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Teoria dei numeri . - On a problem of Sierpinski . Nota (*) di PAUL

ERDŐS, presentata dal Socio straniero W. SIERPINSKI .

Let n be a positive integer and denote by s,I) the sum of the digits
of n written in the k-ary system, and denote by 2 = p, < p2 < . . . the sequence
of consecution primes . In a recent paper Sierpinski [i] investigated s(k) (p ) ;
he proves, among others, that for every k
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s(k) (p, ) remained open . In
we shall settle this question of Sierpinski by proving the

For every k there are infinitely many, n for which

S(k) (p", > S (k) (p,r+i ) .

I can not decide if s(k) (~ ) = s(k) (~ + ) has infinitely many solutions .
Sierpinski [ij deduces this from a conjecture of Schinzel [2] . Presumably
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but I can not prove (3) or (4/1 . In fact I can not disprove
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(*) Pervenuta all'Accademia il 13 ottobre 1962 .
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Put d,r = prz-i - p,r Turán and I [3] proved that e4, + , > d,, and
4 < d„+ , have both infinitely many solutions and that lim sup dr+,,d > i ,
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But we were unable to exclude the possibility- that there
n=~
is an n. so that the following inequalities hold :
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d,r o+3 > d,.,+2 etc .
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In other words d„ > d„+= > d„+2 and d„ < d„+= < d„+2 have both only a
finite number of solutions . Similarly I can not prove that at least one
of the equations s(k) (p n) > s"k) (p,+I) > S(k) (p,+2) and s (4) (p.) < s1k) (p I-) <
< S(k) have infinitely many solutions . Sierpinski deduces from the
hypothesis of Schinzel that both these inequalities have infinitely many
solutions [1] .

Proof of the Theorem . I have not been able to find an elementary proof .
We have to use the following well known theorem of Hoheisel-Ingham [41 :
There exists an absolute constant c, so that

(5) z (x + x s s ) - r !x) c x5f 1hog x
(-c (x) denotes the number of primes C x) . Put s( 2) ( n) = s , n) for sake of
simplicity: we will only prove our Theorem for s (n` . The proof of the general
case is almost identical with the case k = 2 .

Let 2k < q < . . . < q k, < 2k + 2 5 k," be the primes in (2k , 2k + 25" .18 ),

further let 2k - 2 k/8 < r <

	

< rsk < 2k be the primes in (2k - 2; k1 2 k)

By (5) we have

(6 )

	

tk

	

c 2 25k 81k

	

,

	

sk > c_ 2g k;8lk .

Now we prove the following
LEMMA . - For all but o (25 k111k) primes q II and r . we have for every, z > o
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Assume that the Lemma is already proved . Then from (6), (7) and
(8) it follows that for all sufficiently large k there are primes rri and q ,
satisfying
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From (9) and q, a~ it clearly follows that for every k > ko there is a prime .P ,

satisfying
r7 . pn < qj

and

which proves our Theorem .
Thus we only have to prove our Lemma .
First we prove (7) . The primes q z are all of the form .
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(i) The prunes q; and rj depend on k, but since there is no danger of confusion we
do not indicate this .
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If (7) does not hold we clearly must have for
1
YE_>(
:=c 2

The number of integers of the form (1o) for which (ii) holds clearly equals
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By a simple and well known computation we obtain (-~ _ , (E:) depends
only on e)

I )<2
{-P1

=0rr>~2
which proves (7) .

The primes r . are all of the form
12k-x + 2k-2 .+ . . . + 21+i* + ]E c . 2=zi=o

and the proof of (8) proceeds as in the proof of (7) . Hence the proof of the
Lemma and of our Theorem is complete .
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