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1 . INTRODUCTION

Let A be a collection of denumerable sets, and suppose that

(1 .1)

	

IA nBI< I (A,BE .91 ; A4- B),

(1 .2)

	

Iai = 80 .

Does d necessarily admit a 1-transversal, that is, does there exist a set
S satisfying the following condition?

(1 .3)

	

IA nSI= 1

	

(AE s4/) .

The answer is negative, but becomes affirmative if (1 .3) is weakened to
1 < I A n S I < 2 (A E Q/) . Moreover we can always split d into two
subcollections each admitting a 1-transversal, and this remains true if (1 . 1)
is replaced by I A n B l< 2 (but not I A n B l< 3) or (1 .2) by JAI=
= IC I (but not I A I = 8, ), but not both. We shall prove a rather wide
generalization of these facts .
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Definitions. A collection sat of sets is m-almost-disjoint (m-a-d) if

A', A"Esl&A' A"-IA'nA"I<m+1 .

A set S is an n-transversal of a collection 4 of sets if

AEsal-I < I A n S I < n + 1 .

We may, and shall, suppose that S C U -4 .

Given a non-empty index set I, cardinal numbers nt > I (i E I), a
non-negative integer m, and ordinal numbers µ, v, we shall denote by
P((n,), N, - m, 8 A ) the following proposition :

every m-a-d collection

	

of 8P sets o' f cardinality 8 v can
be split into subcollections _v1 , i E I, such that

	

t admits an
n1-transversal.

(We shall show in Theorem 2 (of § 2) that the parameters are correctly
distributed on either side of the arrow in the symbol P((n t), k ,, - m, 8 u } .)

Problem . When is P((n j ), 8 U -> m, 8 P ) true?

The case when III = 1 was dealt with by Erdős and H a j n a 1 [1],
who proved a group of results that can be formulated as follows :

Theorem A. For the truth of the proposition P(n, 8, - m, 8A ) it
is necessary and sufficient that at least one of the .following conditions be
satisfied:

(i)

	

tc<v,

(ü) p = v + r (r finite) and n + 1 > fnr + in + 2 ,

(iii) n > 8 0 ,

The generalized continuum hypothesis is used in the proof of necessity
when u > v .

We shall prove the appropriate generalization of Theorem A, in one
direction :
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Theorem 1 . For the truth of the proposition P((n t ), 8, - m, K~) it
is sufficient that at least one of the ,following conditions be satisfied :

(i)

	

i.1 < v ,

(ü) p = v + r (r finite) and `' (n i + 1) > mr + m + 2,

(n t + 1) > N o ,

This follows immediately from Theorem A in case (i), and also in the
subcase of case (iii) when one of the nt 's is infinite . The other subcase of
case (iii), when I is infinite, will be dealt with in §3 . The more elaborate
proof for case (ü) is given in § 4 .

We conjecture that our criterion is necessary as well as sufficient (as-
suming the generalized continuum hypothesis) ; some incomplete results in
this direction will be presented in §5 (the case r= 0), §6 (the case
m = 1, equal no's, with the consequence that condition (iii) is necessary
when y > v + w o ), and § 7 (falseness of P((1, 1), 8y -> 2, 8v+ 1)) . The
case m = 0 (disjoint sets) is trivial . Unfortunately, even the case of equal
nl ' s is not clear for general m .

The axiom of choice will be assumed throughout . Always m will be
understood to denote a non-negative integer .

Note. We have obtained no significant results about collections that
include sets of different cardinalities, when the situation becomes more
complicated . For example, the 1-a-d collection consisting of the N o sets
Ea _ {( a, 0) : 0 < a < w 1 1 (0 < a < wo ) of cardinality 8 1 , together with
the 81 sets I-0 _ {(a, 0) : 0 < a < co o 1 (0 < Q < w, ) of cardinality 8 0 ,
does not admit an N o -transversal . By an inductive construction, it is not
hard to show (assuming the generalized continuum hypothesis) that for eve-
ry n < w o there is a 1-a-d collection consisting of sets of cardinalities
80' . . .'8n that cannot be split into n --- 1 subcollections each admit-
ting an No -transversal . We do not know whether every I-a-d collection of
sets of 81 different cardinalities can be split into 8 0 subcollections each
admitting a 1-transversal; by Theorem A (iii) this is possible when there
are only 80 different cardinalities .
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2 . MONOTONICITY

Theorem 2 . For a given index-set I, if nl > n t (i E 1), v'>, v,
m > m', and p > µ', then

P((ni), N v - m, 8u) - P((ni), N,, -> rn', ?fi x,) .

Proof. (a) Monotonicity with respect to the system (n t ) is obvious,
because if n' > n then an n-transversal is automatically also an n'-trans-
versal .

(b) Monotonicity with respect to m is obvious, because if m > m'
then every m'-a-d collection is automatically m-a-d .

(c) Monotonicity with respect to p is obvious because if µ > g'
then every m-a-d collection of K x , sets of cardinality 8, can be ex-
tended to such a collection of ti x sets by adjoining Nx additional sets
which are disjoint from one another and from all the original sets.

(d) Monotonicity with respect to v is less obvious ; it can easily be
seen to follow, however, from the following lemma .

Lemma 1 . Given any m-a-d collection lI of Nx sets of cardinal-
ity N, ,, v' > v, we can find a set T C U W such that I T n A I = N v
for all A E ,91 .

Proof. Define sets T., 0 < a < w,, satisfying the conditions T4 C
gU., T,n( U Ta )=O, 1<ITnAI<N0 forall AE -4, by

p<a
transfinite induction, as follows . Given any a, let a~a = {A \ T : A E

where T* = U T . The collection W satisfies the same conditions asa p<a Q

	

a

a . By Theorem A (iii), we can find a set T . C U si, such that 1
< I T n A I < 80 for all A E W, . Since Ta satisfies the three conditions,
the induction can proceed . Finally, we set T = U { T : 0 < a < ccy } .

3 . INFINITE INDEX-SET

In view of Theorem 2, the proof that P((n t ). N v - m, NA ) is true
when the index-set 1 is infinite reduces to the proof of the following .
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Proposition A . Every m-a-d collection

	

of denumerable sets can
be split into denumerable many subcollections sat e , i = 1, 2, . . . , such
that sk i admits a 1-transversal .

The proof will use the notion of a closed subcollection, and two lem-
mas .

Definition . Let V be an m-a-d collection of sets of cardinality 8 ,, .
A subcollection ;d of sat is closed if

AE ~t &IAn U&I>m-AE ? .

Obviously there exists a smallest closed subcollection containing any given
subcollection G ; it will be denoted by ~6' .

Lemma 2. Under the conditions of the above definition, if 1 W i > K y
then 111= 1`6I .

Proof . For any .4 c sag, let ~o(9) _ {A E V: IA n U4I > m} .
Since any (m + 1)-element set is contained in at most a single set A E 'W,
if 1 -41 > 8, we have I ~o(,~d) I < I U s Im + 1 = 1 41 1 . The result now fol-
lows from the obvious fact that '6 _ ' u áp(16') u ~p(~p( )) . . . .

Lemma 3 . Every in-a-d collection sa/ of denumerable sets admits
a well ordering -< such that

(3.1)

	

A E sad - iA n U{B : B

	

A} < ei o .

Proof. We use transfinite induction on I s 1, starting with I sl I = 8 0 ,
in which case any coo-ordering of sad has the property . Now let I sa'l I =
= li e > 8 () , and suppose the result true for smaller cardinalities . Write

V={A « : 0<a<we } ; 4, {AR : 0<0<a} .

By Lemma 2 we have I d I = da I = a < KB for w o < a < we , and so
by the induction hypothesis there is a well ordering { a of V., such that

(3.2)

	

AE Qra ~ 1An U{BE .te a : B{4 All< 80

For any A E .-/ denote by a(A) the least ordinal a > w o such that
A E .c a , and define a relation -< on

	

as follows : A

	

B if and



only if either a(A) < a(B) or a(A) = a(B) = a, say, and A <a B . This
is easily seen to be a well ordering of al; we show that (1) is satisfied .

Let A E 9l, and suppose that a(A) = a . For each element a E A,

denote by 0(a) the least ordinal 0 > wo such that a E U ,/1 0 , and let
the in + 1 elements of A with respective least values for 0 be a l , . . .
. . .,am+1 • Thus

(3.3)

	

á(a 1 ) < . . . < ~(am + 1) < (3(a) < a

	

for

aCA\{al, . . . . am+1 } .

Let 0(am + 1 ) _ 0; then since U >!~ is clearly non-decreasing as a func-
tion of 0, we have {a 1 , . . . , am + 1 } C U 0 , whence by the definition
of closure A E ,al )3 ; consequently a < 0, and by (3 .3) a

	

In view of
(3.3) we see that 0(a)= a for a C A \ {a 1 , . . . , am } ; thus

(3.4)

	

1An U{r41y : y<a}I<I [a

	

am }I=rn .

On the other hand, by (3 .2)

IAn U{BE ta t U t BMA}I<
(3 .5)

	

F< a

< I A n U{BC . a : B-, a A}I<80,

and by (3 .4) and (3 .5), since if B

	

A then certainly B E U c/ , we
conclude as required that IA n U{B : B --,' A } I < 8 0 ,

Proof of Proposition A . Let { be a well ordering of w such that
relation (3 .1) of Lemma 3 holds. By (3 .1) we can select for each set A E
C ~V an element a(A) E A \ U {B : B A} . Clearly, these elements are
distinct, and

(3 .6)

	

An{a(B) : A{B } =o .

Using (3 .1) again, by transfinite induction we can select for each set A E
C s4 a positive integer i(A) in such a way that

(3.7)

	

B

	

A & a(B) E A - i(A) * i(B) .
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Define 41 = {A E sat : i(A) = i}, St = {a(A) : A E d i }, i = l, 2, . . . .
Now if i(A) = i then a(A) E A n S., so IA n Si I > 1 ; on the other hand
if a(B) E A for some B A then B A by (3 .6) and i(B) i by
(3 .7), so that B

	

1 and a(B) S . . Hence IA n S; I = 1, and .W1 ad-
mits the 1-transversal S . .

t

Remark. The following slightly stronger result is true .

Proposition A' . Every m-a-d collection sl, of denumerable sets can
be split into denumerably many subcollections jV l , i = 1, 2, . . . , such

that X i admits a 1-transversal Si and U S1 = U "'/ .
i= 1

We shall not give the details of the proof, which is a minor elaboration
of that of Proposition A . One assigns each element of U .9t to one of the
sets ST , by transfinite induction, dealing with the sets A C rl in order
according to the well ordering

	

given by Lemma 3 .

4. PROOF OF THEOREM 1 IN CASE (ü)

We restate what is to be proved .

Proposition B . Let sr1 be an m-a-d collection of 8,+r sets of

cardinality S , (r finite), and suppose that ` (nt + 1) > mr + in + 2 .
Then

	

can be split into subcollections a t , i E 1, such that a i ad-
mits an n,-transversal.

The proof will use the notions of strong and weak precedence, and
two additional lemmas .

Definitions . Given a well ordering { of .4, we shall say that a
set B E 9/ strongly precedes a set A E .5w, and write B

	

-< A, if
I{C: B

	

C

	

A}I > 8v . We shall say that B weakly precedes A, and
write B

	

A, if B precedes A but not strongly . We observe that
I{B : B

	

A}I < %18 v , for any A C ,41, because if Bp is the first (with
respect to -<) set satisfying Bo

	

A then

I{B : B

	

A}I= I{C: Ba

	

C-,A}1 < t~, .
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Lemma 4 . There is a well ordering -, of &I such that

AE sat- IA n U{B : B-- ' , -' , A}I<mr .

Proof . We use induction on r, starting with r = 0, in which case
any w, ' -ordering of sat has the property . Now let I sat I = 8 v+r , and
suppose the result true for r - 1, where r > 1 . We write

,,at={A a : 0<a<wv+r} ; `va ={A Q : 0<0<a},

By Lemma 2, for w, +r- 1 < a < w,+r we have Ir a I = Ir a 1 = 1a I =

_ 8v+ r- 1 , and so by the induction hypothesis there is a well ordering
of sat such thata

	

a

AEsrt a ~IAnU{BEáIa :B{a- a A}1<m(r-1) .

For any A E sat denote by a(A) the least ordinal a > w v +r_ 1 such
that A E scla , and define a relation -< on ql as follows : A -< B if
and only if either a(A) < a(B) or a(A) = a(B) = a, say, and A -<a B .
This is easily seen to be a well ordering of sat ; we show that it has the
required property .

Let A E V, and suppose that a(A) = a . For each element a E A,
denote by a(a) the least ordinal 0 > w v+ 1 such that a E U . R , andr-
let the m + 1 elements of A with respective least values for 0 be
a,,... a, + ,, Thus

0(a 1 ) < . . . < 9(am + 1) < R(a) < a

	

for
(4.1)

aGA1{al, . . .,am+1} •

Let R(am + 1 ) _ then since U ,a/_ 0 is clearly non-decreasing as a function
of 0, we have {a 1 , . . . , am + 1 } c U o/,, whence by the definition of clo-
sure A E atR ; consequently a < 0, and by (S) a

	

In view of (4 .1) we
see that 0(a) = a for a E A \ {a 1 , . . . , am } ; thus IA n U {nlY : y < a}I <
< I {a,, . . . , am }1 = m, that is, I A n U {B : a(B) < a}1 < m . On the other
hand, I A n U {B É `tea : B -<a a A } I < m(r - 1), and since if B <" A
it is clear that either a(B) < a or B {a{a A, we conclude from the
last two inequalities that I A n U {B: B -< { A }I < mr, as required .
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Remark . Lemma 4 becomes false if

	

is replaced by

	

.

Lemma 5 . If is the well ordering of Lemma 4, then we can se-
lect in each set A E ut an element a(A) E A \ U {B : B A } in such a
way that

AEsaí-IAn{a(B) : B<~ A}15mr+m+ 1 .

Proof. We use transfinite induction with respect to the well ordering
Suppose that a(B) has been selected for all B -< A . Let

J4(A) = {B e sa' : IBn{a(C) : C~A}I>m+l },

and observe that I .4(A)I < v , since there are fewer than N v sets C -:~
A, therefore fewer than 8" elements a(C), C { A, and therefore

fewer than N V (m + 1)-tuples of them; and any (m + 1)-tuple is in at
most a single set B E sad . Select as a(A) any element of the set

A\U{C:CAA}\U[d(A)\{A})\U{B:B{-:~ A} .

Such an element exists, because each of the unions has fewer than l~ ,,
elements in common with A, in view of the m-a-d property of si, the
property of { given in Lemma 4, and the inequalities I {C: C { A } I <
< 8 v , Iv (A) I < K~ .

It will now (again in view of the property of {) be sufficient to
show that

1 A n {a(C) : C> A }I < m+ 1 .

Suppose if possible that this is false ; then there exist sets

	

C 1 , . . .
Cm + 2 E a! such that Cl

	

C 2 { . .

	

Cm + 2 { A and a(Cµ ) E
E A for µ = 1, 2, . . . , in + 2 . Then in particular A E .,4 (Cm + 2 ), and
so a(C + 2 ) C A E -4 (Cm + 2 ) ; whence

a(Cm+2 )E U [A(Ctn+2)\{Cm+2}] I

which contradicts the way a(Cfn + 2) was chosen .

Proof of Proposition B . Let { be the well ordering of sV of Lem-
ma 4, and let a(A), A C -(at, be the elements selected in accordance with
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Lemma 5 . By transfinite induction with respect to { , we now define
for each set A E so' an index i(A) E I and an index e(A) equal to 0
or 1, such that if we set

(4 .2)

	

Si(A) _ {a(B) : B

	

A & i(B) = j & e(B) = 1 }

then

(4.3)

	

B :!~,' A-1<IBnSI(B) (A)I<ni(B) +1 .

Suppose this done for all A { A o . By the property of the elements
a(A) given in Lemma 5, there are at most mr + m + 1 sets A { A o
for which a(A) E A o . Hence there exists at least one index i E I such
that i(A) = i for no more than n t of these sets A -< A o . (Otherwise
their total number would be at least Y (n t + 1) ,> mr + m + 2.) We let
i(A 0 ) = i for some such index i ; if i(A) = i for no set A { A o with
a(A) E A o , then we set e(A0) = 1 ; otherwise, we set e(A o ) = 0 .

Let us show that (4 .3) holds for A = A o . If B { A o , we observe
that since a(C) B for B-<C A o (see Lemma 5), B n Si (B)(A 0 ) _
= B n Si(B) (B), and so the truth of the conclusion of (4.3) for A = A o
follows from its truth for A = B . If B = A o , then it is clear from the
way that i(A 0 ) and e(A o ) have been chosen that we have the required
inequalities 1 < IA o n S'(Ao) (A o )I < ni(AO) + 1 .

Now define

.al t = {A E s1 : i(A) = i} , St = U{S-(A) : A E m?} for i E I .

It follows at onee from these definitions and (4.2), (4 .3) that

1<IAnS-I<n1 +1

for all sets A E

	

and thus Wt admits the n i-transversal S i and the
proof is complete .

5 . COUNTER-EXAMPLES : r = 0

Theorem 3 . Theorem 1 is best possible in the case r = 0; more pre-
cisely, the following proposition is valid for m = 0, 1, 2, . . . .
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(A m ) There exists an m-a-d collection

	

' of 8v sets of cardi-
nality N v , such that whenever sl'n is split into subcollections S~'tm ,

i E 1, where %(m admits an n,-transversal, we have

	

(nt + 1) > m + 2 .

Proof. We use induction on m, starting with the trivial case m = 0 :
a collection of 8,, disjoint sets of cardinality 8, will serve as

	

0 .

Given l m , let am + 1 consist of m + 2 copies .sat
m (1), . . . , s-11 (m + 2)

of zlm , with disjoint unions, together with a set B(x 1 , . . . , xm + 2) for
each (m + 2)-tuple (x 1 , . . . , Xm + 2) with x~ E U a mW (A = 1, . . .
. . . , in + 2), formed by extending x 1 , . . . , x m + 2 to a set of cardinalíty
N 4 . (Here and later, when sets are spoken of as being extended to sets of
larger cardinality, it is understood that the added parts are disjoint from
one another and from all sets already defined .)

Suppose that d' has the asserted property, and (if possible) that
zt'n + 1 does not. Then a m + 1 can be split into subcollectíons vm + 1

i E 1, where 4,' + 1 admits an n t-transversal St and (n t + 1) < m + 2 .
Since .4 + 1 includes a copy of sam , we have `f(n i + 1) = m + 2 ; more-
over each S_ meets every set U .Qt'n (µ) . Write fl, . . . , m + 21= U fJ, :
i (=- 1), where I J, I = n t + 1, and select elements x1, . . . , xm + 2 such
that xu E U,91 111 (µ) n S, if p E J, . Now B = B(r 1 , . . . , xm + 2) satisfies
I B n Si I > nt + 1 for all i E I . which contradicts the fact the B E sl' + 1

for some i .

6 . COUNTER-EXAMPLES : m = 1, EQUAL ni

Given n, we shall describe Y= (S~-),E j as a transversal system for
if III < 3~ o and 1 < I A n S,. I < n for some i whenever A E s(V .

We may and shall suppose that U Y C U,--/ . Let f(r) denote the integer
part of (r + 2)/(n + 1) .

Theorem 4 . The generalized continuum hypothesis implies that The-
orem 1 is best possible in the case nl = 1, p = v + r (r a non-negative
integer), n i = n (a positive integer) for all i E 1; more precisely, that the
following proposition is valid for r = 0, 1, 2, . . . .
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(P) There exists a 1-a-d collection al of 8v+r sets of cardinal-
ity 8,, such that any transversal system for a includes more than f(r)
sets of cardinality Nv+r •

We shall say that (Si ),E, properly covers a collection W of t-tuples
(t finite) if there are indices i l , . . . , it , no n + 2 of which are equal,
such that each set C E 6' can be written as {x 1 , .

	

xr } with x,r E Si r
for T = 1 ' . . . ' t .

In our inductive proof of Proposition (P) we shall need the follow-
ing auxiliary proposition .

(Qr) There exists a 1-a-d collection 4 consisting of

(i) a collection

	

of N,,+r sets of cardinality k v , together with

(ü) l~v+r disjoint s-element collections of (r + 2)-tuples (6,,
0 < a < w, +r , such that any transversal system for

	

properly covers
some

We shall prove successively (Vs)(Qó), (Qr) - (P), and (`ds)(Q') &
& (P) (Vs) (Qr+ 1), and thereby Theorem 4 will be established .

Lemma 6. Proposition (Qo) is true for all s = 1, 2, . . . .

Proof. Choose K U disjoint sets D", 0 < a < w U , of cardinality 8' ,
and for each s-tuple (x 1 , . . . , x'), where x 1 E D" 1 , . . . , xs E D"s and
al < . . . < as , choose a set D(x l , . . . , x') of cardinality 8 U , all these
sets being disjoint from one another and from U D .. Let the collection

consist of all these sets D(x l , . . . , xs) together with all the sets D" .
For each element x E D(x 1 , . . . I x') let 16 (x, x 1 , . . . , x s ) _ { {x 1 , x1' . . .
. . . . {xs , x }J . Let .1 consist of l together with these N . disjoint s-
element collections of pairs . Clearly

	

is 1-a-d .

Now let Y _ (St)icl be a transversal system for ~/ . At least one
of the sets S. must meet s different sets D" , that is, we can find an
index i, indices a l < . . . < as , and elements xQ E A"° n S i (v =
= 1, . . . , s) ; moreover we can then find an index j and an element x E

E D(xl , . . . , xs ) n S . Now `G' (x, x', . . . , xs) is properly covered by Y,
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since there are two indices i, j (no n + 2 equal, since n > 1) such that
each pair in 16 (x, x l , . . . , xs) can be written as {x°, x} with x° E S.
and x E Si .

Lemma 7. Proposition (Q1) implies Proposition (P ) .
Proof. According to (QT ), there exists a 1-a-d collections con-

sisting of (i) a collection of Kv+r sets of cardinality Kv , together
with (ü) a collection `6 of 8,+r distinct (r + 2)-tuples, such that any
transversal system for properly covers {C} for some C E le . Extend
each set C E 16 to a set C + of cardinality N . .

Let the collection sad * consist of together with all the sets C+ ,
C E `6 . These are 1-a-d sets of cardinality 8, . It will be sufficient to show
that any transversal system for V * includes more than f(r) non-empty
sets, because for sat we may then take the union of 8v+r "copies" of
,,at* (with mutually disjoint unions) .

Suppose if possible that there exists a transversal system y for V*
that includes no more than f(r) non-empty sets S- (St 0, i E 1 ;

11I < f(r) . In particular Y is a transversal system for

	

, and therefore
properly covers {C} for some C E `6' . Writing C = {x,, . . . , xr+ 2 }, we
conclude that there are indices it > • • • , ir+ 2 E I, no n + 2 of which are
equal, such that x P E Si for p = 1, . . . , r + 2 . Now if some index i E 1

P
occurred less than n + 1 times as an i it would follow that

P

r+2<n+(111-1)(n+1)<(n+1)f(r)-1 ;

this being false by the definition of f(r), we conclude that each index i E 1

occurs exactly n + 1 times as an iP , and consequently I C+ n SÍ I
n + 1 for all i E 1 . This contradicts the fact that Y is a transversal

system for d*, and the proof of Lemma 7 is complete .

Lemma 8. The proposition (`ds)(Qr) & (P) implies (Vs)(Q,, 1 ) .

Proof. Let s be a positive integer, let t = f(r) + 1, let saV be a
1-a-d collection of

	

U+r sets of cardinality NU satisfying the conditions
of (P ), and list all the distinct t-tuples of disjoint subsets of cardinality
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~v+r in U,,,V as

(A' (a), . . . , A t(a)),

	

0 < a < w, + r+ 1

(there are 8v+r+ 1 of them according to the generalized continuum hy-
pothesis) . Any transversal system

(S)iej for a includes more than
f(r) sets of cardinality 8v+r, and it follows at once that for some t
distinct indices j1 , . . . ,jt E I and some a (0 < a < wv+r+ 1) we have

(6 .1)

	

A 1 (a) q S 1 & . . . &At (a) SOS .

With each a associate a collection _4(a) satisfying the conditions of
Proposition (Qrt), the sets U .4(a) being disjoint from one another and
from U_i. In the notation of (Qrt), M(a) is a 1-a-d collection consist-
ing of (i) a collection

	

(a) of 8v+r sets of cardinality 8 , , together
with (ü) Nv+r disjoint st-element collections of (r + 2)-tuples `6Q (a),
0 < R < wv+ r' such that any transversal system for Lo (a) properly cov-
ers some W0(a) . We can write

ce9(a) _ {C(a, 0, a, T) : a = I, . . . , S ; T = I, . . . , t} ,

each C(a, 0, a, r) being an (r + 2)-tuple . For each r = 1, . . . , t index
the Kv+r elements of A'r(a) as

a` (a, 9, Q), 0 < R < w, +r' I < a < S .

Consider the collection 4 consisting of (i) all the sets of .,V and
of all the

	

(a)'s, 0 <a < wv+ 1' together with the Nv+r+ 1 disjoint s-
element collections of (r + 3)-tuples '6(a, a, T) (0 < a < wv+r+ 1'
0 < Q < wv+r , 1 < T < t), where

(6.2)

	

'(a, 0, T) _ {C(a, 0, Q, T) u {dr (a, 0, a)} : 1 < Q < s} .

We omit the straightforward verification that .4 is a 1-a-d collec-
tion. To prove that 4 satisfies the condition of Proposition (Qr + 1 ), we
let Y _ (S)ic1 be any transversal system for m, and observe that in par-
ticular it is one for .l . Hence there are t distinct indices j, . . . . I ii E 1
and an index a (0 < a < wv+ r+ 1 ) such that (6.1) holds. Now Y is
also a transversal system for

	

(a), and therefore by hypothesis properly
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covers some 6,(a), 0 < 0 < wv+r, Thus there are indices itI*** 1 ,+1 2 ,
no n + 2 of which are equal, such that each set C E W 0 (a) can be writ-
ten as {x, , . . . , X,+21 with xA E S .

A
for p = 1, . . .,r+ 2. But no

more than (r + 2)/(n + 1) indices can occur as many as n + 1 times
among íl , • • • , ir+ 2, and t > (r + 2)/(n + 1), and therefore for some T,

1 < T < t, the index jT does not occur n + 1 times . Consider the s
sets of which (a, 0, T) is composed (see (6 .2)) . Each of them can be
written as {x 1 , . . . , xr+ 2, a'r(a, 0, a) }, where

x 1 E
Stl I . . . . xr+ 2 E Sir+ 2 ' a ' (a, 0, a) E ST ,

and no index occurs more than n + 1 times among it , • • • , d r+ 2 ,4
Thus 1G'(a, 0, T) is properly covered by S, and the proof is complete .

Theorem S . The generalized continuum hypothesis implies that The-
orem 1 is best possible in the case when y 3 v + wo ; that is, that given
any v there exists a 1-a-d collection ' of 8v+wo sets of cardinality

N. such that whenever 6' is split into subcollections 6' t , i E I, where
6 i admits an nt-transversal, we have Z(n1 + 1) > i0 .

Proof. By Theorem 4, for each n and r we can construct a 1-a-d
collection --/ (n, r) of Nv+r sets of cardinality 8,,, such that whenever
sr1(n, r) is split into subcollections A,(n, r), i E I, where .4i (n, r) ad-
mits an n-transversal, we have (n + 1) 111 > r + 2 . We may suppose that
the sets U a (n, r) are mutually disjoint, and it is then clearly sufficient
to set 8 = U { , mil (n, r) } .

n,r

7. ANOTHER COUNTER-EXAMPLE

Theorem 6 . Assuming the generalized continuum hypothesis, the
proposition P((1, 1), 8, - 2, 8v+ 1 ) is false ; that is, there exists a 2-a-d
collection &/ of v+ 1 sets of cardinality N v that cannot be split into
two subcollections each admitting a I-transversal.

Proof . We already know (Theorem A (ü)) that there exists a 1-a-d
collection of N v sets of cardinality K v , not admitting a 1-transversal ;
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let us refer to this as a l-system . Take t~,, + I 1-systems qty (0 < 'Y < co ' )
and .4a (0 < a < w„ + 1 ), with disjoint unions. Let X = U U .4y and let

y
X4 = U d. . The generalized continuum hypothesis implies that we can
list all pairs of disjoint subsets of X, each of cardinality N,,, as (Ya , Z(k ),
0 < a < co,+ I . List the elements of Ya and ZX as

yao (0 < 0 < (,J ' ) , zao (0 < 0 < w y ) .

List the pairs of elements of X a as (u«R' v«R), 0 < 0 < w v , and extend
each quadruple {y,R , z, Q , u «,, v..,} to a set E., of cardinality X, .

Let sat denote the collection consisting of all the sets of all the 1-
systems ay , 4c,, together with all the sets E « , . It is easy to verify that
sat is a 2-a-d collection (of t~,+ I sets of cardinality 3~ v ) . Suppose if
possible that a can be split into two subcollections sat', sat" admit-
ting respective 1-transversalt S, T Since .9/

'Y

does not admit a 1-trans-
versal, both S C) U .4y and T n U sat y are non-empty for every y, and
it follows at once that for some a, 0 < a < w,+ I , we have S ;;! Ya
and T ? Z. . Since 4. does not admit a 1-transversal, for some 0,

0<0< w., we have u,, E S and vap E T. Thus both I S n E. 0 1 > 2
and I T n E., I > 2, which is impossible because either E., E sat' or
Eaa E „
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