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§ 1 . NOTATION

Results . By a graph 1 we mean an ordered pair or = (g, G) where
G C [g]2 . Let y> 0 . The sequence {G, : v < y } is said to be an edge
coloring of 9 by y colors if the Gv are disjoint and their union is G .
For h c g we denote by ig(h) the subgraph of I spanned by the set
h i.e . 1(h) = (h, G n [ h j 2 ) . We say that the graph -41, = (h, H) can be
embedded in the v-th color of the edge coloring {G,, : v < y} of G if
r is isomorphic to a spanned subgraph %,(G') of !§v .

We say that .M' can be strongly embedded into the v-th color if it
is isomorphic to some spanned subgraph 19,,(g') such that %,(g') = 9(g') .

In other words in both cases there exist one-to-one mappings f of
h into g such that {x, y} E H implies {f(x), f(y)} E G,, for x, y E h
and {x, y } a H n x, y E h implies {f(x), f(y) } ~! G. is case of embeddings
and {f(x), f(y)} ~6 G in case of strong embeddings respectively .

The following two partition relations were introduced in E r d ő s -
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H a j n a l[ 1] and H e n s o n [2] to study embeddings and strong embed-
dings respectively .

Let ~F, A,i . : v < 7 be graphs . he relations 9 -> (_,e v ) v < y * w >-

>--~ ( .y°v)v<y are said to hold if for every edge coloring {Gv : v < y} of
9 by y colors there is a v < y such that at° v can be embedded or
strongly embedded into the v-th color respectively .

As usual 9 -H ( •-Vv)v<y , # >-f+ ( v)v<y denote that the corre-
sponding statements are false . If all • v are equal to .' we write
• - (-*'), and 9 >- . (Al') y . Both relations are generalizations of the
well-known ordinary partition symbol since if , v < ,y are com-
plete graphs of cardinality u, av : v < y then 9 --> ( v)v<y and
•

	

>--* (` v)v<y are both equivalent to a-> (av )2<y

e will mostly deal with strong embeddings, H e n s o n asked in his
paper [2] if the following generalization of amsey's theorem was true .
For every finite sequence { ~A' v : v < k j, k < w of finite graphs there is
a finite 9 such that I >--> ( 'v )v< y holds .

his problem has been answered in the affirmative by . D e u b e r
[3] and J . N e s e t r i 1 [4] and by us independently . he both investigated
the problem in a more general setting. e are going to deal with generaliza-
tions of different types. First we are going to consider if the infinite form
of amsey's theorem generalizes . he answer is negative . e prove

heorem 1 . Let AK be the infinite complete bipartite graph . i.e.
h = h o u h l , ho n h, =0, I h o l = l h l l = cc, H= [h o , h l ] . hen
•

	

-~ (-*9)2 for all countable graphs .

Let us say that is locally finite if each vertex of 'V has finite
valency either in Is or in the complement 3 of s. e are going to
prove the following amsey type theorem .

heorem 2. Let X be locally finite,

	

, X' countable . here is a
countable such
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Obviously this theorem extends to the case when we have finitely
many countable locally finite graphs .1í° i ; i < k, and one countable graph
X' . his, of course, gives a proof of the results of [3] and [4] for finite
graphs already mentioned.

As to the generalizations for larger graphs we will prove

heorem 3. Let ( .1ri : i < k) be a finite sequence of countable
graphs. hen there is a graph 5, with 1 91 < 2' such that

9 N (drdi<k '

urprisingly enough we do not know if this result extends for graphs
with larger cardinalitíes. e state the simplest unsolved case .

Problem. Is it true that for all graphs

	

,

	

of cardinality w l
there is a (of reasonable size) such that >--> (

	

')?

§2. NIVE AL G APH . P OOF OF HEO EM 1 .

Let K > w be an infinite cardinal . he graph I _ (g, G) is said to
be K-good if for all X C g, 1 X 1 < K and for all f. X - > 2 the set
'N (X, f) _ {y E g : V z E X({y, z } E G iff f(z) = 1)} has cardinality >, K.

he graph IN is said to be K-universal if every graph Ar of cardinality
at most K is isomorphic to a spanned subgraph of . he following
well-known facts are all we need about this concepts .

2 .1 . (i) Each K-good graph is K-universal .

(ü) Any two K-good graphs of cardinality K are isomorphic .

(iii) here exists an w-good graph au of cardinality w and there
exists an wl -good graph -r of cardinality 2' .

For the proof of heorem I it will be convenient to have the follow-
ing representation of Jtl .

2 .2 . Let rm : m < w be a one-to-one enumeration of all diadi-
cally rational numbers r E (0, 1) ; rm = 0, rm, o , ' ' ' , rm, n , ' ' . and let
= {{n, m} : n > m A rm n = 1 }, u = w. Clearly * is the countable
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co-good graph .

Proof of heorem 1 . Let o = {{n, m} E : n < m A rn < rm }

l = {{n, m} : n < m A rm < rn } . his is an edge coloring of V . It is suf-
ficient to prove that the V of heorem 1 is not isomorphic to a spanned
subgraph of , _ (w, ) for i < 2. By symmetry it is sufficient to prove
this for i = 0. Assume the statement is false . e may assume that then
there are I A I= I B I= w, A, B C w, A n B= 0 such that [A ] 2 n o =
_ [B]2 n o = and [A, 8] C o . e may assume that no = min A <
< min B. here is A' C A such that I A' I = w and rm n = rm' n for
all n < no provided m, m' E A' . Let now n o < n l < n2 < n3 < n4 be
such that n2 , n4 E A' and n l , n, E B. By [A, B] C o it follows that
rn t. <

rn
1
.
+ 1

for i < 4 . By [A ]2 n o = 0, [A, B] C o it now follows

that rn2,n0 = rn4,n0 = 0 and rn 3 , no = 1 . Let mp = minim : rn2,m

rn3 m } . hen m o < no and by the definition of A', rn2,m = rn4,m
for m < mo . Hence either rn2 , rn4 < rn3 or rn2 , rn4 > rn3 , a contradic-
tion in both cases .

Note that there is still a gap between the results of heorems 1, 2. he
infinite complete bipartite graph is not the smallest one for which the
above argument works, but we do not know a necessary and sufficient
condition for 4

	

( .ye)2 in the countable case .

§3 . K-GOOD G APH

Let K > w be regular and let _ (g, G) be a K-good graph . e
are going to associate with :~ a K-complete proper ideal I,~ = I as fol-
lows .

3 .1 . Let A C g. A E I iff there exists a sequence X t E [g]<'c of
pairwise disjoint subsets of g and a sequence f, : Xt --> 2 : t < K of
functions such that

JA n :p(X,,ft)I<K

	

for

	

l;<K .

Obviously B C A E I implies B E I. By the definition of a K-good
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graph, g q I and thus I is proper . e now prove that I is K-complete .

3.2. Assume A E I for v < <p < K . Let A = A v . hen AEI.
v<~0

Proof. Let X', f' : ~ < K be the sequences satisfying 3 .1 for v < gyp .

By an easy transfinite induction one can pick sets X°(P v) for p < K, v < <p
in such a way that they are pairwise disjoint. Put Xp = X' tp, ), fp -

v<
=

v ~ f (
p'

)
for p < K . hen A n ~(X p ,fp ) C V ~ A v n 5(XP(p, 0'ft(p, ) )

hence, by the regularity of K 3 .1 holds for Xp , fp : p < K, A .

Finally we need the following strengthening of 3 .1 .

3 .3 . Let A C g, and assume that there exist sequences Xt E [gl< K

(disjoint), f : X t - > 2 : 1 < K such that

A n .j (X t ,ft ) E I

	

for

	

< K .

hen AEI.

Proof . Let (, p) E [gl< x (disjoint), f(, p) C tt , p)2 ; P < K be
such that

for p < K, ~ < K .

By an easy transfinite induction one can pick t , gt : E K for some

I K I = K such that

t = (, P) ,

	

g t = f(, P)

for some p and Xt , t : E K are pairwise disjoint .

Let Zt = Xt t , h t = ,ft u gt for t E K.

hen IA n %(Z t , h t )I < K for t E K.

§4. P OOF OF HE PO I IVE ELA ION

Let now

	

be a graph and let G = G o u GI bean edge coloring
of it. Let further X E [gl< K , f: X - 2.

1A n s (Xt ,ft ) n !~ ( (, p), f(, p))1 < K
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for i < 2 .

Note that this is not the same as V1 j(X, f) for the subgraph I i = (g, G i ) .
e will use the following notation for u E g

1(u, i) _ {v E g : {u, v} E Gi )

	

for

	

i < 2

(u) _ {v E g: {u, v) E G)

(u) ={vEg : {u, v) ~E G) .

Obviously

	

(u, 0) u (u, 1) _ (u) . e prove the following

Lemma. Let x ~-' w be regular. Assume

	

_ (g, G) is x-good,
G = Gi is an edge coloring of it, A C g, A L Let further is =

i< 2
_ (w, K) be a countable graph . hen one of the following conditions holds

(i) here are B, C C A; B n C

	

B, C I such that : (u, 1) n
nCEI for all uEB .

(ü) here is D C A such that

	

(D) _ 1 (D) is isomorphic to -/I .

Proof. e assume (i) is false . e define a one-to-one sequence do
n < w of elements of A, by induction on n . Put first fn for the func-
tion satisfying D(fn ) = n, V,) C 2 and fn (m) = 1 iff {m, n) E K for
m < n . Assume dm E A is defined for m < n in such a way that for
Dn = {dm : m < n ), (Dn ) = J i (Dn ) the mapping m -) dm is an iso-
morphism of * ' (n) onto

	

1 (Dn ) and for all f E n 2

1 (Dn ,f)nA~EI

e claim that there is an element u of 67 1 (Dn , .fn ) n A satisfying the
following condition

(1) For all fE n2

(u, 1) n I (Dn , f) n A f- l

	

and

e denote by '(X, f) the set

{y E g : d z E X(f(z) = 1 - {y, z) E Gi n f(z) = 0 - {y, z) q G) j
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w(u) n 1 (Dn , f) n A I .

In fact the second requirement holds for all but fewer than K ele-
ments of

	

1 (Dn , fn ) hence it holds for u E B' for some B' C

C 1_4V 1 (Dn , fn ) n A, B' I. If the first requirement fails for all u E B'
for some fE n 2, then there are a subset B C B', B (7 I and an f E n 2
such that for C = 1 (Dn , f) n A, C q I and (u, 1) n C E 1 for all
u c B. his contradicts our assumption that (i) is false . It follows that (1)
holds. Let do E IN'(Dn , fn ) n A satisfy (1) .

Considering that for f E n + 1 2

and

9 1(Dn + 1 If) = ~0 (Dn I f I n) n s (dn , 1)

	

if

	

f(n) = 1

1 1 (Dn+l ,f)= w 1 (Dn If1 n) n !g (dn )

	

if

	

f(n) = 0

the new d satisfies all the necessary requirements . Put D = {d
n G w } . hen (D) = J 1 (D) and n - do is an isomorphism of X
onto ', (D) . his proves the Lemma .

Proof of heorem 2. Let

	

, A' be countable graphs. Assume
is locally finite . Let s be the countable w-good graph and let G =
= Go G1 be an arbitrary edge coloring of it. If there exists A C g such
that (A) _ 1 (A) is isomorphic to .it'' we are done . Hence by the
Lemma, we may assume that for all A (4 I (i) of the Lemma holds .

Let Je _ ( w, H) . ince -* is locally finite there exist functions
~p E `' w, 0 E CO 2 such that ~p is strictly increasing cp(0) > I and

b'm >, ~p(n)((n, m} E H

	

iff

	

> (n) = 1) .

e are to define a strong embedding of .e into the color 0 . e de-
fine a function ~k on the interval [k + 1, ~p(k)] by the stipulation
~k (j) = 0 for {k, j } H and ~k (j) = 1 for {k, j } CH. Note that

~ k (~P(k)) _ ~ (k) .

e now define sequences An , Bn,m of subsets of g by induction on n
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as follows. Put A o = g q I . Assume that A n , B, , , has already been de-
fined for some n < w, i < n, j < n - 1, in such a way that A n , B t i I ;
the sets Bt o , A n are disjoint, Bi o D B t j ; s (u, 1) n B I, o E I for
u E Bi a , i < l < n and flu, 1) n An E =- I for u E Bi o , i < n . e will
define Bin - i for i < n and An + 1 . First we choose two sets B', C' CA n ;

B', C' I, B' n C' _ 0 in such a way that (u, 1) n C' E 1 for all u E B' .
e now distinguish two cases (i) n + 1 q (~p), (ü) n + 1 E (~p) .

Case (i) . Put Bn p = B', An+i = C, Bj n-j = Bi,n-i- i for j < n .

Case (ü) . Let k = ~o- i (n + 1) . Put Bj n- j = Bi,n _ i for j < k < n
(since ~p(k) > k + 2 by the assumption) . e now claim that there is a
u c Bk n - k such that

(2) §(u, 0) n Bj,n-i- i I, 7§(u) n Bj n_i_ i I for k < i < n

~(u,0)nB' ~Z I,

	

w(u) nB'QI,

(u,0)nC QI,

	

(u)nC'~É I .

By 3.3 and by the assumption Bi n-i_ 1 (7 I, B', C' I these requirements
hold for all but finitely many elements of u of Bk, n k q I provided
5(u, 0) is replaced by

	

(u). Considering that by the inductive assump-
tion s(u, 1) n Bj n _ j_ i E I for k < j < n and s(u, 1) n B' c I,

(u, 1) n C' E I it now follows that (2) holds for all but finitely many
elements of Bk n_ k . Let ak be an element of Bk n_ k satisfying (2) .
Let now k < j < n . Put

Bi,n-i - Bi,n i 1 n (ak )

	

if

	

~k (j) = 0 .

Bj,n-j = Bj,n-j- 1 n (ak , 0) if

Put

Bn,0 - B n `9(ak )

	

if

	

Ok (n) = 0

Bn o = B' n 'N(ak o )

	

if

	

Ok (n) = 1

An + 1 = C' n (ad

	

if

	

Ok (n + 1) _ ~ (k) = 0

A n+ 1 - C' n 5(ak o )

	

if

	

4'k (n + 1) = O(k) = 1 .
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In both cases A n + 1, Bin _ i q- I for j < n, An + 1, B. 'O are disjoint and
do not meet any of the Bi o for j < n . Finally by the choice of B', C'
we have (u, 1) n A n + 1 E I for E Bn o , hus the sets A n , Bn m are
defined for all n, m and a k is defined for aíl k < w since for all k
there is n + 1 E w with ~p(k) = n + 1 . he elements ak are all different .
Put A = {a k : k < w}. e claim that (A) _ VO(A) and that the map-
ping k - ak is an isomorphism of f onto (A) . Let k < s by given .
Assume first n + I = ~p(k) < s . hen by the construction as E=- B, ' , for

Assume now that k < s < n + 1 = ~p(k) . hen <p(k) < +p(s),
a, E A s m _s for m = cp(s) - 1, hence ; As,m-s C As,n-s , As,m-s C 9(ak )
if Ok (s) = 0, A s, n - s C 9 (ak, o ) if Ok (s) = 1 . It follows again that
{ak , a s } q G if {k, s} E H and {akl a,} E Go if {k, s} E H. his proves
heorem 2 .

Proof of heorem 3. Let I be a graph, 1 9 1 = 2" , which is w 1 -
good. Let *,, = (w, Ht): i < k < w be a countable graphs and let G =

Gi be an edge coloring of by k colors. Let I be the w 1 -
i<k

complete ideal corresponding to 5 . Let C, D q I, C n D = ¢ . e say
that C, D is a good pair for the color í if for all C' C C, D' C D ;
C', D' q I there is u E C' such that ,v(u, i) n D' qt I. First we claim

(3) 3i3AgI`dB(BCAnB(=- I-3C,D(C,DCB and C,D isa
good pair for the color i)) .

o see this assume (3) is false . uppose that for all A I 1 and i < k

there is a B for which the requirement is false . It follows that there is a
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An+ 1 C `J(ak)

An + 1 C (ak 0 )

if

íf

O(k) = 0 ,

~(k) = 1 .

Hence

{ak , a.1 q G

{ak ,as }EGo

if

if

{k, s } (4 H,

{k, s}EH .



sequence Bo D . . . D Bk-1 in such a way that the requirement is false
for B i with i, and Bo , . . . , Bk _ 1 q I. It results that no pair C, D q I,
C n D * 0; C, D C Bk _ 1 is good for i < k. Let now C, D C Bk - 1 ,
C n D = 0, C, D 11. By induction we can pick two sequences
CD Co D . . . D Ck _ i and D D Do D . . . D Dk -1 such that C1 , D i e 1,
w (u, i) n D i E I for u E Ci , i < k. hen Ck -1 , Dk _ i q I and
g(u, i) n Dk- 1 E I for all u E Ck- 1 , i < k. Considering that (u) _

QF(u, i) for all u, and that ! (u) n Dk- 1 q I for all but fewer
i<k

than wi elements of g, this is a contradiction .

Let i and A satisfy (3) . e define sequences An , Bn : n < w by
induction on n as follows. Put A o = A . Assume A K and Bi I are
already defined for i < n so that An C A . By (3), then there is a good
pair for i, Bn , An + 1 q I, B n C An , An + i C An C A, Bn n An + 1 = 0-
his defines the sequences An , Bn : n < w . Obviously the An are de-

creasing the Bn are pairwise disjoint and Bm C A n
man

e now define a sequence bn E Bn and a sequence Bn,m for m < n
for n < w by induction on n as follows . Put Bk o = Bk for k < w .
Assume n < w ; bm , m < n and Bk n D . D Bk n is already defined
for all k, and B k, n q I.

e claim that there is a u E Bn n such that

(4) s(u, i) n Bk n 9 I
for all n < k < w .

(u) n Bk n I

he second requirement holds for all but countably many elements
of Bn n hence for all u E B' for some B' C Bn, n C Bn , B' q I. Assume

(u, i) n Bn k 1 fails for some k, n < k < w for all u E B' . Let then
Bk = {u E B' : ~(u, i) n Bn k E 1} . here is k, n < k < w such that
B'k q- I . Considering that Bn k I, Bk C Bn , Bn k C An + 1 this contra-
dicts the fact that the pair Bn , An + 1 is good for í . Let now b n be an ele-
ment of Bn n satisfying (4) . Put Bx,n+ 1 - Bk,n n v(bn) i} if {n, k} E
EH, and Bk,n + 1 = Bk n n 9(bn ) if {n, k} (4 H. hen Bk, n + 1 e- I
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