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1. Introduction 

If P is a partition of a set into disjoint subsets, we refine P by splitting one of the 
subsets into two smaller subsets. Let f(n) denote the number of ways of transforming 
a set of n indistinguishable objects into n singletons via a sequence of n - 1 refinements. 
Our main object is to establish the following bounds for f(n). 

THEOREM 1 .  There exist constants cl and c, such that 

cln n*" < f(n) < c," n%". 

We also solve exactly the corresponding problem in which the n objects are distin- 
guished by labels. The problem to determine f (n)  is due to B. J. T. Morgan. 

2. Numerical Calculations 

Figure 1 illustrates the problem for n = 7 .  The numbers by the partitions are the 
numbers of distinct paths from the original set of 7 ,  so that f(7) = 33. We have 
calculated the following values of f(n). 

3. A lower bound 
To obtain a lower bound we count only those sequences of refinements which 

include the partition 1 .2.3 . . . d . r of n into d or d + 1 parts, d of which are of different 
size, where 0 < r = n-$d(d + 1) < d, so that J(2n) > d > J(2n)-3. Moreover 
we only count sequences in which we split off 1 from each of the d - 1 parts of different 
size greater than 1. These d - 1 steps can be made in (d - l ) !  ways and result in the 
partition ldf 2 .3  . . . (d - 1) .r of n into 2d - 1 or 2d parts, d - 1 (or possibly d )  of 
which are of different size. We deal with this in the same way, making splits of size 1 
from each of the d-2  parts of different size greater than 1, in (d-2)! possible ways. 
If we continue, we see that the number of sequences of refinements is at least 
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