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It is shown that odd integers k such that k£ - 27 4 1 is prime for some positive
integer n have a positive lower density. More generally, for any primes p, ,..., Py,
the integers & such that k is relatively prime to each of p,,...,p;, and such
that & - pfapj -+ pjr + 1 is prime for some n, ,..., ,, also have a positive lower
density.

1. INTRODUCTION

The purpose of this note is to prove the following result, which answers
a question raised by P. T. Bateman.

THEOREM 1. There exists a positive, effectively computable constant ¢,
such that if N(x) is the number of odd positive integers k << x such that
k - 2* + 1 is prime for some positive integer n, then

Nx)=ex  for x = 1.

On the other hand, Sierpiniski [9] (see also [10, p. 414; 11, pp. 10, 64])
has shown that there exist infinitely many odd k such that k - 2 + 1 is not
prime for any n. His proof used covering congruences [3]; that is, he showed
that there is a finite set of primes g, ,..., g, such that if k£ belongs to a particular
arithmetic progression modulo 2¢, - ¢,, then for every n, k2% 4+ 1 is
divisible by at least one of ¢, ,..., ¢, . In particular, this also shows that fora
positive constant ¢, ,

Nix) < (3 —c)x
1 Dedicated to the Memory of Paul Turan.
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if x is large enough. It seems natural to conjecture that
N(x) ~cgx as x— oo, (D

but we cannot prove this. We also do not see any way to ascertain whether
all those odd & which are not representable as (p — 1) - 2-* actually fail to be
of this form because of a covering congruence.

The smallest odd & such that k - 2* + 1 is composite for all # is not known
at present. However, it is known [6, 7, 8], that for all odd k& < 381, there is
an n such that k - 2" + 1 is prime, while 383 - 2» 4~ 1 is composite for all
n << 2313. The smallest k for which & - 2* + 1 is known to be composite for
all n seems to be k = 78557 [8]; here k - 2 + 1 is always divisible by 3, 5,
7,13, 19, 37 or 73.

In some cases the smallest n for which &k - 27 + 1 is prime is quite large.
For example, 47 - 2" + 1 is prime for n = 583 but composite for all n < 582
[7]. The proof of our result shows that odd integers & < x for which some
k -27 4+ 1 < x!t¢ is prime are a positive proportion (depending on €) of
all £ < x, no matter how small an € > 0 we take.

Theorem 1 is a special case of the following more general result.

THEOREM 2. Let p,,..,p, be any primes. Then there exist positive,
effectively computable constants cy = cy(py ... pr) and cz = c(py ses Pr)
such that if N(py,..., Pr; X) is the number of positive integers k <. x such that
(k, p1psp -~ p,) = l and k - [ pl + 1 is prime for some ny ,..., n, , then

N(pyseosDr 3 X) Z Cx for x =cs.

Just as was the case with Theorem 1, we conjecture that N(p, ,..., p, ; X)
is asymptotic to a constant times x. If r = 2, however, the situation could
conceivably be quite different from that of Theorem 1 in that all integers &
which are relatively prime to p, - p, with p; = 2 could conceivably be
representable as k = (p — 1) p;™ +++ p;". The simplest case of this question
is r =2, p, =2, p, = 3. In this case all integers k << 50,000 for which
(k, 6) = 1 have the property that & - 2% - 3 4 1 is prime for some nonnegative
integers g, b witha + b < 9.

Before embarking on the proof of Theorem 2, let us note that the same
method can be used for investigating k such that k-] pj¢ — 1 is prime, as
well as many similar sequences.

2. PrROOF OF THEOREM 2

The proof of our main result relies on the modern zero-density theorem
used in proving Linnik’s estimate for the least prime in an arithmetic progres-




INTEGERS OF THE FORM (p — 1)2-" 259

sion and on the upper bound sieve. First we introduce some notation. The
constants ¢y, Cj,..., as well as those implied by the <€ and O-notation will
denote effectively computable constants which depend only on p,,..., p,.
We will use a = (a, ,..., a,) to denote r-tuples of nonnegative integers, and
we will write

P@) = ] ot~
j=1

We will write 1 = (l,..., 1), so that a + 1 = (g, + 1,..., @, - 1). As usual,
w(x; m, b) denotes the number of primes p < x such that p = b(mod m).

We now state our first auxiliary result, which will be proved in the last
section.

LemMMA 1. There exist positive constants c g and ¢, such that if (b, py *++ p,) =
1, then
CgX

w(x; P(a), b) = W

for x = P(a)”.

We now choose an integer N = N(x) such that
p;\’-(-l < xlf(rc;.), 1 o

We then have N ~ ¢ log x as x — 0. We define
Ax) ={(ay s a): 0 <a; < N, for 1 <j<r)

For (k, p, --- p;) = 1, we let R(k, x) denote the number of primes ¢ such that
g = k - P(a) + 1 for some a e A(x). Note that such a prime ¢ necessarily
satisfies g <{ x't4/e7 | If 3" denotes summation over only those k& for which
(k, py *** p,) = 1, then we obtain

Y Rk,x) = Y a(xP(a), Pa + 1), P(a) + 1).

k<x ac Alzx)
But by Lemma 1 and the choice of N, the right side above is (for x large
enough)

=

Y v > gex(log ¥)L 2)

log x .St

Thus R(k, x) is large on the average. We wish to show that it is non-zero
often.

If M(x)is the number of ¥ <C x such that (&, p, -=- p,) = l,and R(k, x) > 0,
then by the Cauchy-Schwarz inequality

(2 R’ ) <m0 5wk, 0. 3

kgz kg
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We now apply our next auxiliary result, which will also be proved in the
next section.

LemMa 2. There exists a constant ¢y, such that

Z' R?(k, x) = cnx(log x)ﬂr—s_

k<

To conclude the proof of our theorem we now need only combine (2),
(3), and Lemma 2.

3. PrROOFS OF THE AUXILIARY RESULTS

Proof of Lemma 1. This result follows from recent proofs of Linnik’s
theorem about the least prime in an arithmetic progression, such as that in
[1, Section 6]. The main result we need is that the exceptional zero g, of
[1, Section 6] does not occur for any modulus of the form P(a). If the excep-
tional zero B, exists, it comes from a Dirichlet L-function L(s, x) with a real
character x. But the nontrivial zeros of L(s, x) are the same as those of
L(s, x*), where x* is the primitive character that induces y. However, there
are only a finite number of primitive real characters modulo the P(a), since
D1 »-s Py are fixed [2, Section 5). Hence if we take the constant ¢, in [1, p. 39]
to be small enough, the exceptional zero B, , even if it exists, will not come
from any character modulo P(a) for any a, and the proof of our lemma
will follow from the arguments used in [1, Section 6].

Proof of Lemma 2. For k relatively prime to p, --- p,, let

! k - P(a) + 1 = prime,
rk, 8) = {0 otherwise.

Then

Rk, x) = Z r(k, a),

asA(x)
and
Rk, x) < Y r(k,a)+ > r(k, a)rk,b). (4)
acA(z) a,b:ﬁ){x}

Let a, b e A(x), a % b. Then by the upper bound sieve method [4, Theorem
5.7), [5, Theorem 4.2],

Y r(k, a) r(k, b)
kg
< M1 <n < x, P(a)yn + | and P(b) n + 1| both prime}
1

. X
< log? x
%X 4(p)-piv))
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where g is restricted to primes different from p, ,..., p, . Hence

' X 1
r(kaa)r(ksb)<— l+_
é{t a.bgtm) 1082 x abeA(z) g|(Pia)-F(b)) ( q)
a#b a
X « 1
log® x %‘ m a,béﬁx}
a»hb
m|{P{a)—Pib})

where Y * means that we are summing over those s that are relatively prime
to p, - p, and are square-free. We wish to show that

Z*% Y 1<KNw (6)

a,be Alx)
azh
m|(P(a)—P(b))

Certainly if m = 1, the inner sum is < (N + 1)* <€ N?'. Consider m = 2.
Let Q(m) denote the largest prime divisor of m, and let e(Q(m)) denote the
multiplicative order of p, modulo Q(m). If m | (P(a) — P(b)), then certainly
P(a) = P(b) (mod Q(m)). We wish to show that P(a) = P(b) (mod g) does not
occur very often for a prime ¢. Now if a,, 4, ,..., a, and b,, b, ,..., b, are
fixed, then P(a) = P(b) (mod ¢) holds only for one in every e(g) values of a, .
Hence for m > 1,

N+1 | )

P 1 < (VA [P (W +

a,be A(x)
a=h
Fla)=P(b)(modm)

Therefore the quantity on the left side of (5) is
I 1

& Nir L N2 I NEr-1
< + ](Jn;xlf(T ’”e(Q(”])) 1<marties M
< N*r 4 N¥ Z d

1<me<alitn ”TB{Q (ml)) '

We now need to prove that the sum on the right side above is <€l. But

1<m§;,_-'l.fc? m ‘g q{;ﬁw W qlt;[q (1 w -E;_)
log g
<§ qge(q)

Evidently we need to show that e(g) is not small too often. But if e(g,) = +++ =
e(q) = n, then 2t < g, - g, < p,® — 1, and so # < n. Therefore there are
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at most cy,n values of g with e(g) = n. Hence the last sum above is bounded
above by a similar sum in which the first ¢;, primes g have e(g) = 1, the next
2¢,, primes have ¢(g) = 2, and so on. Therefore

log g log“*’ q
L ey <X gE <
which proves (6).

To complete the proof of the lemma it thus remains only to show that the
first sum on the right side of (4) does not contribute much. But by the upper
bound sieve,

Y'Y rk,a)< Y lin < x:n-P(a) + 1 is prime}]

kzx ac A(z) acA(x)
¥ .-
< < N 7
<,E§m log x < log x )
If we now combine (4)—(7), we obtain
X
Rk, x) -+ &
éx < log x log? x
<< x(log x)* 2, Q.E.D.

Remark. The last part of the proof of Lemma 2 can also be handled by
using Romanoff’s result [5] that

where I(m) denotes the multiplicative order of b modulo m, and we sum over
m with (m, b) = 1. Our proof of the lemma yields, in fact, still another proof
of Romanoff’s result.
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