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	 1. Introduction

The aim of this note is to correct a mistake the first two

authors made in [1] . Set theoretical notation will be standard

otherwise we will use the graph theoretical notation described in

One of the main results of [1] Corollary 5 .6 states that every

graph of chromatic number -;;, (A) contains complete bipartite graphs

[~, W,] for

	

L -W

At the end of our paper in 12 .1 we claimed the following gene-

ralization of this result for uniform set systems .

If

	

is a uniform set system with X~ ~ =k

2- s k < cz

	

w

	

then either the colouring number of

Ut is at most (?

	

or there is H 'c H iN Í= e

	

such that

I n H 1 I >_ k-I

	

. For k =2

	

this is a trivial consequence of

e .g. [l] 5 .6 . In [1] we omitted the "proof" . We verified the result

for at('t) 114
3 hT

	

and thought that the induction method de-

scribed in [1] § 4 yields the general result . However, this is not

true and we are going to state a correct version of the theorem .

To have a brief notation we introduce a relation

R(* 10) t, k-~)

Definition . Let of I (3 t

(s C <k,

	

R(C~ 1r-:5 ,~~ k,L )

uniform set system

	

_ 1 h, I H

5 3 1

,

be cardinals, 2 s k < 41

is said to hold if for every

, with

	

of (ae)-' of

	

s



x (~-e. > = k

with

	

nH- ) >~

R C°~ l~ , +, k, z)

either there is N'c H ,IH'
or Ckr Cn) f3

The false theorem claimed that R ('~' A I (3 *- , k , k-1)

	

holds

for }4 > W / 2,-k < W

	

, and for every d

Theorem 1,. Let A = W

	

, 3 k <tv

	

. Then

R(-4i (5 / +, k I k-I

	

holds for d = A 4-

Put 2Xpo (~ _

	

pK+
1
(~) = 2

On the other hand we have

Theorem 2 . Let /b _ Wk

and put

	

a( = p~,c

	

((i) )+ I

Then R( -~A 2, k i t )

	

is false.

If we now denote by f(fS 1 k,L')

	

the minimal or

	

, for which

R(°t ) Í~,z,k,t

	

is false for

	

A ?w

	

,

	

9 k<w

z <-l 5 k-1

	

then assuming G .C .H, we obtain the following

Corollary :

~CgI k, 2) = 6j~a-k

(~1 k,
k -1) - w~+2

holds for a Cj§ ,- k - Z

3 :~ k4w , 2s C

	

k-j

f ~~ikl ~~

	

+k-~ +I

	

for

	

I < < < k-I

'We have an example to show that the upper estimate is not best

possible .

Theorem 3 . Assume

	

= Ck)

	

_

	

~ (i3)>

	

k > I

L " ~ I )

	

Then RCS, 13 )

	

is false .

As a corollary if G .C .H, is assumed and

	

_ Wi we get

5 3 2

for k ~w



E .g. in case

	

k= 6

	

=

	

we get

~ (( ,6, 4) <
w~+Z

U ote that assuming G .C .H. the simplest unsolved problem is the fol-

lowing :

Does

	

(Uj' W , 2 I S ) 3

	

hold?

Pie can not determine ~(a , k , i )

	

for other values of L ' ,

however with Galvin the first two authors have a number of similar

but more complicated results giving sharp upper estimations for the

chromatic number of uniform set systems not containing certain types

of finite subsystems . These will appear in a forthcoming triple pa-

per of Erdós, Hajnal and Galvin .

Before we turn to the proofs we mention a few other problems

which led us to discover our mistake .

Let A

	

be a cardinal. Let H. (A) be the minimal

	

, for

which there is a partition I of length t of ~C(3) , i .e.

<-P(j~) _U IV

A, e>, c

such that no 1 V contains three different sets,

with A u B =C_

The function r( o was introduced by Hanson for finite

Hanson proved

(1)

	

C Vj < H <,( (~)

	

(~ + 2z

5 3 3

while k-1 + l=3

for / < W

A theorem of Erdos and Komlós implies that in (1) we have

4 A
< Ho ((~) as well .

For 1 7w

	

, G . Elekes proved recently that Ho (4O) 7 4-J

See ~23 . For more problems arising here see D I .



Later Erdős considered the following similar problem .

Let H,~(S) be the smallest Ó for which there is

V IV

	

such that there are no distinct A, B, C, D E~~p)

in the same

	

V satisfying

(2)

	

Aub =C

	

, A ,-~ 6=D

For finite a theorem of Erdős and Yleitman

C, A < H, (('>) < C2 ~Y7-

gives

meditation shows that 'R(z ; t1 2, 41 3)

	

implies H, (M

hence, by the false "theorem", H I C(s)s v

	

for every (3

Investigation of H j ((3) led us finally to the simple proof of

Theorem 2 .

It is worth to remark that by the above consideration and by

Theorem 1 we have

(3)

	

2 " (3+

	

implies HI (/?) _

	

for

	

0 -, w

H,((11)

	

will be studied in the forthcoming Erdős-Galvin-Hajnal

paper as well .

	 . Proofs

Proof of Theorem 1 . Let

	

H

	

be a uniform set system

with °< «) =

	

x (q?-) - k

	

and assume 2 C <- k-i

0

	

and

	

r

(4) ~ n H'~<

53 4

}
for

	

WC
I~k / ~E-i 1~ _ (3



It follows easily from the Lemmas stated in [1] § 4 that then there

is a sequence

	

, ,

	

~ < a(

	

of disjoint subsets of oC , satis-

fying the following conditions

f or

(6) If C =

	

b~ , xE H ,

	

C I>_C

then X C C for

	

< pC

To prove statement (i) of Theorem l, let
I

Then, by (5)t ~ B ~ 5̀ (1

	

for

	

<c,<

	

Then there are sets DV ,

V f3

	

such that FL =V~Dv

	

and (w n Q 1<1

	

for

L < (~

	

< _(

	

Then, by (6),

	

)(417 y for

	

~( C-

otherwise there is a maximal § with x q of _ 4L43

	

for some

k , and X - { U 3 C C~ ~

	

( k-~ u l (= k-1

	

implies k E Ct

a contradiction . Hence

	

C Í2 r (R ) <_ P

To prove part (ü) we apply induction on oC We assume that

(ü) is true for every 1 with o~ ('~R ' ) < d ~ kf~t') e ~ 3 < Q .~ cJ

Since R W g, .__. / is true we may assume 5 < ac c
Q)t* k_Z,

and that (4), (5) and (6) hold with C = 2

	

and we have to prove

Ch.rC3e) ~ (1

By part (i) we may assume k -? ,3

that

For xE H

U8 _k

let

	

~(X)="n- X{É<~ : B:nH-+01

~=; X(-H' ~0<) _ ~ ~ , H%z U H

Then, by (6), ( X (1 ~ I >- k -~

	

3

	

for

	

k C_ N

	

Hence

there is a uniform set system

	

_ < 9€/ H >

	

such
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(7 ) d (~ _ ~It I < lilt +k-3

	

for each k < <

	

kcRt ) = k-I

and there is i E H

	

y C X

	

for X E H~

Then obviously

	

~n H' < 2

	

for I-1' c ~-l

	

IH' ° ~+

Applying the induction hypothesis for the set systems

	

we

get that there are sets

such that

	

i/ `I- D~) V

Put -D v = U 'D~
)V

~<d

V <l3 I XE H
Then by (7) there

Let

Let

We define

Since

Proof of Theorem 2 . Put

k - ~d j
k-i } I

X E C-~ j k

-Z(x) E
Chj k

V<

for

. Then

	

U D v
L<a

. Then k E ki t for some

is YCH~ , YcX

Y 4 D~,v ~ k ~ Dv

C r-( ae ) c (3 .

2 s k -~ +, < k

by

j < k and

536

i~ E ~~~ ~ ~ < oC ~ V < (3

. Hence

Xo < . . .<Xk-

a X ,~+v Yv k

for V 15k-

<< o(



i . e . -Z (X) consists of the k

	

intervals of length k-i' } l
of Y considered in the cyclical order

By

	

-~+- i <k

Put

for this

H = ~-Z(X), xE C-j1

RCd I (3, -Z, k, i)

	

is false .

As to the proof of Theorem 3, take

It follows quite similarly as in the proof of Theorem 2 that

disproves (R(,( I (3 ) 2 ) k, ~ )

53 7

`,( n -< . . . { X k-1 1 k.

d\,_ <4-I H%

	

. Then CC( ) - d' ( "Pk-C((6))

Let now

	

C- C-eJ

	

, then there are

XE %(_
V )

	

E y" X

	

. Hence

I~('X)-I(Y) I>, k-"+I , ~ 'Z.(Y) - -1 (X) kk

	

k-t '+ I

and thus

	 2(k-i ) = tow1
2 -

Thus N~ C N, ~H , ~-2

	

implies I n H I I < L

We prove Ckv ( ) > 13

~(

	

Hence 'V has the properties to show that

Let

	

= U Dv

	

be a partition of k . Then by

and as a corollary of the Erdős-Rado

theorem

	

there is X c aC , IX Í= k

which is homogeneous, i .e . there is L </3

	

such that
k-~ +1

CX~

	

c ~y

	

. But then

	

(X) C'Dv

	

(X) c- H
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