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1. Introduction

The cardinal power of a set A is denoted by IA . Two sets A,, A2 are said to
e almost disjoint if

IA1 U A2I < lA i l (i = 1, 2) .
e call B a transversal of the disjoint non-empty sets A,, (v E M) if Bc U A,, and

B intersects each A,. (v E M) in a singleton .

	

D1

An old and well known theorem of W . SIERPINSKI is that an infinite set of
po-ver m contains more than m subsets of power m which are pairwise almost disjoint
and A . _ARSKI obtained various generalizations and extensions of this in [1] and
[2] . It is easy to see that Sierpinski's result is equivalent to the following statement :
If A, (v E M) are m disjoint sets of power m, then there are snore than m almost disjoint
transversals of the A y . In § 3 we prove some new results which are analogous to
this rormulation of Sierpinski's theorem .

Ve will denote the following statement by _X1 : There are ~2 almost disjoint
transversals of t~ r disjoint denumerable sets . In view of recent axiomatic results 4P
is independent of the usual axioms of set theory and the generalized continuum
hypothesis. In § 4 we show that YE implies a certain unsolved problem of [3] .

In § 5 we consider another question about sets of almost disjoint subsets of a
set which was raised by F . S. CATER [4] .

2. Notation

Ca ital letters always denote sets and F denotes a set whose members are sets .
We writ U . to denote the union of all the members of 3 The set-theoretic diffe-
rence of 4 and B is A - B . Bold lower case latin letters denote cardinals and greek
letters denote ordinal numbers . If S is a well-ordered set of type x, then the cardinal
of a is the same as the cardinal of S and is denoted by ~Y1 . The smallest ordinal
number v ith cardinal m is denoted by w(m) . As is customary we write wa instead
of nd w instead of o.), . The set of ordinal numbers {v : a= v</3} is denoted
by [a, /3) . he obliterator sign ^ written above any synibol indicates that that symbol
is to be otsregarded . For example, we sometimes write A o U . . . j4,, instead of
U Av .

The smallest cardinal greater than m is called the successor of m and is denoted
by m+ . If a is not a successor cardinal (i

'
e . a 7 b + for any b), then a is called a litiiit

cardinal . The cofinality cardinal of a, denoted by á , is the smallest cardinal m which
is such that a can be expressed as the stun of m cardinals each less than a . In the
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notation of Tarski, ká = c1(a) . a is regular if a' = a and singular if a'-<a . A cardinal
is inaccessible if it is a regular limit number. It is not known if there are inaccessible
cardinals greater than , but the assumption that there are not is known to be
consistent with the axioms of set theory .

If B is a set of ordinal numbers we call # a limit point of B if P is the limit of
an increasing sequence of members of B. B is closed in A if all the limit points of B
which are in A are also in B. B is a cofinal subset of [0, ).) if for any v -< A there is
fl E B such that v : P < ~ . B is a band in [0, ;) if it is a closed cofinal subset . If S is
a set of ordinal numbers and f is an ordinal-valued function on S such that f(v) < v
for all arguments v( 0) in S, thenfis called a regressive function on S . A stationary
value of such a function is an ordinal number 0 such that I{v : v E S, f(v)=0}1 _ I S1 .
A well known result of ALExANDROFF and URYSOHN is that, if m is a regular cardinal
greater than ,, then any regressive function on [0, w(m)) has a stationary value .
A more general theorem of W . NEUMER [5] is the following : Let m=m' ::- o and
let S be a subset of [0, co(m)) of power m . Then every regressive function on S has
a stationary value if and only if the complement [0, co(m)) - S contains no band of
[0, (o(m)) . A set satisfying this condition is said to be stationary .

The theorem of Sierpinski stated in § 1 does not depend for its proof on the
generalized continuum hypothesis (g . c . h.) that 2 11 -=,ta+I - in fact, not even
the axiom of choice is required in the case m = R o . In this paper we always assume
the axiom of choice and sometimes we use the g . c . h. or some weaker hypothesis,
but we always indicate when this hypothesis is employed .

3. Transversals of disjoint sets

THEOREM 1 . Let A„ (v<coa+I) be a+i disjoint sets each of power a . Then
there is a set, J, of transversals of the A, such that F J _ a+I and

(1)

	

~FnF'j < a (F F ; F, F'EF) .

PROOF . W e can assume that A,, = (~,,l : µ -max {v, (oa}} (v < (oa+I) . Let
<coa+I and suppose the transversals Fe have already been defined for o<íl . Put

7r = min {íl, o),) and let f be a 1-1 map of [0, n) onto [0, ~) . If Q < o,),, then T„ = Af(0) -
- U Ff(Q) Cl and we can choose xf(e) E T . Now put

a<p

F, _ {xf(,) : Q < 7) U {~v) : v E [~, (0 a+ 1)} .

This defines F, for ~ < o)a+I by induction. It is clear from the construction that
F,, is a transversal of the A, . Also, if µ < < wa+ 1 then li =f(e) for some Q---7r and

F, n F,, c {xf(o) , . . . , xf(e)},

i . e. I F,, n F, I < a . Thus the set J _ (F, : A < wa+I } has the properties described .
A . TARSKI [1] proved : IfJ is a set of subsets of a set ofpower m and if ~Fn F'I <p

for distinct members F, FE then F1 -mP. It follows from this and the g . c . h .
that if is any set of transversals of a+I sets of power ,, such that (1) holds,
then 1,~Fl - á+ 1 = Ra+, . In this sense Theorem 1 is the best possible result . The total
number of different transversals of the A, is R tl-

	

+z
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Our next theorem has some relevance to problem 11' .

THEOREM 2 . Let A,. (v<co«+1) be x+J disjoint sets of power

	

Then there
is a maximal set, ~W, of'\,+, almost disjoint transversals of the A,,, i.e . i_f B is any
transversal of the A,., then there is some FEF such that Vr B = «+,

PROOF . Since I A, J = a we can assume that

A„ _ J(,j : it < max {v, w.11 (v < wa+ 1) .

For ).-<o), + , put
Fa. _ {~ vo : v - ;:} U { ,. : ) < v -- o),, + I ) .

Then 9 =IF, : ««+i} is a maximal set of almost disjoint transversals of the A,. .
To see this consider any transversal B. By the definition of the F,, we have that

A, c U F,; rf vES = [wa , w«+,) •

211

Therefore, for each i, E S, there is f(v) < v such that

BUFf,, ) nA, 0.

Since f is regressive on S, there is y < o) a +r such that Ny = {v : v E S, f(v) = y} has
power ,, +i . Since the A, are disjoint it follows that IB(1 F,J

	

N, I _ a+1
The remaining theorems in this section are concerned with almost disjoint

transversals of sets A„ which do not necessarily have the same power. Let =w(m')
and let A o , . . ., j, be m' disjoint sets which satisfy

(2 )

	

0 < IAo; = JA,1 - . . .

	

1ÁQ

	

m = lim !A v '1, .
o<z

By Kőnig's theorem, the total number of transversals is

ÍAoI ,A i 1 . . . ~J;. 1 > JAo U AI U . . . Ú í1a 1 = m.

In Theorem 3 we show that there are m+ almost disjoint transversals if m'= o .
The corresponding statement in the case ní >„ o is not true. In this case the existence
or non-existence of m+ almost disjoint transversals depends upon whether or not
some extra condition on the cardinals iA,1 (v-- ;.) is satisfied (Theorems 5, 6) .

THEOREM 3 . Let m' _ o and let A,. (v < (o) be o disjoint sets which satisfy
the condition (2) . Then there are m+ almost disjoint transversals of the A, .

PROOF . There are cardinals in,--m (v < (o) such that

1=mo=m,- . . .<m=mo-ni,+ . . . .

If 0 < w, then by (2) there is vq < w such that

(3)

	

I A, i > m o -i . . . + m„ = n o

	

- 1' < o)),

and we can assume that 0= i'o < v, -< . . . .
We shall define m+ almost disjoint transversals Fu (It-: co(m+)) by induction .

Let y < w(m+) and suppose that we have already defined the transversals F~ O < µ) .

14*
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Since lp m, we may write
{F0, ~Fo U .F, U . . . Ujw ,

where F,

	

m„ (v < (o) . By (3) there is

x, E A,. - U U J~ (ve - v < ve + i ; 0 < w).
1p<9

Then FN, _ {x,, : v < w} is a transversal which intersects each Fo (o < µ) in a finite
set. This completes the proof.

Assuming the hypothesis (4) (which is true if m = o and is implied by the
g. c . h . if m ::- ti o), the next theorem shows that, if m'= o then no set of m almost
disjoint transversals of denumerably many disjoint sets is maximal. Theorem 3
can easily be deduced from this. We cannot prove Theorem 4 without the hypothe-
sis (4) .

THEOREM 4. Suppose that m'= R o and

(4)

	

2n < m if n < m .

Let . be any set ofpower m of almost disjoint transversals of o disjoint sets A„ (v < w) .
Then F is not maximal, i . e. there is a transversal which is almost disjoint from each
member of

PROOF . If 0 < w we will show that there is ve < w such that (3) holds . Suppose
this is false . Then there is an infinite set Ic[0, w) such that

( 5 )

	

JA,.1 -- no (v E I) •
Case 1 . m=No . Then no is finite . Let * be a subset of n o+I members of

Since ~F* is a finite set of almost disjoint transversals, there is n<w such that

Fn A, F' n A,,

if iL -_ v < w and F, F' are different members oft * . There is y E I such that y > n
and we have the contradiction that

IA,,i -- *n OF-i> n o .

Case 2 . m > ~o . Since n o < m, it follows from (4) and (5) that the total number
of distinct transversals of the sets A,, (vEI) is at most né°-2°°H°<m . Therefore,
there are distinct members F, F' E.F such that Fn A,, = F' n A„ (v E I) and this
contradicts the fact that the members of Fare almost disjoint . The theorem now
follows by precisely the same argument used in the last paragraph of the proof of
Theorem 3 .

There is no analogue of Theorem 4 for cardinals not cofinal with R o . For
example, if A, _ {~,,,, : µ < 00 (v -< o),) and

FQ = {~,,o :v- o}Uo<v<w,}
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set {FQ : (o -_ u < co.,), i . e . I .F I _ lb w , . The sets A,, (v < w,) do not have the pro-
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perty defined below and so, by Theorem 6 and the g . c . h., On the
other hand, if I& = tt,, +i (v «r), then the sets B, do have the property °.9(tZ,)
and therefore, by Theorem 5, there is a set of awl+r almost disjoint transversals
of the B, .

A set of cardinal numbers M= {mo , . . ., m z } <* is closed if it contains the limits
of all increasing sequences in M, i . e . if o is a limit number and v a < A (a < o), then

lim m,, = mv ,

where v= rim v Q . We prove the following simple lemma .
a<n

LEMMA . Let m be a limit cardinal not cofinal with tZ 0 , let .?= (o(m') and let
fm,, . . ., m a,, m} < and In,, . . ., fi z , m} < be closed sets of cardinals . Then

B = (v : v < ;, m„ = n v }
is a band in [0, 1) .

PROOF. It is clear that B is closed in [0, ) . Suppose there is v o < A such that
m„ nv for v > v o . There are ordinals vp < A (o < co) such that v0 < v t < v2< . . . and

In vo < n,, l < m„Z < n,, 3 < . . . .

If v = lim vc , then v < A since m' tZ o and
p<w

m v = lrm m, = lim nv = n v .
P<w P

	

9<w Q

This contradiction proves that .B is cofinal, and hence a band, in [0, .?) .
Let m be any limit cardinal and let %=(o(m') . Then there are cardinals m o ,

such that
mo<mt< . . .<m)<m=limm„

v<A

213

. . ., mz

and we can assume that the set Im o , . . ., m zi m} < is closed (if not, the closure of the
set also contains m' cardinals) . Let A„ (v <)) be m' disjoint sets. We say that these
sets have the property _,:'P(m) if (2) holds and the set

C={v :l-v<)., J A,,I :m„}

is non-stationary in [0, ti) . This definition of ~91(m) does not depend upon the parti-
cular choice of the m,, (vFor suppose that {n o , . . ., fi z , m}< is another closed
set of cardinals and

C = {v : 1 = v < ;, JA,,J -- nj .

If C is stationary then so is C' since C'D C n B, where B is the set defined in the
lemma, and the intersection of a stationary set and a band is also stationary.** Con-
versely, C is stationary if C' is .

* The symbol (m,,, . . .,m,; indicates that mo<m,< . . .<mz .
** See H . 3ACHMA`N [6] page 41 .
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THEOREM 5 . Let m be any limit cardinal not coftnal with ~ o and let a.=o)(m') .
If the disjoint sets A, . (r <),) have the property 9(m), then there are m+ almost disjoint
transversals of the A, .

PROOF . Since C= {v : v < ), 1A,.J --m,.} is non-stationary, there is a band
{v o , v l , . . ., ~,}< in the complement [0, ~)-C . We can assume that vo =0. Then,
if It < a,, there is o (µ) < ) such that

v e(µ) ` It < 1'µ(µ)+i .

Let 0 < w (m+) and suppose the transversals F, ((p < 0) of the A,, have already
been defined . Since X01--m, we may write

where j , . < m, . (v

	

If µ< ;, then

LA /1 . - IAv^Iµ)á > m vPlµ)

since ve(„) Q C. Also,
a-

	

_', A µ

	

U

	

U `vl

	

nive(N)
_ m ve( µ )'

V < V,(,)

Therefore, we can choose

,, E A u

	

U U-5v (I( < ).) .
v < va( µ )

Then Fo = {x0, . . ., z ;,} is a transversal of the A, . If (p < 0, then there is a < such
that F, EFQ and, by the definition of Fo ,

Fo nFP C {x,, : µ < ve(Q)+ 1 } .

Therefore, Fa is almost disjoint from all the sets F,, (rp < 0) . Theorem 5 now follows
by induction .

The next theorem shows that (if we assume (6) which is weaker than the g . c . h .)
the condition 9(m) in Theorem 5 is a necessary one for the existence of m+ almost
disjoint transversals in the case when m is a singular limit number. We do not know
if a similar result holds for inaccessible cardinals .

THEOREM 6 . Let m >m' >, o and suppose that

(6)

	

n' < m+ (n < m) .

Let A _ (o (m) and suppose that the disjoint sets A„ (v < i) satisfy (2) but do not have
the property 9(m) . Then any set of almost disjoint transversals of the A,, has power
less than or equal to m.

PROOF. We will assume that

	

is a set of m+ almost disjoint transversals of
the A v and deduce a contradiction .

By hypothesis, the set C={v :l-v--A, ~AvIis stationary in [0, A) .
Therefore L, the set of limit ordinals in C, is also stationary . For each v E L we can
assume

A,. C {(v, o) : o < ao(m,)}.
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If FEF and v E L, then there is Q(F, v) < co(m,.) such that

(v, Q (F, v)) E F.

Since v is a limit ordinal less than and (mo , . . ., m., m}< is closed, there is fF(v) < v
such that

JQ(F, v)i < m f, (y) .

Since fF is regressive on the stationary set L, there are O F < and NF c L such that
INF 1=m' and

It follows from (6) that there are 0 < ;, Nc L and * cF such that 1,F

	

+ and

OF = O, NF = N (FEF*).
Put

A* = A V n {(v, u) : a < w *)} (v E N) .

Then each FED * meets each Av (v E N) in a singleton . By (6) the number of distinct
transversals of the A,* (v E N) is at most me'-<m+. Therefore, there are distinct
members F, F' E~F * such that

FnA,* = F'PA, (vEN) .

This is a contradiction since INj=m' and the members of 3F are pairwise almost
disjoint .

4. A deduction from dP

One of the unsolved problems mentioned in [3] is to to prove or disprove the
following statement . Y : Let S be a set of power , and let E be the set of all un-
ordered distinct pairs in S .* Then there is a partition of E

(7)

(8)

ON SETS OF ALMOST DISJOINT SUBSETS OF A SET

	

21$

JE (v) - OF (v E NF) .

E=EOU . ..UÉ',,

into tZ i disjoint sets E, (v<co i ) such that for erery subset S'c S of power i

1{v : v < co l , EME,,

	

O}i = r,

where E' is the set of all pairs in S' .
Let Av (v« I ) be t disjoint denumerable sets . Assuming that Ye is true,

we take S to be a set of t~2 almost disjoint transversals of the A,, . If F, F are distinct
elements of S, then there is QFF ' < (0I such that

Fn A, Fn Av (QFF' V < Cot)*

If E is the set of all unordered pairs of S, put

Ev = En (JF, F} : ÒFF' = v} (v < w i ),

* i.e. (S, E) is a complete graph .

Aeta Matbematica Academiae Scientiarum Hungaricae t9, t969
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Then (7) holds and Eµ ,,1 E,, = 0 (p < v < (o,) . Let S' be any subset of S of power
I and let E' be the set of pairs in S' . If (8) is false, then there is o < co l such that

E'cE0 U . . . UÉ,? ,

i . e . QFF . < o for all distinct pairs {F, F} c S' . This implies that different members
of S' meet A Q in different points, and therefore IA, I jS' ;_ I . This contradiction
proves that Ye implies 91 .

We do not know if 9 also implies A .

5. A problem of F. S. Cater

F. S. CATER [4] noted the following extension of Sierpinski's theorem . If m
is a regular cardinal and IS I=m, then there is a set, 5, of almost disjoint subsets of
power m of S such that 1, l >m and, in addition,

(9) if ' (--,F and 19"1 = m, then there is FED - .' such that 1F (n U ~F' i = m .

If is any maximal set of almost disjoint subsets of power m of S and JF j gym,
then it can easily be seen that (9) follows if m is regular . The g . c . h. is not used
in the proof just outlined but it only works for regular m . Cater asked if the result
is true for singular numbers . We will show (Theorem 8) with the aid of the g . c . h .
that Cater's result holds for arbitrary m Ro and that (9) can be replaced by the
stronger condition

(10)

	

if 9,7'(--

	

and ~ F'1 =m, then there is FE

	

such that Fc U ~F' .

We cannot prove this result without the g . c . h. even in the case of regular m.
We call B a weak transversal of the m disjoint sets A„ (v E M) if

Bc U A,, JBj = m and JBnA„I

	

1 (vCM).
vEM

The next theorem shows that Theorem 4 can be extended to arbitrary cardinals
if we consider weak transversals instead of transversals .

THEOREM 7 . Suppose that m is an infinite cardinal and that*

(11)

	

nm <m if m'<n<m.

If .F is any set of almost disjoint weak transversals of m' disjoint sets A,,

	

m' }
such that IJ I =m, them is not maximal.

PROOF . Put ~ = co(m') .

Case 1 . m=m' . Let F _{Fo , . . .,fj . Let p< and suppose that v 6<J and
xQ E A,,, have been defined for u < a . Let N= [0, .1) - {vo , . . ., 9, } . If

A,,cF,U . . . U P, for all vEN,

* (11) is satisfied vacuously if m is regular .

Acta Matbernauca Acadeneiae Saentianun Hungaricae t9, rg"
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then IF,, nFQI= m for some a < o since m=m' and IF, n U A,!= m. This contra-
vEN

diction shows that there is v E N such that A .., c . Fo U . . . U F, and we can choose
xa E A,., -Fo U . . . U f, . The set fxe : Q < ).I defined by induction is a weak transversal
of the A,, which is almost disjoint from all the members of

Case 2 . in:-m'. Let 9 =.FO U . . . U3~, , where 3W',, I = my < m (i, < Put
J7" =.7o U . . . UF,, (v --,Z) and let

Ny = f,u : p < )1, V' A,1 cG U Fv} (v < 7. .) .

If IN, j < m' for some v then there is 0 < 1, such that A µ c U9 (u E [0, )) .
Therefore, I A,, I

- m,+ . . . + Ills = nv < m and the number of distinct weak transversals
of the Aft (µ E [0, ~)) is at most 2-' . n-'-< m . Therefore, there are distinct elements
F, F' E which meet in a common weak transversal of the A,, (u E [0, This
contradiction proves that

Let g and suppose v Q < ) and xQ EA,, have been defined for o- < ~. Then
we can choose v,EN,-{vo, . . .,>7e} and x,EA,,P-UF, . The set B={x~ : O<A}
is a weak transversal of the A v (v<~) . Also, if FE.F,, then BAFc {x,, . . ., x,,},
i . e . B is almost disjoint from all members ofd . This completes the proof of Theorem 7 .

THEOREM 8 .".'Let mh o and assume that

2- = m+ and n-'-- m+ if m' < n < m .

Let IS! =m--p--p'=m' . Then there is a set, , of almost disjoint subsets of S each
of poit'er p such that I i = m+ and (10) holds .

PROOF . Throughout the proof we write 1 =co(m'), Y=co(m) and fl=o)(m+) .
Case 1 . p=m'. The number of distinct subsets of [0, (3) of power m is (m +)m=

=2°1-m=m+ and we assume that these are the sets No , . . ., 9p . Let A v (v<A) be
m' disjoint subsets of S of power m . Also, let Fo , . . ., Fx be any m mutually disjoint
transversals of the A, .

Let 0 E [a, P) . Suppose that we have already defined ordinals a < /3 for a cp <
and also the weak transversals of the A v (v -< ;,) F0 , . . ., fd which are pairwise
almost disjoint. Since [0, 0) contains mm=m+ subsets of power m, we can choose
i s to be the least ordinal ti < a such that T 5z TP (9 < 0) and such that N, c [0, 0).
Put ,={Fe : gENtia }, A*=AvnUF© (v<).) and let Fg =FQ n U Ay (0<0) .

v<A
Now put F, = F,* : o < 0, Fé =m'} . Then moo* is a set of almost disjoint weak
transversals of the A* (v < ).) and =m since B c ~o . By Theorem 7 there is
a weak transversal Fo of the A* which is almost disjoint from each member of Fe* .
Since
(12)

	

F0C U .F-, = U FeggEN` o

it follows that F,, is also almost disjoint from each F. (9 < 0) . This defines FB and
zo for a -- 0 < (i . By the construction, it is clear that F = IF,, : 0 < l3} is a set of
m+ almost disjoint weak transversals of the A v (v<)) .

Ac(a Alatbematica Academiae Scientiarun: Nungaricae t9, 1966
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In order to complete the proof in this case we only need to observe that as
0 ranges from a to # so r, assumes all ordinal values less than f3. If this were not
the case there is a least o < # such that T B o (a 0 < fl) . There is 7r < Q such that
Ne C [0, 7r) and the definition of Te implies that T e < o for 7r -- 0 < /3. But this is im-
possible since ra T 1P if 0 tp . It follows that if ~F' is any subset of of power m,
then there is some 0 E [a, /l) such that ~V = (F, : ~0 E NJ, i . e. F' =tea and (10)
follows from (12) and the fact that 0 q N, a .

Case 2 . p > m'. There are cardinals p,, (v < ~) such that p o < p,

	

p=
= 1 imp,. The result in this case easily follows from the last case if we replace

V

1Z

each element of A,, (v < a,) by a subset of S of cardinal pv . Since the weak trans-
versals meet m' different A„ they will, in this case, be subsets of S of power p .

(Received 8 May 1967)
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