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A TRIANGLE INEQUALITY*

Paul Erdös and Murray S. Klamkin

It is a known result [1, 13 .5] that if A, B, C denote the angles of a
triangle, then

cost (A/2), cos' (B/2), cost (C/2)

are possible sides of another triangle . It then follows immediately, that

cos (A12), Cos (B12), cos (C/2)

are also sides of a triangle [1, 13.6]. We show, more generally, that

cos'. (A/a), cosy (BJX), cos" (C/a)

are sides of a triangle for all real ),->2 .2 .
If A z B z C, it suffices to show that

cos', (Al).) + cosy (B/A) cos" (C/a) .

Since max cos (C/?,) _ .1 and min (cos" (A/i,) + cus" (4/X) l occurs for C = 0, we
need only prove that

cos" (A/X) + cos" (B/).) 1 for A + B = n .

For a =2, the 1 . h . s, reduces to 1 . For larger values of X, the inequality imme-
diately follows from the

Lemma . cos" (A/},) (0 , As 7r) is a non-decreasing function of a for a z 2 .
Proof. It suffices to prove that dy/dA 0 where y=cos"(A/a). Here,

y'/y - x tan x + log cos x where x -= A/a . Then Dx (y' ly} = x sec' x z 0 . Also, logy
is concave (in ?,).

Finally, corresponding to [1, 13.6)],

con" (A/A), conµ (B/a), cost' (C/a)

are sides of a triangle where a ? µ Z 0, a ? 2 .

* Presented November 24, 1972 by 0. BOTTEMA .
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