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ABSTRACT

Let I S I = n,

	

m(n ; kl ,k 2 ,k) respectively m'(n,k 1 ,k, k)

denote the cardinali.ty of the largest family of subsets A i C S

satisfying IAi I = k (respectively 1A í 1 S k) and 1Ai n Ai 1 = kl or
Z

	

2~
912* In this paper we prove

a) m(n,0,k2 ,k)

	

(n), mI(n,0,k 2 ,k) 5 (2) + ntl ; equality, iff k = 2 ;

b) m(n,0,k2' k) s n, if k 2 X k, with equality for an infinity of n .

For n a no (k) we show that :

n-k

	

n-k
a) m(nl ,kV R 2' k)

	

1 , m' (n,kl ,k 2 ,k) s

	

1 + (n-2 1 ) i- 1 ;
2

	

2

b) more exactly, m(n,k,,R,2,k) sl

infinity of n .

n-k l

	

ti-k2

k-k l

	

k-k2 with equality for an



1 u

	

A,1 1

	

n,

	

IAi 1 = k( Ai ea), IA. n Aj 1 = £1 ,k2 ( Ai ,Aj E a, i # j),
AA c.a

by n'(n,£,,k2,k) = IM(n,k1 ,2 2 , k) 1

_4_

Trot integers 0 s
Q1

s 2 2 < k < n be given . Denote by

M(11,Q. l , k2' k) any maximal system a ={A i } of different sets such that

,

by

	

2'
k) any maximal system a = {Ai ) such that

I u A i

	

n,

	

IA} I s k( A i£a), JÁi n Aj !

	

R1 ,p, 2 ( A,,Ai E a l i

i

and by

	

2' k) - IM(n, .Z 1 ,Z2'k)1 •

Lot k > 0 be a given integer . The kernaZ of the system

u = (A i } :i .s tile intersection K(a) =

	

n Ai

A . cot
z

System a is ari R.-Star, if

I K(a) I e 2

System a is a A-aystem, if

all sets A i \K(a) are disjoint .

(1)

(2)

(2')

(3)

(4)

(5)



(iii other terms) Theorem 1 (E8 J)

m (n, R, R, k) s n ,

	

(6)

ni'

	

k) s n + 1 ,

	

(6' }

-S-

Asswire first k, = k2 = k . Then Ryser proved the following

equality holds, if there exist an (n,k,R)-design .

In fact, it was also shown in Theorem 1 of [83,, that if

(4

	

f11 1 ,A2' . . .,A rr ) satisfies

	

I U A,I = n, IAi n Aj I = R(dl s i < j s n)
i,= ;1

Lhon it is either (n,k,R)-design or a X-design, a = R . Theorem 1 is a
a

gonural .zation of the Bruijn-Erdos's Theorem (case k = 1), which in turn

is a generalization of Fisher's inequality for (b,v,r,k,A)-design . Deza

prcrved (i.n othor terms)

" b(--or •cm 2(%21)

There is an r(k,R) such that

r(k,R) ., k 2 -k+1 ,

n > V -ir(k,lt) (k-R) _> rn(n,Q,P,,k) > r(k,k) _>

n

	

Zir(k,k) •- 1 => m'(n,R,R,k) > r(k,R) _>

(7)

_> any M (n,R,R k) is a A-system => m (n R R k) = [n-R

	

'j

	

(8)

=> any M' (n,R,R,k) is a h-system => m' (n,R,R,,k) = n-R+1

	

. (8')



-

6-'or k = 1 and infinitely many + (7) is best possible . We

obtain from [1J, L21 and [71 that

k2 -k+l

	

max(k+2,(k-k) 2 + k-k+l) Z r(k,k) Z max (k+2, q2 +q+1),

	

(9)

Micro q _ max q*, such that q* s k-k and PG(2,q*) exists . The function

r(k,k) and several generalizations of it were considered in detail in [3] .

In this paper we consider the case k l < k2 . From now on we

a.SSUDIe k l < k2 . It is evident that

m(n,k l ,k2 , k)

	

m(n-ill 0, k2 -1t1 , k-k l ),

	

(10)

M , (n l k1' k2' k)

	

m(n-kl , 0, k 2 -kl , k- k 1 ) .

	

(10')

since for example if a = {A í.t _ M(n-kI , 0, k 2 -k l , k-k1 }

und I A j = kl , A n (uA i ) = 0 then

A .ea
i

{Ai
u A) 1

	

m(n, k l , k2 , k) ,

Deza and Isrdos proved the tol lewin (this is inversion of (10), (10') and

};urleral i zat ion of Theorem 2) .

Ilicorem 3 (1.4 J )

Let 0 < k l < k2 < k < n . Theré are s(k) and sI(k), such that



Q,2-A,,~41
íu (11, u. ] , ul ,]()

	

---

	

-----
k

(v, k, k)-design .

k2-Q2 +1
-> nL(n,k1 ,k2 ,k = max (-

m' (n,k1 ,k4 ,k) > (O -k2 1 1) n -r s' (k) _> any M' (n,k 1 ,k2 ,k) is an k-star =>

_> III , (rl,kl ,k 2 ,k) = max ((Q.2-Q.2i-1)n + s' (k), m' (n-k1 ,0,k 2 -k l , k-k l )) .

Assume now R., = 0, k 2 _ u > 0 .

Theorem 4 . Let 0 < k < k < n . Then

m(n,0,k,k) _

m(n,0,k,k) s

(n )
2

[
n2
k

n + -(k) _> any M (n, Q, .. £2' k) is an k? si'ar =>

~ n Lk-k ~k

-7 -

for k = 2,

	

(12)

for k > 2,

n (n-2.)

	

for the case k k andk(k-k)

n > fo (k,k),

m(n,0,k,k) s n

	

if k X k,

	

(14)

n + s(k), r11(n-k 1 ,0,k 2 -£1 ,k-k1 )),

for n > k + x(It,~) (k-~),

	

(13)

k{R

ui(n,O,Y,k)

	

n

	

r (v

	

n' ,here v is an integer, such tha

( .11')



that a lIBI) Lk;n*I

m(n*, 0, 1, k*) = n*fin* -

	

Now we take a

k-multiple of P13D L.k*,

	

and put n = kn*, k = kk* . Ile obtain

Jn this case, we have

1,or

	

li*

exists if n* > f0 (k*), k*In *, k*(k* -1) I n*(n * -1) .

- 8 -

1n fact, equality (12) is trivial, because m(n,O,Z, 2) _

m(n,0,1,2)

	

I{A i :IA.! = 2}1 = (2)'

	

it is easy to see that M(n,O,l,k*)

i5 a pa-im)it;e balanced design PBDLk*, n *J . R .M . Wilson proved in 1.9 .1

i-ii (n,0, Z, k) z in (n*,0,1,k*) _

(13) follows from (15) and (8) of Theorem 2 .

'1 'o prove (14), assume that there exists
b

b > n .

	

Let

	

U Ai

	

= {xl,x2, . . .,xn} .
i.=1

z t	1)

	

n(rr-k

Q( - 1)

	

k(k-k)

n- > f0 (k *), i .e . n > k f0 (k/k) . If also n > k -F r(k,k)(k-2. )

	

iA

i:lien we have equality in (13) . We obtain second inequa~ity (14) by taking

n/v

	

(v,k,k)-designs

	

aj = {Aid }, 1 á j s n/v, such that

(1)
A1j,

) n (U A i . )=0 for 1 2
s 3 1 <' 3 2 s n/v) ;

~2
A .

	

Ea .

	

A .

	

ea
r jl

	

J1

	

'L32

	

j 2

	

t<e

it is evident that m(n,0,k,k) ? la,I n/v = n . Now we will prove upper

bounds ( .12), (13), (14) . Let any M(n,O,k,k) = a = {A i } be given . We have

jalk

	

n m(n,k,k,k) and so

	

l a l < (m(n,k,k,k~n
t

	

k

No%v inequality (12) follows from (15) and (6) of Theorem 1 ; inequality

( .15)

M(n,0,k,k) _ {A1 A2 , . . . I A 1i },



- 9 -

Liu í' i nr n x b incidence matrix N as follows

N =

	

(r) . . ) where b . .a . ~

	

1 ~

Clearly, N I N = (b .), where
r. j

Since N is n x b matrix and b>

exists a rational vector

th(-rr

g-c-d . (Y .i o Yi

	

. . .,yi ) = 1 .
1

	

2 '

	

r

k

	

if i = j
b .

	

-

	

0

	

if IA . nA . 1 = 0
Ij

	

a
R

	

if IA i nA31 =

if x . c A .

if X .

	

A
1

	

j

N J N is singular . Hence there

T(Y1' Y7"* "yb)
such that

NT N(Y1$ Y2? . . .,Yb)T = 0 .

	

(16)

Now 'by C1100!; -'119
(Y1,Y2, . . .,Yb) suitably we can assume that Y l ,Y2 '*'"Yb

are integers and if y . . , y, , . . .,y . are the nonzero integers among these,
i 1

	

.t2

	

1 2

Now from (1G) we have kyi 1 Q(Eyj ) = 0,

	

= 1,2, . . .,b

	

(1.7)

wüc r•o terms in the sum Eyj are those for which b .ij = k .

Hence from (17),

	

k1ky j for each i, -.ill particular,

D I k y ,i , ;i = 1,2, . . .,r .

	

Since ¢-C .d . (y i ,

	

, . . .,Yi ) = 1

	

we have
j

	

1
a cuntradicti.on and so 9 1 k .



- 1 0-

Let 0 < Z < k < n . 1,11e11

m' (ii ,0,Q,k) _ (2) + n + 1

	

for t = 1 ,

	

(18. )

m' (n, 0, R, k) = 9< (n) +n-l- 1 for n --4,k=3, £= 2,

T
1
~
FL

J
+ n+ 1

	

(2) + n +- 1 otherwise ;

n (n- ~,~rl~'
Q . .F 1 -i- n + 1

	

for n > R, + r(k,Q) - 1 . (19)

In :fast, the proof is analogous to the proof of Theorem 4 . But

	 ~

	

ri nstcr{.d o£ (15) we have

	

~ a ~

	

mi l (n~,~_lk, R,, k)

	

+ n + 1 for.

	

( :i5 )

M'(n,U,X,k) _ a = {A .}

	

because denoting a* _ (A . s a :JA .j Z R + 1}, we

obtain

la*I (~.-+1) s tun' (n,~;,1t,k) ,

1(1*1 2

	

1a1 -- m' (n,0,0,t)

Now we return to the general case .



tn(n,k19£2'k) <

nr' (ii,A I , e 2 ,k)

I

(Il-2, 1 )

	

[01-2 2 )
f

~

1

	

1- (k-Q )

	

(k-~., )

- (x -~-Q. 1 } (7~-~,~ 1)1
-R2 _Qii-1 M1

conuuunicatcc3 to P .Erdos by A .Stone :

Iat iuuttc f(in,Y,, k) = min ~ U Ai ~ if there exists ~i . family A1,AZ, . . . ,nmi .=J .

;url~ 'Chat

	

~A . ~ = k(1 s i . ~ m),

	

~A, n A~~ = O,k (1 ~ i < j 5 m} . A .Stone

~u~cl I( . Lenunor~ cons :idered f (m,lC,k) £or small n

	

it i.s easy to show that

~~(~i~,k,k) ~ mk - u('Z) witY~ equality £or m -- k/R + 1, if. JC ~ k) .

'1'lic :oi- c:m ~ .

	

Let

	

0 =~ ~•1
< u,2 < k ~ n .

	

'I'hen

i~ _~ ~ 1

	

2
u~ti1,>z. ,uz , k) ~ t z ) £or n ~ k i- dk + as(k,~,)

	

fz~)

i„'(ii,1t,I,~,Z,k

	

~ 1 ) + (n-1t1 } •~ 1

	

for n <_ (!tz-k 2 +1) + >/{R2-2~+1}2 2s'(k,~.)

(2O' )

£or. n z n0 (k,Q)

	

(21}

~ {ii-Q 1 } •+- 1

	

for.

	

n ~• n0 (k, ~,)

	

(21 ' )

m(~x,IZ 1 ,Q2 ,k) <_ n

	

fo~r 2 z -k1 ~ k-~. 1 ,

	

n ~ n 0 {k,Q)

	

(22)

Tn fact, (2U}, (ll), (Z2) follow from Theorem 3 aná Theoreiu 4,

;~1>1~1 icd r.o the case m(n-R.1' ~1 -Q 1'

	

-~1' k-k 1 ) . Similarly, we obtain

(2U' ) , {21' ) .

"1'lii s pahcr was initiated by the following problem of 12 . Lermnon



1) Does m (n, A. 1 , Q 2 ,k)

	

(2) hold for

C.IIe Casa 11 7 n p (k) as in Theorem b) `7

	

This is a conjecture of Erdos

2) Does a maximal system a = (Ai} of subsets of an n-set such that

k (V A i c a),

Contain it most ( ,5) sets? Also, it would be interesting to find analog

of equality (1 :S) for this case .

3) Find an analog of (14) for m'(n, 4, Z, k) ; we proved only

-12-

The Following problems are still open :

k1 > 0 and all n (not only for

A i n Aj ) = o, k2 , R, 3 (y Ai , Aj E- a, i o j)

m' (11, o, t, k) 5 n for R > k/2
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