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Let a.,, a 2l . . ., a„ be arbitrary real numbers . Let us consider all possible

I

n
sums

s
a.i,+ai,+ . . .+ai,,1<i.,<i2< . . .<2's<n,

formed by choosing s arbitrary different elements of the sequence al ,
. . ., an. Let us put

n

-J1n L ak
k=I

Dn -
Y

	

lak
- 341 2

Dns = l[- 11-n1 .Dn .

Let Nn,s(x) denote the number of those sums a,, + ai, + . . . + at , which
do not exceed

and put

s31,
~t + xDn,s

~rn,,(x)
Fn,s(x) =

	

n
s~

We ask about conditions concerning the sequence {a l , . . ., an} and s under
which F, ,s (x) will be approximately equal to the normal distribution function
O(x) defined by

(1)

X

	

t ,
0(x) = V1 J e 2 dt .
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In what follows we shall suppose throughout that

~~n = Ú .

This is no essential restriction, because if J1,, + 0 we may consider instead
of the sequence {a l , . . ., an} the sequence {al, . . ., an} where a;; = a,, - Mjn,
and for the new sequence ah we have evidently

we have

or more generally, if putting

we have for any e > 0
lira d,,,,, (e) = 0 .
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r.
11Tn= ~,a,,=0 .

k=1

We may also suppose s < n12, because evidently if 111, = 0,
n-s

a,

	

aj ,
i=1

	

I=1

where j i , j 2,, . . ., jn-, are those among the numbers 1, 2, . . ., which are not
contained in the sequence a',, i 2 , . . . . a s and therefore

Fn,n-s( .22) = 1 - Fn ,(-x)

The problem can be interpreted statistically as follows : We choose
a sample {a,,, ai,, . . ., ai,} of size s from the finite population {a l , a 2,, . . ., an}
and ask under which conditions will the mean

1

	

' aí;s Í-1

of the sample bee distributed asymptotically normally about the
of the population . We shall prove that Fns ( ..v) tends to O(x), e .
n + - and s = Sn ' + in such a manner that putting
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G
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lim Ln = 0 ;
n- - Sn

dn,,,(e) -
)

	

1r ak
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F az'> ~Dn s

~11nmean n
g . when



the random variables ~I , . . ., S being not independent. (They are however
equivalent.)

The special case, when all a ., are equal to a or	 a, the number of
those a,, which are equal to a being a positive percentage < 1 of n, is well-
known ; as a matter of fact, in this case our question reduces to the investi-
gation of the limiting distribution of the hypergeometric distribution, and it
is known (see e. g . BERNSTEIN [1]) that the Moivre-Laplace theorem can
be extended for the hypergeometric (instead of the binomial) distribution .

We shall express our principal result (Theorem 1 .) as relating to the nth
row of an infinite triangular matrix with each row-sum being equal to 0 ;
we deduce from this theorem statements concerning sampling among the
first n. terms of an infinite sequence (Theorem 2.) .

We shall prove first the following .
Theorem 1 . Let us consider an infinite

	

- triangular matrix
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Clearly our question asks about the distribution of a sum of weakly
dependent random variables. As a matter of fact if we imagine the elements
of our sample as chosen successively without replacement and 1,k is the ele-
ment of the sequence which has been chosen at the k-th choice, then we have
to investigate the distribution of

all
a21 a22

anl an2

	

ann

ani, + ani, + . . . + a,,,

with real elements, such that the seen of elements in each row is zero ;

n
Lrank - Ű
k=1

(2)

Let us put

(3)

and

(4 )

	

Dn s =- ~~

S

n

where s is ann integer .

Let -V, , ,(x) for any real x denote the number of those sums

1 <ii < i 2 < . . . <is <n
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the value of which does not exceed x D,,,, i . e. put

(5 )

	

-AT,,, s(x) _

	

1 1
I <i,<i,< . . . <is<n

and put

(6)

Let us put for any E > 0,

(7)

	

dns(E) =
12

	

ankDn l an,k >ED n,,

I f s,, < D/2 is chosen in such a manner that when n tends to
for any e > 0

(8)

it follows that for any real x we have

(9 )

Then the sums

ERDŐS-RÉNYI

Fn,s(x) =
Nn,s(x)

n .

lim d" ,,(e) = 0,
n-

lim F,,,, g(x) _ 0(x)
n--'

lini Nns2(x) - o(x)n-, -

	

n s

5

infinity we have

where O(x) is the, normal distribution function defined by (1) .
Remark . Clearly if we modify our problem as follows : we denote

by Nn,S(x) the number of those sums a,, + a j , -1-

	

+ ani, which are
< xDns , where 1 < ik < n (k = 1, 2, . . ., n), then
the question whether

holds, can be answered according to the following theorem which is a special
case of a well-known theorem (see [2], p . 103)

Let $n k (k = 1, 2, . . ., s) be independently and identically distributed
random variables with the distribution

P {~nk = anj} _ -

	

( 9 = 1, 2, . . , n) .
n

!._~ ~nj
j=1

Dns

are in the limit for n -~ + - normally distributed if and only if (8) holds
for every s > 0 . Thus our theorem shows that if we take a sample without
replacement from a finite population, the distribution of the sample mean will
be in the limit normal, under the same condition as that which is known for sam-
pling with replacement .



Now evidently, putting

(12)

and

(13)

we have

where

Proof of Theorem 1 . Let us put for any real t

e itx d
B,,s(x) -

1

InSl
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n .

1

Taking (2) into account we can write

1 <i,<i,< . . . <i,<n

To prove Theorem 1 . we have to show that if (8) holds, we have

f+

	

t

	

}}

	

-
t=

hm

	

1D~ = e 2
n

	

n,s,,

Bns,, (p) -
~S,, ~ p

s "( 1

	

p)n-s "

(1 - p { pei(h+ .a"x)) I e-ie „d 6 .
2 z B,,,,(p) W

+ T
1

	

nH ((1 - P) e - ip(O=i{ank) + pe`(1-p(h=ua"x))
2 yz Bn,s (p) ~ 1-1

Now as -well-known, if n

	

+ - and sn--> + O° (which follows clearly from (8))

(lf;)

	

Bns,z(p) ^'	
1

j~2znp(1 - p)

and tints we have, substituting n, =	 t and © _ , _
V

BnII„

	

11 np(1 --• p)

~i np(1 - P)L_j ti 1

	

n
7 ~ 11 Pi,( t) d

,s„

	

V 2Z

	

I

	

k=1
-ni np(1-p)

~l nP(1 - P)

	

„~

	

pe

	

tl-np(i-P)

	

D,,,,,,
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In what follows C 1 , C 2 , . . . are absolute constants . Let us choose an
e > 0 . If k is such that

where

where

In

	

~ 1
1<kf~n

As by the inequality of SCHWARZ we have

t 2

	

/ £
In < 82 p(1 - p)

	

~ t
we obtain
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an,k= < E
Dn,s

< 2 e 1inp(1 - p) , we have

M, - p)

	

ta,k 2
t) = 1	 - +

	

(1 -1- :d 1 E)
2

	

[~'np(1 - p)

	

Dn,,„

< C . On the other hand, we have for an arbitrary k

IQk( ,t)-1!<_C2rp(
1 -- - + p(1- p) twank

l

	

2 n

	

2 1/-n- Dns„

It follows that for I V I < 2 a j[np (1 - p) we have

n
(21)

	

Íl O k (y~, t) = e
k=1

1 2Ín 1
< 03 4 ,11 v2 p(1 - p) nI

n

(22)

	

lim 11, = 0 .

n-+

On the other hand if iY >_ 2e 1rnp(1 - p) we use the following estimates :

if 't Ian'k I > e then 1 Q k (y, t) i < 1
D,,,,,,

and

if	an,k	
D n, s„

p( 1 - p)anlk
8 Dn.s,,,

we have I Qh (V t)' < 1 - p (1 - p) (1 - cos E)



and thus

J

	

1_1 Pk(V~ t) d V i< 2,-r (1 -
C(n

s n Jn
, 5 2 7e-c(e)s" Vsn

k=1

	

~

	

n
2E) nP(1-P)S!r <, j' np(1-P)

where C(E) > 0 is a constant depending only on e .
Thus (11) holds and therewith our theorem is proved .
Remark. Clearly our condition (8) is a condition of Lindeberg's type .

It is easy to see that the following condition of Liapounoff's type implies (8)

(23)
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dn , s„(E) < - 1
--

8 Dns„

n

l ank
n

	

k 1

n

	

Is

	

(~ ankl
k= 11

As a matter of fact, if sn
< I we have

n 2

nI

	

ank I 31

	

2 n

	

1k=1

s

	

sn

	

n

	

l'lx
ank

k=1
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Thus (23) is a sufficient condition for the validity of (9) .
For the special case when ank = alt does not depend on n (k = 1, 2, . . . , 71)

we obtain from Theorem 1 . the following
Theorem 2. Let {a n} be an, arbitrary sequence of real numbers . Put

(24)

and

n
Mrl =

Z
a k

k=1

n
Dn =

	 1'
lak
-

R=1

jIn~2
n

Dn a

	

1 - Dn .
n

	

n

Let lTns(z) denote the number of those sums

a il + a ; 2 - . . .+ aj,

	

1<i l < i2 < . . . < iS <n

which do not exceed

831, -{- x Dn,sn
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and put

(25)

	

Fns(x) =
iVns(x)

In)
s

If putting a.k = ak -

	

, andn.

(26)

	

dn,,(E) - Dn aré;Dna
ak

1<k<n

if n

	

s„ < n depends in such a manner on n that for any e > 0
2

(27)

	

lim dn , s„(s) = 0
n-+ x

then we have for any real x

(28)

	

lim Fn,,„(x) _- O(x)
n-++ x

Let us consider some examples .

Example 1 . If 0 < c < jak i < C, then (27) is satisfied if sn

	

+
arbitrarily slowly .

Example 2. (2^r) is satisfied, provided that sn -~ + - arbitrary slowly
if 0 < C ka < iak < Cka with a > - IJ2 .

Example 3. If

and

ak =
V

then (27) is satisfied if'

e. g. for

with arbitrary large A > 0 .
Example 4 . Evidently it is impossible to satisfy (8) if

log Sn __lim

	

- 1 .
n-+ o= log 7Z

ns
(log

ank < U.

max i' ank ~ >_ l3 > 0 .
k

2
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The most far reaching previous result known to us is that of W . G .
MADOW [3] . His theorem, which can be compared with our result can be
stated with our notations as follows :

If
1 ǹ
n G' anr k

(29)

	

í17h = _1 k
n

	 1	r < C for all n and r = 3. 4, . . .

n k=1
ank~ 2

then the assertion of Theorem
l

1 . holds, provided that Sn + oo . Clearly
Mallow's theorem follows from ours because if (29) holds for r = 4, we have
by Hölder's inequality

(30)

and thus if sn -~ + oo, (23) is satisfied, which as remarked above ensures the
validity of (9) . Thus if (29) holds for the single value r = 4, our theorem can
be applied, which implies that Mallow's result is much weaker than ours .

Mallow's result includes as a special case a previous result of F . N .
DAVID [4] . Thus our theorem contains as a special case that of the paper [4] too .

(Received 1 . December, 1958 .)
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VÉGES SOKASÁGBÓL VETT MINTÁKRA VONATKOZÓ CENTRÁLIS
HATÁRELOSZLÁSTÉTEL

ERDŐS P. és RÉNYI A .

Kivonat

A dolgozat a valószínűségszámitás centrális határeloszlástételének bizo-
nyos gyengén függő változók esetére való kiterjesztésével foglalkozik, ameny-
nyiben kimutatja, hogy a Lindeberg-féle feltétellel analóg feltétel teljesülése
esetén egy véges sokaságból vett minta elemeinek középértéke közelítőleg
normális eloszlású . Más szóval a szerzők a következő tételt bizonyítják be
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( 5 )

1. tétel : Tekintsünk egy valós elemű

(I-z1

a21 a22

1

	

an2 ,

háromszög alakú mátrixot, melybe)? az egy sorban "l1,ó eleimek összege mindenütt
nulla
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n

	

.

L1n k = U
k _1

Vezessük be a
n

( 3 )

	

Dn =~~

	

ank
k=1

és

,r s

	

s l
(4)

	

Dn s

	

~,
n

1 -
rz
Dr,

jelöléseket .
Legyen tetszőleges valós x-re Y,,(x) azon

a'ni, + ani, +	C1ni,,

	

1 < Z 1 < 29 < . . . < 2 .. -< 71,

alakú összegek száma, melyek: kisebbek x Dns-nél, azaz

(Inn

í~'ms(x) _

	

~, 1

és legyen

( 6 )

	

F,,,s(`t) -

	

n
N n,s '

~.s
Vezessük be a

(!)

	

d,#) =
1

	

a2

	

< s < 7b

Dn a,,i; >eD,,,,
jelölést . Ha az, {s„} (s„ < n/2) sorozatot úgy választjuk , , hogy minden pozitív e-ra

(8)	lim d,,s;,(8) = o
n_ .

legyen, akkor minden valós x-re

lim F,,u,.( •x ) _ 0(x)

a-hol 0(x) a normális eloszlásfüggvény .



(24)

(26)
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Az 1 . tétel speciális eseteként nyerhető az alábbi
2. tétel. Legyen {a1z tetszőleges valós számsorozat . Vezessük be az

n
llr n =

		

a. k
k=1

Dn=~'~ ak -~In1 2
k=1

	

n

Dn f
s

~ 1 -
s

s -

	

- D„ .
n

	

n

jelöléseket. Jelölje N,,,5(x) azon

ah i a' i¢ T . . . l ais

alakú összegek számát, melyek kisebbek, mint

m,
S

	

	+ x Dnsn
és legyen

(75)

	

Fns(x)

	

illns(x)

Vezessük be az ak = a k - 11'1 és
n

n--

dns (E)=1 S ak2
D 2 ai: >ED,,, x1<k<n

1<íl < í2<

	

<2s <9Z

jelölést. Ha az {sn} (s n < n./2) sorozatot úgy választjuk, hogy minden pozitív E-ra

(27)

	

lim dn,,(E) =-O
n-x

akkor minden valós x-re
(28)

	

lim Fn , s„(x) _ 0(x) .

UEHTPAJIbHAR IIPEREJIbHAR TEOPEMA RJ1A BbIBOPKAX
B35MIX H3 KOHELIMIX MH~EM

P. ERDŐS H A. RÉNYI

Pe3i0Me

Pa6OTa 3aHzmaeTC2 paCHpOCTpaHeHHem UCHTpanbHOil Hpe enbHO~I Teopembl
BepORTHOCTeI4 Ha cnyvaK HeKOTOPUX cnaóo 3aBHCRWHX cnylIaüHbIX BejiHTIHH .
ABTOPbi ~oKa3LlBaIOT, liTO B CnytIae BbIHOnHCHHA yeji~s1, aHaTiornliHOro yciio-
Bmo Lindeberg-a, cpe Hee 3HalieHHe 3nemeHTOB BbI60PKH B3RTOH 113 KOHeuHOro
MHwxeMa, iimeeT HPM6nH3I4TenbHO HOpimanbHOe pampeAeIIeHHe . HHaue FOBOP2
~OKa3bIBaeTCR CneTjyioma2 Teopeimm
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(3)

&i

Teopema 1 : Paccmompum nlpey2onbHyio wampuljy

B6eóem oóo3Ha,ienuR

all
a2x a22

a,, ant

	

ann

U3 6ei~ecm6eHHbix memenmo6, 6 Komopoű cy,wi~ia snemenmo6 fa-ixóoű cnipoxu pa6Ha
H Y.1110

(4 )

	

Dns =
1V n l l - n~ Dn

	

1 < s < 9b

Ilycmb óV7 J(10Ú020 6e1l ecíneeHHo2o x N, 5(x) 0603Hagaem gÜCJio mex cy iui
6uÓa ani, + ani, -r . . . + a i, Me 1 < il < 22 < . . . < 2 5 < n, Koniopbíe menbÜle
ueai x Dns in . e .

(5 )

	

='~Tn,s(x) _

	

~

	

l
+a,,{s<xDns

u nycmb

(6)

Beeáe.m 0 03HazieHÜe

l
dn s(e =

	

ank
Dn ianx,>sD s

Ecnu nouMa6animbnoemb sn (< n12) ebt5paHa maK, tuno óqR Kam6o,o nono-
)tC1ImeAbH02o e 6binommemcR YCJ106ne

(8)

	

1 im d,,,, (e) = 0
n-, a

lno ónA ecex 6eulecnwHHbix x

lim F,,~,,(x) _ 0(x)
n_+ x

2óe 0(x) Hop.4ia~zbHaR §5ynxu, u R paciipeóefienuR .
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n

ank i 0
k=1

D
n

2D, = ,

	

ank
k=1

Fns(x) = Nn,s(x)
(n
I
1s
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B xagecTSe cneul4a.nbHOFO cnynax TCOpCMLI 1 nonyqaeTCR cneAytowa,
Teopema 2. Hycmb {an } luo6ax nocneáoeamenbnocmb aeujecmeennbtx qucen .

Beede.u cnedyfou3ue 0603nagenust
n

Mn = " a k
k=1

(24)

u nycmb

(25)

Baeó~m 0603natienue ak = ak -

(26)

(27)

mo dASí Scex 6eWeCn]Bennbtx x

(28)

Dn

Wn , un

n

	

M j2

nn

Dns=
fJ/

8 J
1 - -s ~ Dn

nn

	

n

06o3nattu~tií qepe3 Nns(x) qucno mex cym.4•t euáa

ai,+ aE , + . . . + a,,

	

(1 < il < . . . < i s <_ n)

xontopbte Atenbute, qe .4t
n
s

+
x
Dn,s ,

n

l~Tns(x)
F,,s(x) =	n •~

dn,5(e) = 12

	

C,,1
2

Dn ax >ED,i , s
1<k~n

Ecnu nocnedoeamenbnocrnb sn (< n/2) 6b16pana maK, qmo d ut ham0020 nono-
arcumeAbnoao e 6bmonn gemcf ycnoeue

lim d""(e) = 0

lim Fns„(x) _ 0(x)
n-. x
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