrary subset of k elements of S. We
may suppose that x, < . . . < xk . We write v1, . . ., vk- 1 instead

	

of
V(XI) X2), . . ., v(Xk-I, xk)-

We define the classes II, If for k 2 as follows
(a) if v1 < • • • < vk-1 or v1 > • • • > vk- I , then we say that

{x i , . . . , xk } E
li if

{'YI, . . ., vk-1} E I
-I

,

{v1, . . ., rk-I} E Ik 1 ;

127

(b) in the other cases let {x 1i

	

Xk} E IIk .

Obviously, conditions (1) and (2) hold for S, Il k and 1 . We have to
prove that condition (3) holds too .

Let So be an infinite subset of S . It is well known that there exists a
sequence {x,), . -= So for which either x, < . . . < X, < . . . or x, > . . . > X, > • • • .

We shall define a subsequence {xj s .,_w for which µa1 < . . . < µis < __- Y
where µls = v(x,s, xas+I) • Without loss of generality we may assume that
xl < . . . < x, < • • • . Let v' denote the smallest ordinal number which occurs among
the ordinals v(xi, x l -) (1 < co, I' < (o, I I I') . Let I' be the smallest integer for
which El, = 1 and let 1 be the greatest integer less than I' for which

0. Put xi, _ xi . It is obvious that v(xc ,, xr) = v' for every 1" 1' and
v (xl - , , x. . . . ) > v' for I", I' ' 1' . If_ we repeat this for the sequence x I -, x1'+1, • • -

we obtain an elemcnt x,, and so on . The sequence {x, s}s<. satisfies our
requirement .

In what follows we write xs instead of xls and µ s instead of It,. . Let
S' denote the a set {xs}s«, and Sí the set {µ s}s«, .

If

	

Y81,_11 (µs, < . . . <,as k--) is an arbitrary finite subset of Sí ,
then {x,,, xs, -1 , xs k } with Sk = Sk-1 + 1 is a subset of k elements of S'
such that v (xs1, xs2) - µs1 , . . . , v (Xsh-1 , xsk ) = µsk _, . This means by (a) that to
every finite subset of k-1 elements of Sí there is a subset of k elements
of S' such that the second belongs to IÍ or to III' if and only if the first
belongs to IÍ or to rk, respectively . But there is a k for which neither
[Sí] k Ii nor [Sí ] k c 12 and for this k neither [S'Jk +1 1I' +1 nor [SC111+1 .

Thus the sets S, IÍ , III satisfy condition (3) too, and so (i) is proved .
Let co ax denote the initial number of m o .
(ü) If a is an ordinal number of the second kind, a < a o and if the

statement of 9b) is true for every m = X# (3 < a), then it is true for m = K, .
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Proof of (ü) . If X« is inaccessible, then it can not be strongly
inaccessible, because 0 < a < a o . Thus if Xa is inaccessible, then there is a
(~< a for which a 2 4~, but then, by (i), 9b) is true for X a . Thus we
may suppose that a is not inaccessible .

Let S be a set, S = N, and i the smallest ordinal number for which
a =IXg,,, wi < w 2 < a for v i < v2 < -r. In this case we have z- < X,, .

v,z
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There is a sequence f S I , .--, for which S Y Sv , Svl •SIT = 0 if vl * v2 and
v<t

Sv -- X~, . By the assumption corresponding to every set Sv (v < z-), we can
define the sets Ik v , 1~' v so that (1), (2) and (3) hold for S., Ii v , 12'

v

instead of S, Ilk. , 12", respectively. Put S* _ {v},,. z . Then S* < Ka and we can
define the sets

	

I'`' * satisfying the conditions (1), (2) and (3).
Now we define the sets li, 12` for k = 1,2, . . . as follows : Let

{xl , . . ., xk } be an arbitrary element of [S]k .
a) If for every i (1 i k) xz E Svi and vi +,P; for every i +j, then let

k

	

k, sI 1

	

if

	

{vl, . . ., vk }E I1

	

,
{X1 i . . ., Xkj É I2

	

If

	

{vi , . . ., v~ .}E 12 ' * •

b) If there is a v for which {Xl, . . ., Xk} - Sv , then let

lik

	

fif 1X1, . . ., Xk}E
Ii k , v,

{x l , . . ., xk } E I k if

	

fxl, .

	

xk} E lo' v .2

	

1

	

.,

c) Let {Xi, . . ., x k } E li in the other cases .
It is obvious that conditions (1) and (2) hold for Ilk, h .
Let S' be an arbitrary infinite subset of S. Then either (o) S'-S,+0

for infinitely many v or (oo) there is a v such that S,-S' ~--- No .
If (o) holds, then there is a subset S" of S' such that S" is infinite

and S" •Sv = 1 for every v . Then, by the case a), there is a k for which
neither [S"]k -c-- Ilk nor [S"] k 12 .

If (oo) holds, then there is a v and a subset S"' of S' such that
S"' Sv and S"' No . Then, by the case b), there is a k such that neither
[S"']k -- Ilk nor [Siir]k

	

12` .
It follows that condition (3) holds, consequently (ü) is proved .
The statement of 9b) is true for m = N O ."
It follows from (i) and (ü) by transfinite induction that 9b) is true for

every m = K, where a < ao .
REMARK . In the proof of 9b) neither (**) nor (*) are used .

13 See e .g . [5].
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LEMMA 5 . Let S be a set, S No and [S]k"'= lo+ • • • + I, . Then there is
an i (0 i 1) and a subset So c S such that So ~__- No and [Soj k" c Ii for
k=0, 1, 2, . . . ; 1=0, 1, 2, . . . .

Lemma 5 is a theorem of RAMSEY . 1¢

THEOREM 10 . (m,1-{- 1, k)--+No if m

	

No for 1= 1, 2, . . . ; k= 1, 2, . . . .

PROOF. Let S be a set, S No and f (X) a set-mapping of S of

type k and order 1+ 1 . We shall prove the existence of a free set of power No .
For every X E [S]k the set f [X ] has at most 1 elements. Let fi (X), . . . , f,(X)

denote the elements of the set f (X) . (If f (X) has less than I elements, then

one element may occur more than once.)

Let us split the set [S]k+ 1 into the sum of the sets lo, . . .. Il as follows :

If {xo, . . ., xk ; is an arbitrary element of [S]k+l , then it is an element

of Ii (for i= 1, . . .,1) if and only if there is a j (0

	

j

	

k) for which
xj=fi ({xo, . . ., x;_ 1i x j+1 , . . ., xk}) . If such a j does not exist, then {xo, . . ., xk }
belongs to 10 .

Obviously [S]l,'+'=1o + + Ik .

Let now S" be a finite subset of S and suppose that it has s elements .

If [S"]k+ 1 - Ii for some i (1 _ i f 1), then the set of subsets of S" taken

k+ I at a time has at most as many elements as the set of subsets of S"

taken k at a time . It follows that k s
1

	

k,, i . e. s

	

2k-{- 1 . Therefore,

for every infinite subset S' of S, [S']k+ 1 _I=1i for i = 1, . . ., k. Then, by Lemma
5, there is an infinite subset So of S for which [SO]k+1 c Io, but then So is

obviously free . Q. e . d .

(**) THEOREM 11 .

	

if a is of the first kind ;
(X, 1-}-1, k) -o. X,, if a is of the second kind (1= 1, 2, . . . ; k = 1, 2, . . .) .

The first part of the theorem is a consequence of Theorem 3. The

second one follows for a > 0 from Theorem 8, and for a = 0 from Theorem

10. The hypothesis (**) is used only in the case when Ka is inaccessible .
We have stated Theorem 11 explicitly only to make Problem 3 clear .

In what follows let p, m, 1 and k denote integers .

THEOREM 12. Let p (m, l, k) denote the greatest integer p for which
(m, 1 + 1, k) p is true . Then

k+1

	

k

c1Vm<p(m,1,k)<c2 Vmlogm
where the numbers c 1 and c2 depend on k and 1 but they does not depend on
m, and c 1 > 0.

14 See [9] .
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k+1

PROOF . First we prove (i) c lVm < p (m, l, k).
Let S be a set, S = m and f (X) a set-mapping of S of type k and

order 1+ 1 .
If p is an integer for which there is no free subset of power - p, then

every X E [S]' has a subset Y E [S] k+1 such that Y is not free . But if
Y

E [S]
k+1 ' then there exist in [S] p at most p- k- 1 sets X such that

ar

YC X. Therefore there are at least (m)j m-k-1 sets Y in [S]k+ 1 whichp (p-k- 1

e not free . On the other hand, we know that there are at most
M)

l such
Y's and therefore we have

(MP)
m-k-p
p-k-1

It follows that for such a p
k+1

cYm-p
for some c > 0 which proves (i).

k	

Now we outline the proof of (ü) p(m, l, k) < c2 Vm tog m. Let S be a set,
S = m and M the set of all set-mappings of S of type k and order 1 + 1 .
We define on M a probability field such that every element f of M has the
same probability. Let A be the following event : The set-mapping f (X) of S
of type k and order l + 1 has a free set of p elements . For the proof of (ü)
it is obviously sufficient to show that the probability of the event A is less

k	

than 1 if p = cz Vm log m .
The probability of the event that a given subset of p elements of S is

a free set, is

Thus the probability of A is less than 1 if

I (-k~

m
-1
p

M k1

(k)
< 1 .
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It follows that there is a c2 (c2 = c2 (k,1)) for which the probability of A
x	

is less than l, if p c2Vm log m.-

	

Ic	

Consequently, p (m, l, k) < c9 Vm log m. Q. e. d .

(Received 18 December 1957)
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