
B'bPXY HRKOC1[ I-EOMETPMYHM 3AAAWi* 
nayn I?pdbOIU”’ 

B Ta3H cTaTwi pa3rneXKnaM HRKOU peuieHu B Hepetuew reoMeTpaYw4 
3aAaYH c KoiAiHaTopeH xapattTep, c KONTO C'~M ce 3aHMMaBan MH~~O npes 
IIOCJIeAHI?Te TpllAeCeT ~OAMHI~. fipJ'rl4 rlOXO6HH sanasa YHTaTeJIRT MOXKe Ha 
HaMeptr B HaCKOpO M3nH3JIaTa pa6oTa [2] Ha Xazs~rep H De 6pyHep. 

1. HeKa x1, x2,..., x,ca n pasnmsa TOYKH B paBaaaaTa. ,Qa pa3meAaiue 

B'b3MOXHMTe pa3CTOIIHIlR Xi&j, l~i<&n MeXAY TRX, KOHTO ca l/Zn(n-l) 
Ha 6~01% C 0(x1,..., X,) Aa 03Ha9MM 6~0s Ha pa3JIHsHHTe H3MeXAy WiCJIaTa 
Xixi, Xi. no-HaTaT%K BeKa 

f(n)= min D (x1,..., x,). 
Xl, . . I x, 

B MOFITa pa6oTa [3] ce AOKa3Ba, se 

(1) fnz-i-1 <j(n)< c,n/l'log. 

ropHaTa rpamua ce nonysasa OT KsaApaTHaTa uenowcneaa pelrreTKa, Ho KaTo 
ce r43nonaysa AW’f60KaTa Teopebfa Ha JIa H A a y, ge 6p02~ Ha YmfiaTa, HeHan- 
MHHaBaIQFi X, KOATO MOraT fia Ce lIpeACTaBflT KaTO CyMa Ha ABa KBaJIpaTa, e 

rIO-Man'bK OT CX/JhOgX. Mo3ep[4]nofto6pu AonHaTarpaHuqa Ha1/QfZ2'3q+3-1 
Msrnexwa o6aYe cnrypHo, Yef(n)>nl-E 3a BCRKO E)O II n > Q(E). Moxe 6~ 

flOpPi e B CMJIa HepaBeHCTBOTO f(?Z)>C,&Ogn. 
Aa o3HawM c d(xi) 6~051 Hapa3nwmTe H3Memy rIucnaTa x&q, ISjln, 

j+i. B l-lOMeHaTaTa CH pa6oTa Mosep AOKa33 HepaBeHCTBOTO 

nV3 
max d(xi)>--- 1 

lsijn 2q”3 

38 IIpOH3BOJIHO paanpenenesue Ha TOYKHTe X1,..., xP Mcme 614 e BRPHO AOpH 
HepaBeHCTBOTO 

max d(xJ<c, n/j'&. 

EAHa cneABaru(a 3aAaYa 6~ 6ma oueHKaTa Ha i 0 d xi, i-i3 ycnsx Aa AO- 
i=l 

KaXa CaMO HepaBeHCTBOTO i d(xi)>lia IZa2. HsrneXAa abase, =Ie AOJIHaTa 
1 

rpaHwa Moxe na ce nono6pa Ha c,n2/\'=. 
AKO T09KATe X1,..,, X, o6pa3YBaT 83II'bKHaJI MHOTOWWIHHK, a3 H3Ka3aX 

I-IpeiUIoJIOXeHHeTO, Ye f(IZ)92/2]; PaBeHCTBO LIMaMe CaMO 38 IIpaBHnHH MHOl-o- 
%r%JIHH~H. npenH HHKOJIKO Meceua TOBa IspemonolKeHse 6e AOKa3aHO OT 
An TMaH""*. Toii AoKa3a AOpH,qe 38 HeqeTHO f2 paBeHCTBOT0 e B'b3MOX%o CaMo 

* Aoman, mHeceH B co@us Ha 27. II. 1962 r. ripen cry@HraTe no MaTeMaTMKa OT @MQ. 
Conma qam of nomana ce can-bpma B [I], BX. cauio [30]. 

**Paul ErcMs, weH Ha YHrapcKaTa aKane&ius! Aa HayKaTe B Gyaanema. 
*** HerOBaTa pa6oTa II&e H3ne3e DT IlelIaT B .&W. Math. Monthly. 
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3a npaBuneH MHO~O~~T'~~HBK. no-HaTaTxK a3 n3Ka3ax npeAnOnoxeHweT0, Ye B'~B 
BCeKU H3n'bKHall MHoro'bI7dIHWK HMI TPK'bB Bp'bX, OT KOfiTO Aa He Ca JJaBHO- 
OTAaneseHA HAKOH TpA s-bpxa Ha MHOrO+brWlHNKa. TOB~ npeAnonoxeHHe o6aYe 
HacKopo 6e onposepraH0 OT Ha~uep 38 n=9*. TYK 6UxMe MOI-JIH Aa nocTa- 
BWM Ome ClIeAHUSi B'!dIpOC: C'bILIeCTBJ'Ba JIH TaKOBa uSIn YMCJIO 2 (nOpaAH 
TeopeMaTa Ha AaHuep, 1k3), ge B-~B BceKH n3rrbKHan wbrlbnwiK Aa nMa 
Bp'bX, OT KOiiTO He Ca paBHOOTAaJIeYeHB KON Aa ca ISI Ha 6poR npyru B'bp- 
XOBe? AKO OTrOBOp%T Ha T03M B-bnpOC 6H 6m OTpHuaTeJleH, MOxeM Aa Ce 
3annTaMe KaK pacTe I KaTo @YHK~HR Ha rrz. 

n0 BCRKa BepORTHOCT e BRpHa CJIeAHaTa TeOpeMa, KOBTO e no-CiiJlHa OT 
TeOpeMaTa Ha A JITM~H, HO He ce OnpoBepraBa OT npoTnBonpeMepa Ha Aa~uep: 
B'bB BCeKB B3n'bKHaJl fZ-'bbr%JIHHK i3MHarN AMa TaK'bB Bp-bX Xi, Ye H3MtixAy 

Y8cnaTa xi, xj, lcjSn, i+j noHe [n/2] .4a 61baaT pa3nnYHH. 
MO 3ep H a3 AOKa3aXMe, Ye B eAHH A3n'bKHan 3n+ I-'bIWIHBK MOxe Aa 

HMI 5?l ABOiiKki OT HerOBH B%pXOBe, MexAy KOHTO pa3CTORHHeTO e eAH0 N 
C'bLIlO. Toss Ce BPixAa TIKB: HeKa X,,, X1,..., X,,, Ca B'bpXOBeTe; X1,..., X, 
JIexaT B'bpXy ropHaTa nOnOBMHa Ha eAAHAYHaTa OKp%xHOCT,$, e ueHT%p-bT ii, 

a AWWe (Xi, -%+J N (Xi+n, Xj+&, 15isn Ca no-MaJIKH OT 46. OYeBHAHO 
pa3CTORHHeTO eAHHHua Ce CpelWl 5iZ II'bTH. BepOsrTHO To3U pe3yJlTaT MOxe Aa 
ce yCFiJIH, HO HHe He yCnRXMe Aa nOKaxeM AOpH C'bueCTByBaHeTO Ha TaKaBa 
a6conIoTHa KoHcTatiTa c, 38 KORTO Aa hloxe Aa ce TBBPAA, ye enHo u cmuo 
pa3cTosffnfe ce noBTaprr Ha%MHoro cn n'bTu. 

npeAM HRKOJIKO CeAMHuH 6. rpIOH 6 a yM nOCTaBCi 3aAaYaTa Aa Ce HaMepH 
HJIH noHe OueHH CTOiiHOCTTa Ha f(n) 38 cnyYarr Ha n3rrbKHanH MHOrOCTeHH. 
KaKTO n3rnexAa, ToBa He e aecHo. l7paBunHaTa nspawiAa HH Aasa HepaseH- 
CTBOTO f(n)S [l/zn--l], o6aYe AoAeKaeAap'bT II aKocaeAapaT HU KapaT Aa 
npeA~oJlOxitaM, Ye BepORTHO f(n) e MHOrO no-MaJIKO. 

HeKa ce OTKaxeM Cera OT npeAnonoxeHueT0, Ye HauIIlTe II TO~KH obpa- 
3yBaT 83n'bKHaJl MHOrO'bT-bJlHHK. KBaApaTHaTa peII.IeTKa nOKa3Ba, Ye B paBHH- 
HaTa MOxeM All CH 3aAaAeM ?Z TOYKH TaKa, Ye 3a BCIlKa TOYKa Aa C'bIueCTByBaT 
[flc5i'og'ogn] Ha 6poii PaBHOOTCTOflIukI OT HeB TOYKH. (npl4 AOKa3aTeJICTBOTO Ha 
T03H @KT Ce LI3nOJI3yBaT n03HaTH TeOpeMn OfaHaJIMT&iYHaTa TeOpHcI Ha WiCilaTa, 
oTIIac5uuH ce 38 6~0~ Ha perueHuRTa tia ypaBHewieT0 x2+y2=m.) He e 
H3KJIIOYeHO Ta3H rpalinua, 0640 B3eT0, Aa e TOYHa. HeKa g(w%i) e MaKCMMafi- 
HURT 6pofi Ha TOYKMTe, PaBHOOTAaJIeYeHH OT Xi. Moxe Aa OYaKBaMe, Ye C'bLlIe- 
CTByBa TaKaBa a6COJIloTHa KOHCTaHTa Cg, W 31 BCRKa ti-TOpKa OT TOYKH B 
paBHwHaTa ga UMaMe 

(3) min g(Xi)<@lOg log n. 
lsizn 

3a c'bxanewfe sacera Mora Aa AoKaxa caM0 TwbpAe no-cna6oTo HepaBeHcTBo 

(4) min g(xi)<n2:3+2. 
ISisn 

flOKa3aTeJlCTBOTO e C"bBCeM npOCT0. OT Ae&iHuuHHTa Ha g(xJ CneABa, Ye 
C'bUeCTByBa OKp-bxHOCT C ueHT%p Xi, B%pXy KORTO JIeXaT g(Xi) Ha 6poti OT 
TOYKHTe Xi, ISjStZ. Tsfi KaTO o6aYe eAHa TpOiiKa TOYKH MOxe Aa JIexH 
Ha%-MHoro wbpxy eAHa TaKaBa 0~p%x~0CT, BeftHara nonyYasah4e 

* HeroBoTo nOea3aTeacTBo Oue He e ny6nHKysaao. 
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T. e. y1 
( ) 

: s+, y=min g(q), oTKsAeT0 (4) ce nonyYa6a c fiec~u npec~s- 
l<iSn 

I-leKa cera x1,,.., X,, Ca TOYKA B k-MepHOTO IlpOCTpaHCTBO. ~eJIO‘luCJle- 
HaTa pemeTKa noKa3Ba, Ye fk(tz)<CkSk (~e~uHu~uRTa Ha f,&(n) B k-MepHOTO 
npOCTpaHCTB0 e C'baaTa, KaKTO Ae+uHu~uffTa Ha f(n) B paBHHHaTa, CJIeaUBa- 
TenHo fi(fZ)=f(n)). B TOBa HepaBeHCTBO BepORTHO e IlOCTurHaT BeYe IlpaBHJI- 
HutIT IlOpslfiaK, T. e. BepORTHO e B CAna HepaBeHCTBOTO fk(@>C;+jk. Toss e 

CurypHO T'bii 3;1 k =I, TTbii KaTO B'bpXy npaBaTa e TpWBllaJIHO, Ye fi(?Z)=n-l. 
B k-MepHoTO I'IpOCTpaHCTBO e OYeBUHHO, Ye fk(k+l)=l, HO f,(k+2)=2. 

flpeau HRKOJIKO rOHNHIl Kent (Kelly) nocTaBA 3aAaYaTa Ha ce Ha?.iepw 
Hafi-MaJIKOTO lk, 3a KOeTO fk(&)>2. KO KCeTep IlOKa3a, Ye &>'/, k(k+l), 
KaTO pa3rJlena B%pXOBeTe Ha k-iw?pHHR CuMnJIeKC H CpeAuTe Ha HerOBuTe 
p%boee. B MORTa pa6oTa [I] a3 TB'bpLWX, Ye e-B CuJIa HepaBeHCTBOTO lk<kc. 
3a C'blKafieHHe TOBa C'bBCeM He e BRpHO. MoeTO AOKa3aTeJICTBO BOAeLUe CaMO 
AO MHOI-o no-cna6ua pe3ynTaT &<exp (k’+). 

HeKa B paBHHHaTa Ca AaAeHu ?Z TOYKU, 38 KOuTO ITlaX Xi, Xj=l (CJleAO- 
Isi<jlh 

BaTeJIHO AuaMeT-bp%T HaTOBa MHOlKeCTBO e paBeH Ha eAuHuqa). EpuKaIlaHBHu 
[5] noKa3a, Ye c-bwecTByBaT Ha&MHoro it AB0fi~u TOYKB c pa3cTomue eAum4a. 
npt?AU OKOJIO ABaAeCeT H neT rOfiHHPi A. BaxO HA AOIIyCHa, Ye B TpHMep- 
HOT0 IIpOCTpaHCTBO pa3CTORHHeTO '?AHH&iUa MOlKt? Aa Ce nOJIyYH H&MHOrO 31 
2n-2 Ha 6poR 4~0ii~u TOYKu (JIecHo e Aa ce BNAu, Ye WCJIOTO 2n-2 HIUC- 
TuHa Ce AOcTura). npeAu HRKOJIKO rOAuHH 6. rprOH 6ayM [6], A. Xenem[7] 
B c. CTpaLLIeBuY [8] He3aBuCuMO e,&uH OT .Qyr nOYTu eAHOBpeMeHH0 U II0 

eAuH A cl;w HaYuu AoKasaxa npemono~ewieT0 Ha B axoou. 
flpu YeTHpWMepHOTO IIpOCTpaHCTBO pa60TaTa CTOu ApyrOaYe. fieHq nOKa3a, 

Ye B YeTupNMepHOTO lIpOCTpaHCTB0 UMa C'bBKyllHOCT OT Ll TOYKH C AuaMeT%p 
emmwa, 3a KOmo CauIecTBysaT [nz/4]+csn Ha 6pofi ~~0tiKu 0T TOYKB c 

xi, Xj=l. I~o-o~~o, HeKa ~1, e e s, x, e ema C-bBKyn~ocT 0T TOYKM: B kaep- 
HOT0 IIpOCTpaHCTBO, HMaWa AuaMeT%p eAuHu4a. aa 03HaYuM C f(k,n) MaKCu- 

MalIHuH 6pofi Ha HBOiiKuTe TOYKu, 38 KOUTO xi, xj= 1, a c F(k,n) Aa03tiaYuM 

MaKCuMaJIHNR 6po# Ha ABOiiKIlTe TOYKII, 39 KONTO Xi, Xj MMI BCC eAHa ti C%IJJa 
CTO~~HOCT (otleeumo f(k,n)SF(k, n)). B [9] a3 HoKa3ax, Ye 3a k>4 maMe 

TOYHMTe CTO~~HOCT~ o6aYe ca Heu3BeCTHN KaKTo 38 f(k, n), TaKa u 31 F(k, n). 
3a k= 1 TpaBwanHo maMe f(1,~?)=2, F(1, n)= 1 ; 31 k=2 R 3, KaKTO 

BeYe CnoMeHaxMe, ca B curia paBeHcTBaTa F(2,n)=2, F(3,n)=2n-2, B [2] II 
[g] AOKa3aX HepaBeHCTBaTa 

fi'+cs/lw lOl[ "< f(2, n) <$P, Cl0 n3210glogn<f(3, rz)<CI, rP. 

Aa cnon4eHeM 0uIe Bp0Yy~0~0 npe,qnonoxewie Ha ESopcyK, cnopea KoeTo 
BCflKa TOYKOBa CbBKyIIHOcT OT k-MePHOTO llPOCTPilHCTB0, EiMaUa AHiiMeT'bbp 
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eAuHuna, MO2Ke aa ce npe&cTaBu KaTO TeOpeTuKO-MHOWeCTBeHa CyMa Ha k-$-1 
Ha 6poB C%BK}~~HOCTU c no-Man%K AuaMeTap. 3a k=l TOBa e TpMBuaJIHO, npa 
k=2 e enno neKo ynpaxHeHee. Flpu k=3 ~0311 @IKT 6e AoKasaH OT Erne- 
CTSH [10]wn0-~caCa0,~~0r0n0-np0~T0,0~ rpf0~6ay~ [ll] u Xenew [12]. 

HeKa x1,..., xn ca 0~~0~0 It T~~KU: B paBHuHaTa. .Qa nonycHe~ cera, . 
se HMaMe 

KOJIKO flBOGKU TO'IKU MOxKe,$i UMa, 38 KOUTO Xi,Xj =l? AleCHO Ce Bux+Qa [2] 
se TaKuBa g30fi~u uMa Hati-MHoro 3n Ha 6po# u Ye Ta3u ropHarpaHnsa Moxe 
Aa ce nonodpu Ha 3n -cl2 1% Tpu%r%nHaTa pemeTKa o6ase nOKa3Ba, se Hauc- 
TUHa MOraT fia C%ueCTByBaT 3fZ--c&i Ha 6poii ABOiiKU. CTpJ'Ba MU Ce, ge 
KoraTo 6porr~ Ha TOPKATe e 3??9+3??2+1, MaKCn?danmim 6poii Ha ABOiiKUTe c 
Xi, xj=l e 9f?Z2t9m. Taau rpaHM4a ce AOcTura 3a TOqKuTe OT Tpuar'bnHaTa 
PeIIRTKa, U3n'bJlHeHa OT IIpaBWlHu TpFi-fZbJIHu~u C A'bJl)KuHa Ha CTpaHaTa, 
paBHa Ha Pn. ~0~06au B%npOCu 3a RpOCTpaHCTBa C no-rOnBM 6pol M3MepeHNR 
oue He ca pa3rJwKAanu. 

I.& Ka3Baive, ge eAHa C'~BKY~HOCT 0~ TOYKU HMa CBOBCTBOT~ T, aK0 pas- 
CTOBHuRTa Ha npOM3BOJIHu ,W3OiiKu TO'iKU OT Ta3u C'bBKynHOCT Ca pa3JWlHU. 
AeCHO Ce BH>KAa, ge npOu3BOJlHU t2 TOgKu B%pXy npaBaTa BUHarU C'ba'bpxaT 
nOAC'bBKynHOCT C%C CBOiiCTBOTO T, c%A%p~awa nOHe [d'3] T09KU. BepORTHO 
Ta3u oqesrta Moxce na ce nono6pu ~a (I+O(l))f Iz, HO TS GUI-YPHO He MOxKe 
aa 6ane (I+c)$% c c>O. To3n BwJpoc ecTecTBeHo MOW? aa ce nocTaBff H 
38 k-MepHOTO npocTpaHcTB0 (k> I), 38 KOii~0 cnysafi a3 Mora aa nOKaxa CaMO, 
se BUHWU cw.uecTsyea nowbBKynHoCT c'bc CB~~~CTBOT~ T, uMawa.[dk]~09~H, 
HO He Mora na onpezwnfl TOYHUR: CTeneHeH noKa3aTen 3a HUTO e&Ho k2.l. 

HeKa B k-MepHOTO npOCTpaHCTB0 Hu e AaAeHa enHa T04KOBa C'bBKynHOCT 
C MOQHOCT 9% B [13] IIOKasaX, qe TR BUHWU C'ba'bpxa eAHa nOfiC%BKynHOCT, 
naK C MOLIiHOCT 9x, HO UMaIWi CBOfiCTBOTO T (~OKa3aTWICTBOTO He U3IIOil3yBa 
KaHTOpoBaTa" XnnOTe3a). KaKyTaHu, OKCTO~U H a3 AoKaaaxMe[l4], 
se 3a XUn6epToBOTO npOCTpaHCTB0 TOBa TB'bPAeHUe He e BRPHO. KaKy- 
T a HM U a3 [15] noKa3axMe, qe KaHTopoBaTa xunoTe3a e paBHocufiHa Ha 
TB'bpAeHUeTO, W IlpaBaTa MOwe Aa CI? FIpeftCTaBR KaTO TeOpeTUKO-MHO)KeCTBeHa 
CyMa Ha ti36p0~~0 MHOrO C'~BK~~H~CTU, UMaun CBofiCTBOTO 7,. HaCKOpO ycnnx 
Ha AOKaxa TOBa 3a CJIyYaH Ha k-MepHOTO npOCTpaHCTB0"". 

CneAHaTa nHTepecria 3aAasa 6e nocTaBeBa OT e.wH aMepnKaHcKu Konera, 
weTo UMe He Mora na ycTatiossI. Toil npefinonara, se paBHuHaTa rdoxe Aa ce 
pa3J'lOSSi Ha WTUPU IIOACIiBKJ'IIHOCTU, HUTO enHa 0~ KOIITO ne Canapxa Ase 
Tows-i c pa3cToaawe eznsaqa. AecHo ce Buxcaa, '-le TpU C'bBKYIIHOCTU C TOBa 
CBOiiCTBO HRMI. Toss Be J(OKa3ZlHO OT Mosep W AOKa3aTWfCTBOTO npf!AoCTa- 
BRMe Ha OcTpoyMueTo Ha WTaTewr. C'bqnRT a%npoc Mose Aa 6xAe nOCTaBeH 
H 38 k-MePHOTO I-tpOCTpaHCTBO U IGiK JIeCHO Ce BU)r(Aa, Ye 3a Her0 HRMa k+l 
IIOAC'bBKj'l-IHOCTU C TOBa CBOiiCTBO. OT efiHa TeOpeMa, fiOKa3aHa OT @ IjpK~toiiH 
u 0T MeHe, cnenBa, qe 6~ 6uno AocTaTwno aa ce pemw 3aAarlaTa 38 KpaiiHu 
l7OJW'bBKJ'IIHOCTU Ha PaBHMHaTa UJIU Ha k-hEpHoTO I-IpOCTpaHCTBO [16], 

* KaHTOpOBa (no HME!TO Ha reopr Kamop, 1845- 
Ryylwa. 6en. rqZ8. 

1918) ce Hapasa xnnoTe3aTa 3a KOHTU- 

""Tosll pe3ynTaT ome He e I@JSiKyBaI-I. 
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B Ta3u HacoKa MOraT Aa 6%AaT nOCTaBeHU OLIIe MHO~O A~~~HKOM~HHITOP- 
Ho-reoMeTpHYHB 3aAaYu. T~K we cnoMeHeM 0rrIe HRKO~KO. UTe Ka3BaMe, ye 
eAHa ToYKor3a C~BK~~HOCT uwi CB~RCTBOT~ T’, aK0 TR He ClbA'6pxa spa TOYKH, 
obpa3yBauru paBHO6eApeH TpHW'bJIHHK. BCHKa c'~BKY~HOCT, Wiwaua CBOGCTBOTO 
T, RMa kl CBO~~CTBOTO T’, HO He u 06paTHo. KOJIKO ToJIeMLi, T. e. OT KaK'bB 
6poii TOYKU, Ca C'bBKynHOCTBTe C'bC CBO~~CTBO T', KORTO Tpa6Ba Aa CaA'bpxa 
eAHa ClbBKynHOCT OT y1 TOgKIl B k-MepHOTO npOCTpaHCTBO? Ha np%B nOrJIeA 
T03n B'bnpOC HH Ce CTpyBa HeHHTepeCeH W HeeCTeCTBeH. M3rJIeXAa o6ase, Ye 
TOBa He e TaKa, T'hfi KaTO 31 k=l I4 II paBHOOTCTOslWi TOYKH HaUlHBT B'bnpOC 
ce cnexAa A0 cneAHaTa n03HaTa 3aAaqa OT TeopkIflTa Ha wwaTa: KaK'6B e 
MaKCHMaJIHBRT 6pofi Ha YACJIaTa B HHTepBaJRI (l,?Z), HeC%A%pIKaIIW eAH3 TpU- 
YJIeHHa apUTMeTUYHa nporpecus [17]? rIpeAH o~ono 15 roABHH* AoKa3ax, Ye 
CeAeM TOYKM B paBHFiHaT3 BBHarH C'bA'bpXaT eAHH HepaBHO6eApeH TpR'br-bnHUK 
(T. e. eAHa C'bBKynHOCT OT TPH TOYKH C‘bC CBOfiCTBOTO T'). npaBHJlHNRT neTO- 
%r'bJlHUK B HerOBIIRT UeHT'bp nOKa3BaT O&Ye, se 38 LIleCT TOYKIl TOBa He e 
BR~HO. nOAO6HaTa 3aAaYa npu k= 3 He in ce"yAaAe Aa perua. 

HeKa Ca AaAeHIl II TOYKH B k-MepHOTO npOCTpaHCTB0. KaK'bB e MaKCBMaJI- 
HWlT 6pofi Ha OnpeAeneHHTe OT TH% TOYKU paBHO6eApeHH MJIA paBHOCTpaHHU 
TpH'fZ'bJlHNJLi? 3a paBHOCTpaHHH TpHW'bJIHHIJn npFi kz2 OTSOBOp%T cHrypH0 
we 6%&e ck n2, ToYHaTa CTOWHOCT Ha ck odase ne yMes Aa onpenena. 

2. npeAl4 OKOJIO 25 rOAHHH 6JIyMeHTaJI nOCTaBU CJIeAHHH B'bnpOC: HeKa 
Ah*.., x,) e Ha&roneMaRT 'br'bn (s-c), onpenenea OT TOYKUTe Xl,..., x,, 
nexanw B paBwHaTa, H Hera a,=inf (x1,..., x,) (inf e pa3npocTpaHeH sapxy 
BCUYKU B'b3MO2KHII CIiCTeMU OT ll0 ?Z TOYKB) - Aa Ce OnpeAeJlH RJlU OueHFI a,. 
Cede petu [18] AoKa3a, Ye 

HaCKOpO CeKepeIIJ M a3** nOAO6pHXMe TOBa HepaBeHCTBO Ha az,-I=n(l-l/n) 
U OCBeH TOBa AOKa3aXMe,Ye e B CPln3 HepaBeHCTBOTO d(XI,..., x,"j>n(l---l/f+ 
BepORTHO e BspHo M HepaBeHcTBOTO A (X1,..,, $"-l)>sz(l-l/n), HO TOBa He 
HM ce ynane Aa AOKaXeM. 3a TpUMepHPfH cnysati CeKepeur e Aan CaMO 
TB'bpAe rpyds OueHKII 3a a,. 

A3 H3Ka3aX npeAnOJlOXeHUeT0, Ye aK0 B k-MepHOTO npOCTpaHCTB0 Ca Aa- 
AeHn 2k+1 TOYKU, ~0 Te BnHaru 0npeAenRT eAuH wbn >n/2. 3a k=2 ToBa e 
TpHBPiaJIHO, 3a k=3 TOBa Be AOK33aHO OT Ka%nep II EjbOpAIIK. HacKopo 
naHuepHrpK)HGayM*** AoKasaxao6uloTonpeAno~oxeHue noyAusuTenH0 
npOCT HaYUH. KpO@T [19] ll'bK nOKa3a, Ye aK0 B TpUMepHOTO npOCTpaHCTB0 
Ca AaAeHH 6 TOYKU, TO Ha&MallKO eAAH OT 'JZJIBTe e ,742. 

3. KJIafiH AOXa33, Ye 31 BCeKH neT TOYKH B paBHI4HaTa MMa YeTHpH 
USMeXAy TFIX, KOHTO 06pa3yBaT H3n'bKHaJI YeTHpWbrWIHUK. no-HaTaT'bK TFI 
(KJ'iaiiH) nOCTaBH B'JdIpOCa,AaJlH 38 BCHKO lz C'bWeCTByBa TaKOBa Hati-MaJIKOf(n), 
TaKa Ye aK0 Ca AaAeHH f(n) TOtlKH, MeXAy TffX BHHarA Aa MOXe Aa Ce HaMepA 
WropKa, obpasysarrra ?i3n%KHan ?z-WWIHWK. Ma~afi M Typa~ noKa3axa, Ye 
f(5)=9, a Ce~eperu u a3 AoKasaxMe [20), se 3a BCHKO II e B cwa HepaBeH- 
CTBOTO f(Y1)sC;;z4. CeKepezll npeAnonoxa, Ye f(n)= 2n-2+ 1 kI HacKopo HU 

*B enHa aanasa, nydmwynaaa B Amer. Math. Monthly. 
** HaluaTa pa6oTa 6e ny6nwKyBaHa HanOcnea.bK B hm. univ. Budapest. 
**k PaBoTara UM e IIOJI neqaT B Math. Zeitschrift. 

14 @mmo-hfarehidrnsecK0 cmcame, f. 5 
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ce yAaAe* Aa AOKalKeM HepaBeHCTBOTo f(n)) 2+‘, HO He u paBeHCTBOT0 
f(+2”-2+1. 3a TpuMepHOTO npOCTpaHCTB0 UMa CaMO C'bBCeM rpydu OUCHKU. 

4. AHH HT u a3 AoKasaxMe [21], Ye aK0 31 eAHa 6e3Kpaha C%BKY~HOCT 
OT TOYKH B paBHUHaTa BCUYKH B'b3MOxHII B3aUMHu pa3cTOflHuSl CaueJIOYuCJIeHu, 
TO TOYKATe JlexaT Ha eAHa npaBa. TB'bpAeHueTO OCTaBa BRpHO u 38 &MepHOTO 
npOCTpaBCTB0. MBBeCTHO e abase, Ye C'bueCTByBaT HeJIuHeiiHu TOYKOBU C'bBKyn- 
HOCTU B PaBHuHaTa, 38 KOUTO B'b3MO)KHuTe pa3CTORHuR MexAy TOYKuTe Ca 
paIWiOHaJIHu YuCJla. SaCera n03HaTWTe TaKUBa MHOIKeCTBa Ca TB'bpAe CneqUaJlHH. 
YJIaM nOCTaBU BWIpOCa,AaJIU C'blQeCTByBaT TaKuBa C'bBKynHOCTu,KOMTO Aa Ca 
OCBeH TOBa HaBCcIK'bAe r'bCTU B paBHUHaTa. A3 npeAl-IOJIaraM,Ye TaKuBa MHOIKe- 
CTBa HSIMI [22]. 

5. B 1933 r. ra~~aii [23] AOKa3a CneAHaTa TeopeMa: HeKa B paBHuHaTa 
ca AaAeHu n TOYKU, Henexamu Ha eAHa npasa. Torasa maaru ma npasa, 
KOBTO MuHaBa npes TOYHO ABE OT TMH TOYKM. TaKasa npaBa uIe HapuYaMe 
06UKHOBeHa npaBa. Tasu TeopeMa e u3Ka3aHa oqe B 1893 I-. OT CunsecT%p 
1241, HO He 6e AoKasaHa u cneA ToBa e 6una 3aEipaseHa. B 1933 r., 6e3 Aa 
3Hau 3a pa60TaTa Ha Cunsec~%p, a3 HaHoBo u3Ka3ax ToBa npeAnono2KeHue, 
KOeTO HaCKOpO CJIeA TOBa 6e AOKa3aHO OT rana&?. TeOpeMaTa He e YUCTO 
KOM6UHaTOpHa, 3auOTO C%ueCTBeHa pOJlR Urpae @aKTTbT, Ye TOYKATe Ca B 
eBKJIuAOBaTa paBHuHa. khec-rrro e, se 38 n-l (mod 6) u 38 n=S(mod 6) 
C-bILIeCTByBaT TaKuBa CuCTeMU OT TpOiiKU, npU KOeTO BCRKa ABOjiKa npUHaA- 
JIem Ha eAHa u CaMO Ha eAHa ~pOfiKd [25]. BmpOc'bT 38 C'bVleCTByBaHeTO Ha 
06UKHOBeHU npaBu 6e nOCTaBeH u OT M 04KuH I? 6e peIIIeH (He3aBBCUMO 
OT rana!?) npe3 1939 r. U OT PO 6~H30H. 

M OUKUH nOCTaBu CJIeAHuR B'bnpOC: HeKa B &MepHOTO npOCTpaHCTB0 Ca 
AaAem y1 TOYKZI, HeJrexami s-bpxy eAHa (k-l)-Mepaa XuneppasHuHa. OnpeAe- 
JIFIT nu Te321 TOYKH noHe n Ha 6poti (k-l)-MepHu XuneppaBHuHa? Tam 3aAaYa 
Mo)Ke Aa Ce T'bJlKyBa ABORKO: OT eAHa CTpaHa,reOMeTpUYHO U TOraBa TOYKUTe 
We CYUTaMe TOYKR B k-MepHOTO eBKJIUAOB0 npOCTpaHCTB0. OT Apyra CTpaHa, 
MOIKeM Aa MUCJIUM, Ye TOYKATe JIeIKaT B eAH0 k-Mepa npOeKTUBH0 npOCTpaH- 
CTBO. Toss BTOpO T'bJIKyBaHe e KOM6uHaTOpHO U TaKa nOCTaBeHaTa 3aAaYa eCTe- 
CTBeHO C'bA'bpIKa B cede cu reoMeTpuYaaTa u 6e pemeHa B 1938 r.0~ Xanadu. 
HIIKOJIKO rOAUHU CiIeATOBa He3aBUCuMO OT MOIIK U H U XaHaIiU Ae 6pIOiiH 
B a3 [26] peLLIuxMe KOM6UHaTOpHaTa 3aAaYa 3a k=2. C HaIIIUR.MeToA Ha AOKa- 
3aTeJICTBO M OUKUH [27] pewi KOM6HHaTOpHaTa 3aAaYa B nOJIO~uTe.JeH CMUCWI 
Han%JIHo, T. e. 3a BCRKO k. 

3a k=2 0TroBop'bT Ha reoMeTpuYHaTa 3aAaYa cneAsa BeAHara 0T Teope- 
MaTa Ha raJIafi U YUTaTeJIRT CaM 6u MOrNI Aa Wb3CTaHOBU AOKa3aTeJlCTBOTo. 
M osep u K enu [28] o6aYe AoKaaaxa cneAHaTa no-A'bJI60Ka TeopeMa: HeKa 
B eBKJIUAOBaTa PaBHUHa Ca AaAeHU ?Z TO'IKU, HUKOU n-k OT KOHTO He JIexaT 
Ha eAHa npasa, u HeKa n)1,‘,[3(3k-2)2$3k-11]. Torasa Te3u TOYKU onpe- 
AensT noHe ktz-l/, (3kf2) (k-l) nparlu. Moxe 6u e BrrpHa CI cnemaTa 
TeOpeMa: C'bWeCTByBa TaKaBa a6COnroTHa KOHCTaHTa C, Ye aK0 Ca AaAeHU ?Z 
TOYKU B PaBHUHaTa, HUKOU ?Z -k OT KOUTO He JIeIKaT Ha eAHa npasa, TO Te 
Aa onpeAenRT noHe ckn npasu. 

HeKa ca AaAeHw naK 1z TOYKU B paBHuHaTa, HeneNarrIu Ha eAHa npaBa. 
aa 03HaYUM C f(n) MUHUMBJIHUR 6poii OnpeAeJIeHu OT TRX 06UKHOBeHN npaBU. 
CwJracHo TeopeMaTa Ha r anafi uivaMe f(fz))l. fle Epx10zi~ 54 a3 npeAnono- 
wixMe, Ye f(n) -SW. MOIJKUH ro AoKasa. Moaep II Kenw AoKaaaxa Hepa- 
--~ 

* HaltraTa pa6oTa e non neYaT B hzn. &ziv. Budapest. 
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BeHCTBOTO f(t2.)~[3?2/7], KoeTO 38 ?2=7 e TOYHO (pa3rJIeAaiiTe eAnH Tpu'brW- 
HnK, CpeAnTe Ha CTpaHnTe My u UeHT'bpa Ha TeXeCTTa). 3a rOneMU CTOfiHOCTu 

'Ha ?Z BepORTHO e B CUJIa f(f-Z)=fZ-1. 
MOrlKnH [27] u3Ka3a WeAHaTa xnnoTe3a, o(io6LuaBarua TeopeMaTa Ha 

raJIaii: AaAeHu Can TOYKU B k-MepHOTO eBKJIuAOB0 IIpOCTpaHCTBO, HeJIeXauu 
Ha eAHa u cawa k-I-MepHa XuneppaBHuHa. Torasa Te OnpeAensT noHe eAHa 
(k- I)-wepsa XurIeppaBHAHa c-be CJIeAHOTO 
CBOjiCTBO: Te3U U3MeXAy YI-Te TOYKU, KOUTO 1 
neXaT B Ta3u xuneppaBmHa, c n3rmoYeme 
Ha eAHa OT TRX JIeXaT u B eAHa(k--2)-MepHa \", ' 

xuneppaBHnHa. 3a k=2 ToBa e TeopeMaTa Ha \0 
rana& 38 k=3 e AoKasaHo OT MOIIKUH ,' 

[27]. 3a k>3 BWI~OC~T CTOA OTKPUT. 
MO UKnH OT6eJIH3Ba OCBeH TOBP, Ye 38 

k =3 AupeKTHoTo o6o6weme Ha TeopeMaTa Ha 
FaJIafi He e ~flp~O.ToBa AupeKTHo o6o6rueHne 
6U rJIaCSIJI0: AaAeHM Ca n TOYKU B TpUMep- k% 

/' 

HOT0 eBKJIUAOB0 llpOCTpaHCTB0, HeJIeXaWi I3 
eAHa paBHhHa. Toraea BuHartI UMa PaBHuHa, 
KORTO MUHaBa IIpe3 TOYHO TpU OT THX, Mow 

@Hr. 1 

KUH AaBa ABa IlpOTUBOfIpUMepa, B lTbpBUR OT KOUTO TOYKUTe JIeXaT Ha 
ABe KpWTOCaHU IIpaBn, TaKa Ye B%pXy BCRKa OT TRX UMa nOI-ie Tpu TOYKn. 
BTOPURT npoTuBonpun4ep ce C'~CTOU OT AeceTTe npeceYHn T0YKu Ha B'bSMOX- 
HuTe TpOiiKU paBHuHu n3MeXAy 5 PaBHUHU B 06~0 IIOJIOXeHUe. Mo UKUH 

CYUTB, Ye MOXe 6u TOBa Ca eAuHCTBeHuTe IlpOTnBOnpuMepu. 
CneAHaTa Koit46uHaTopHo-reoMeTpuYHa 3aAaYa cmto u3rAexAa nwepecHa: 

AaAeHU Ca ?Z TOqKu B eBKJIUAOBaTa paBHuHa, Henexaau Ha eAHa oKp%XHOCT. 
Ha pa3meAanfe BCUYKU OKP~XHOCTU, 0npeAenewi OT Te3u TOYKU. KaK%B e 

MUHnMaJIHnRT Gpoii Ha TaKUBa OKp%XHoCTn? BepORTHO TOtie paBeHHa l+c;-,, 
UMeHHO KOraTO II--l OT TOYKuTe JIeXaT Ha eAHa OKp'bXHOCT. C-brrIuH B'bnpoc 
MOXeM Aa @OpMyJIUpaMe U KoM6UHaTopHO: HeKa a,,..., U,, Ca n eneMeHTa; 
4, A, HeKa Ca MHOXKeCTBa, 06pa3yBaHn OT Te3u eJIeMeHTU, U HeKa BCRKO 
Ai d-dikpxa noHe T~U n He noaese 0~ It eneMeHTa. BcsKa TpOtiKa (ai, aj, al), 
I ci<j<lSn ce cpeqa TOYHO B eAH0 Ai.KO~ e MuHuManHaTa~~0ii~0~~ Ham? 
Bbpxy npasaTa, KOM6UHaTOpHaTa u reoMeTpnYHaTa 3aAaYa C'bBnaAaT, Ho B 
PaBHUHaTa eABa Jlu rUe e TBKB. 3a KoM6uHaTopHaTa 3aAaYa XaHaHu AoKa3a 
(HeIIy6JIUKyBaHo), Ye MUHUMaJIHaTa CTOiiHOCT JlCXki MeXAy C,n312 u c,n3". 

!d HaKpaR 04e eAnH B'bIIpOC OT T03M pOA: HnpaK [%] AOKa3a, Ye aK0 
B eBKJIUAOBaTa paBHuHa ca AaAeUU f2 TCNJW, KOUTO He JIeXaT Ha eAHa npaBa, 
TO BUHarU UMa llOHe eAHa TOYKa u3MeXAy TRX, lIpe3 KOSITO MuHaBaT noHe 
I@] rIpaBU, C%eAUHRBaLW B C ApyrU OT ?Z-Te TOYKU. TOii U3Ka3a I’IpeAHoJIoxe- 
HUCTO, Ye T03u Gpoii Moxe Aa ce YTOYHU Ha [iz/2]. 

6. HaKparr 611~ xenafl Aa crI0MeHa eAH0 n3Ka3aHO 0T MeH u AOKasaHo OT 
MO pAen" reOMeTpuYH0 HepaBeHCTBO(C@', 1). HeKa 0 e IIpOU3BO2IHa B%TpeIJJHa --- 
TOYKa.Ha TpU'brWIHuKa ABC. Torasa e B C&ma HepaBeHcTBoTO OA+OB+OC - - 
>2 (OAI+OB,+~,). PaBeHCTBO HMaMe CaMO KOraTO TpU'brWIHUK%T e 
PaBHOCTpaHeH n 0 e UeHT'bp'bT My. 

*3anaqa 8 Amer. Ma& Monthly, OKO~O 1935 I‘. Pasnusm noKasaTencma ca ny6- 
JHiKyBaHH B pa3JlWWi CIIMCBHIIR. 
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3 a 6enexK a. MHTepeCHR remeTpusHH IlpO6JIW4 YMTaTeilRT IIle HaMepM B IUB&iUapCKOTO 
cnmame Elemente der Mathematik, B ornena sa Hepeuremr aa,raqn, penaxrwpan OT X any III- e p. 

Hpes H)HII 1961 I‘. B CuTn (CALLD ce CbCTOR Cn~no3~y~ no npo6aeMu Ha ri3n’6KnaJIocTTar 
~oknanwre CKOpO rue 6bnar HaneqaTaHH. Hskoli OT TRX CalrbpXaT HHTepecHH eneMeHTapHO-reOMe- 
TPRYHH 3anaYki u pe3yaTaTu. 
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