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ON THE IRRATIONALITY OF CERTAIN AHMES SERIES

By

P. ERDÖS AND E. G. STRAUS*

[Received January 22, 1964]

By an Ahmes series we mean a series of reciprocals of positive
integers El/nk . In this note we show that the famous series

(1)

	

1=2 3 } -7 +43-} . . . f nk	
with nk+1=Nk-}- 1=nl-nk +l, where Nk denotes the least common multi-
ple (in this case the product) of n1 , . . ., nk ; is typical for Ahmes series
with rapidly increasing denominators which represent rational numbers .

Theorem 1 . Let {n k } be an increasing sequence of positive integers
so that

(i) lim sup n?/nk+1< l,

(ii) {N,,/n k+1 } is bounded ;

then the series 11/nk is rational if and only if nk+l=nk-nk+1 for all

k>ko in which case
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1

	

1

	

1(2)

	

-_- . . .~ -±-
nk n l

	

nko 1 nko- 1

Proof. Assume l1/nk=a/b, where a and b are integers . Write
bNk=cknk+l-dk with Ck, dj,, integers and O<dk <nk+l . Then ck is positive
and bounded by condition (ii) . Thus, modulo 1,

O-(cknk+l-dk)( 1 -}-1+. . .1
nk+1 nk+$

(3)
_- dk +cknk+l-_ dk+OCnk+1 ~ .

nk+1

	

nk+2

	

nk+3

* The second author was supported in part by a grant from the National
Foundation . This work was done while the authors were participants at a Number
Theory Conference at the University of Colorado. The authors are grateful for the
opportunity for collaboration given them by this conference .
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Hence

(4)

But

n,2 +1

nk+2
so that (4) yields
(5)

	

dk<ck for alt sufficiently large k .

Now

Ck+1nk-F2 -dk-fil -bNI,- I-1 <_ nk+lhNk -- cknk+l-dknk+l

and therefore

n sk-F l
( 6 )

	

Ck+1CCIp -- - + o(1)Cck +o(1)
nk+2

so that CkFlSC k for all sufficiently large k, which means Ck =c=constant
for all sufficiently large k. According to (6) this is possible only if

(7)

Then (4) yields dk=c for all k,k1 and (3) becomes

(8)

	

1 - nk+I
1--I-(nk+1-1)( --1 -{-- . . .), k>k1 ;nk+1

	

nk+2

	

nk+3
or

2

	

2nh+1

	

nk+2
nk+2 =njs,+1 - nk+l+- •

	

~~1 ~
l 0 ( 1 )nk+2

	

nk+3

so that

(`1)

for all sufficiently large k.

The last statement of the theorem is now obvious since
1
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1
nko ---1

	

nko nko+1

	

nk-1

for all k > k a .

O<ck -
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nk+1z

7
dk-Ck n . -dk

nk+l -}- o(1) (mod nk+1)+2

	

1kit

nk+i

	

nk+1

	

n--- <cr -

	

- dk k±1
-}-o(1)cckd-o(1),nk+2

	

nk+2

	

nk+2

lim nk/nk+l=1 .

-nk+1-nk+1'+1+0(1)

nk+2=nk+1 - nk+l I_ 1
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We now wish to examine to what extent the conditions (i) and (ii)
of the theorem are necessary . It is clear that the mere finiteness of

lim sup nkln k+l does not suffice . As a trivial example consider the series

E1/(an l,) where a is a positive integer and I1/n l, is the series in (1) . Here

obviously lim n2lnk+1 =-a while condition (ii) remains valid . A somewhat

less trivial example with Jim sup nk/n k+1 =a, an integer, and lim inf nklnk+l=1
is given by the series 1/a= :,1/n k where n 1=a+ 1 and n2k+1 is the least
integer so that 1/n1+ . . .+1/n2k+1<1/a while n2k is the least integer so that
1/nl+ . .,+1/n2k-1+1/(3127,-a+l)<1/a . Then n2k+1=1 (mod a) and nzk_O

(mod a) with n2k= 112k-1- n2k_1 -Fa and n2k+1=(n2k/a)-n2k+1 so that

Jim n2,-1/n2k=1 while lim nzk/n2k+1=a and N7 /n k+1<a-Lk127+lna . . .n,ln k +1
is bounded. It would be easy to modify the rule of construction so that
{nk } satisfies no algebraic recursion relation . However, if we strengthen
condition (ii) somewhat tie can obtain information about the behaviour

of nh,/nk+1 •

Theorem 2 . Let {n k } satisfy

(i) {n?/nk+I} is bounded ;

(ii) {N h*/n k+ l} is bounded,Nk=n ln2 . . .n k .

If E1./nk is rational then {n?/n k+i} has

(6')

limiting values all of which are rational and Jim inf nk/nk+l< 1 .

Proof. We proceed as in the proof of Theorem 1 replacing Nk

by Nk . Tile proof of the boundedness of dk from (4) remains valid,

while (6) becomes

nz
k+1

Ck+I=Ck
Tak+2

+o(1)

only a finite number of

so that all limiting values of {nk/nk+1} are rational numbers whose

numerators and denominators do not exceed the bound of {bNk/nk+l} .

If lim inf nk/nk+1 =1+ 8 >1 then
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nk+1

	

nl

	

n2

	

n3

	

nk+1

where C is a positive constant, contrary to condition (ii') .

As to condition (ii), it may well be that Theorem 1 remains valid
without it. Its main use in the proof lies in the derivation that Ck is
constant for large k from the inequality (6) . This derivation can be
made under weaker hypotheses .

Theorem 3 . Let tnk} satisfy (i) and

n2
(ii")

	

lim sup Nk (

	

-- 1 )<0,
nk+1

	

nk+2

then 11/n7, is rational if and only if nk+i~nk-nk } 1 for all k>ko.

Note that (i) and (ii) imply (ii") but (i) and (ii") do not imply (ii) .

Proof. Condition (1) implies that

nk+l

	

nk+1

	

nl
sk

for any 8>0. Thus ck =o(e )=o(nk ) and (4) remains valid . Now, by
(ii"), we have

(10)

	

Ck

N k

	

1

	

nl

	

n2

	

nk
> Q14-5) k

Nk <	
Nk 1

nk+l

n2k+1

nk+2

n1

	

n2

	

nk
	 <C(l 3)k

n2

	

n3- • • •nk+1

nk+1

	

1
-C7,+Ck

(

	

-1 /nk+2

N

	

nk+1
=Ck+OC k	-1 )) Ck+D(1)

nk+1 nk+2

so that (5) remains valid . As before we then get (6) from
rest of the argument is unchanged .

Example 1 . The series I1/nk, where

nk=a2
k•
+bk , a, b,, integers, a> 1

so that Xjbkja-2k<oo, is irrational . [1]

Proof. We have
n2k

(1+2bka-2k +bka-2k.f.1 )/(I-I--bk+la
-2k+1)-*1

(10) . The
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so that condition (i) is satisfied . Also
k

k+1
N*lnk+l = a-1 11 ( 1 +bta-21)/(1+bk+1a-2 )

l=i
which is bounded so that condition (ii) is satisfied . Thus, according
to Theorem 1, if 11/nk were rational we would have nk+l =nk-nk+1 for
all sufficiently large k, or

bk+1=2a2 kbk +bk-a2k-b k+ 1

so that bk7-~O implies for sufficiently large k

(11)

	

Ibk+1I > a2k
.

Since bk=O implies bk+1 =-a2k+100, we may assume
applying (11) repeatedly get

bk+1 I > a2
k+1_ 2k

so that

bk; 0 and

I bk+1I a_2 k+1 >a-2k'

does not tend to 0 as l--goo, contrary to hypothesis .
Example 2 . The Ahmes series Y,1/n k where nk+l=n2 +ank +b is

rational if and only if a=-1 and b=1 .

Example 3. If {nk} satisfies (i) and there is a prime p so that
nknk+1 . . .nk+1 ==-0 (mod p) for a fixed l and all k then 2;1/n k is irrational .

Proof. We have to verify that Nk/nk+1 is bounded . But

-[k/1]i-I

	

[k/l]+I

	

1
Nk5p

	

N* , P

	

--
nl

2

	

2n1

	

nk

n2
. . .nk+1 nk+l

-[k/1]-{-i
<Cp

	

(1+(-)kn1c+1

for any E>0 . Choosing 1+E<pl/l we get Nk/nk+l<p 2C.
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