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ABSTRACT 

Let X be a finite set of cardinality n. If L = {I, , . . . , I,} is a set 
of non-negative integers I, < I, < . . . < I,, and k is a natural number 
then by an (n, L, k)-system we mean a collection of k-element subsets of 
X such that the intersedion of any two different sets has cardinality be- 
longing to L. We prove that if d is an (n, L, k)-system, I d I > cn’- ’ 
(c = c(k) is a constant depending on k) then 

(i) there exists an I, -element subset D of X such that D is 
contained in every member of d, 

(iii) g n - li 
i= 1 k 2 I d I (for n 2 no(k)). 

1 

Parts of the results are generalized for the following cases: 

(a) we consider t-wise intersections, t > 2, 
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(b) the condition I A 1 = k is replaced by 1 A 1 E K where K is a 
set of integers, 

(c) the intersection condition is replaced by the following: among 
4 + 1 different members A,, . . . , All + r there are always two subsets 
Ai, Aj such that 1 Ai n Aj 1 E L. 

We consider some related problems. An open question: 

Let L’ C L. Does there exist an (FZ, L, k)-system of maximal cardi- 
nality (&) and an (n, L’, k)-system of maximal cardinality (d’) such 
that d 3 d’? 

RESULTS 

Throughout, lower case latin letters denote integers, capital letters 
stand for sets and capital script letters for families of sets. 

Let L = (II,. . . , l,}, I, < I, < . . . < I* and K be sets of inte- 
gers. By an (n, L, k)-system we mean a family J;$ of subsets of a set 
X, IXl=n such that for A,,A,E& we have IA,I,IAZIEK, 
IA, n A, 1 E L. If K = {k) then the notation (n, L, k)-system is ap 
plied, too. 

Afamily B={B,,B,,..., Bc} of sets is called a A-system of car- 
dinality c if there exists a set D $. Bj i = 1, . . . , c such that the sets 
B, -D,..., BC - D are pairwise disjoint. D is called the kernel of the 
A-system. 

Theorem 1 (E r d8 s - Ra d o [7]). There exists a function cpC(k) 
such that any family of PC(k) distinct k-element sets contains a A-sys- 
tern of cardinality c. 

An old conjecture of Rado and the second author is that there exists 
an absolute constant c’ such that cpC(k) < (c l c’)~. The best existing 
upper bound - of order about c k. k! - is due to Spencer [15]. 

Theorem 2 (ErdQs - Ko - Rado [8]). If d is an 

(P, I&l + 1, * * . , k - 1 }, k)-system of maximal cardinality then for n 2 

> n,,(k, l) there exists a set D of cardinality 1 such that for every 
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A E JZ!, D 5 A holds. In particular for 1= 1 nO(k, l) = 2k + 1 is the 

best possible value for nO(k, I). 

(For I> 2 the best existing upper bound on n,(k, I) is due to F rank 1 

[101). 

Theorem 3 ( De z a [ 11). An (n, (11, kksystem of cardinality more 
than k2 - k + 1 is a A-system. 

The object of this paper is to generalize Theorems 2 and 3 for 
(n, L, IQ-systems. In the proofs heavy use is made of Theorem 1. 

The next four theorems express properties of (n, L, k)-systems. 

Troughout we assume n > nO(k, E) E > 0. 

Let us set c(k, L) = max (k - 1, + 1,122 - 1, + 1) + E. d is an 
(n, L, k)-system. 

Theorem 4. Jf I d I > c(k, L) ,& 2 then there exists a set D 

of cardinality I, such that D C_ A for eve; A E d. 

Theorem 5. If I &I> k22r-1nr-1 then (12 -El)l(l, -$)I.. . 
. . . I (1, - lr- 1 )I (k - 1,). 

r n-li 
Theorem 6. Id I < n - i=l k- li’ 

The following result is a generalization of Theorems 4, 5, 6 for 
(n, L, IQ-systems. 

Let K= {k,, . . . ,k;) k, <. . .< kS. 

Let us define K, =Kn{O ,..., I,}, Ki={li+ l,..., $+,}nK 
for i= l,...,r- 1 and I$=Kn{Z,+ l,...,k,). 

Let us set kz? = min{kl kE I$.} for i= 0,. . , ,r. 

Theorem 7. Let & be an (n, L, K)-system. 
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(i) 
r n-Ii 

If 1 d I 3 k,c(k$, L) i. n then there exists a set D of 
i 

cardinality I, such that D E A for every A E &. 

(ii) If I d I > k32r-1nr-1 then there exists a k E K, such that 

(12 - 1, )I 03 - I,>1 * . .71r - I,- 111 Ck - 1,). 

(iii) I d I G i$ Ei ,g 2 w h ere 
I- i j 

ei = 0 if Ki = #, ei = 1 oth- 

erwise. 

The next theorem is a common generalization of Theorems 4, 6 and 
a theorem of Hajnal, Rothschild [II]. 

Theorem 8. Let & be a family of k-element subsets of the n-ele- 
ment set X such that whenever A,, . . . , Aq+ 1 are q + 1 different sets 
belonging to d we can find two of them Ai, Ai such that 1 Ai n Ai I E L 
(q > 1 is fixed). Then 

(i) there exists a constant c = c(k, q) such that 

imp&s the existence of sets D,, D,, . . . , Ds such that for every A E & 

thereexistsan i IGiGs satisfying DiCA, ID,I=...=ID,I=l,. 

Further if qi denotes the maximum number of sets A,, . . . , A,. such 

thatfor l<j<qi DiCAj butfor i’fi Di@Ai and lAjl nAJ:zJgL 

for 1 Gil < j2 Q qi, then i$ qi = q, 

+ O(n’-l 1 (n > n&, 0. 

In the next theorem we generalize Theorems 4, 5, 6 for the case of 
t-wise intersections. 

Theorem 9. Let d be a family of k-subsets of X. Suppose that 
for any t different members A,,. . . ,A, of d IA, n.. .nA,l EL. 

Then 
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(i) there exists a constant c = c(k, f) such that I d I > cn“- ’ im- 
pZies the existence of an II-element set D such that D C A for every 
AE d, 

(ii) I L917 I > cnr- ’ implies (Z2 - Z1) I . . . I (I, - Z,- 1) I (k - Z,), 

(n > no% 0). 

First versions of Theorems 4, 5, 6, 7 was announced in [2], the case 
1 L I = 2 was considered in [4]. 

The proofs of the theorems will appear in the Proceedings of the 
London Math. Sot. 
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