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ON ALMOST DIVISIBILITY PROPERTIES
OF SEQUENCES OF INTEGERS . I
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1. Thr ugh ut this paper we put e 2 iz =e(a) . We write {a}=a-[a] a d ~ a , =
=mi ({a}, I -{a}) (i .e ., 1 a ; de tes the dista ce fr m a t the earest i teger) .
c, c,, c_, . . . de te p sitive abs ute c sta ts .

We may say that the p sitive rea umber b is a m st divisib e by the p sitive

rea umber a if b is "sma ". M re exact y, we may say that if r>-O.
b

<E
11

	

a i
the b is E-divisib e by a a d a is a E-divis r f b, i this case, we write a ,b .

The aim f this series is t study the e-divisibi ity pr perties f seque ces 'i te-
gers . I particu ar, i this paper we study the E-divisibi ity br c secutive i tegers .

2 . I Secti 3, we sh w that if t is t much greater tha , the there exists a
i teger , such that
( 1 )

	

1 == . -

a d ( + ) 1,1 . I fact, The rem 2 i Secti 3 c tai s this asserti i a sharper
f rm, ame y the i terva (1) is rep aced there by a sma er i terva f the f rm
(2)

	

1 =,i - P( , t)
(where P( , t) is much ess tha ) .

The rem 2 wi be derived fr m The rem I be w. this secti is dev ted t the
pr f f The rem 1 .

THEOREM 1 . There exists a p sitive abs ute c sta t
asserti h ds :

Let E>O, a positive integer satisfying n>no (E),

n° --_t<expr (log n)514

`log log n

2 log t

	

3 í f 2 _ log t
C- log 11, --

	

log n
1

	

log t

	

1

	

log t _
log n + 2 1f log n - ci '

j[n' -1/2k +"] f 2 -= lo
tog t

ng
P = r1tti+2)L`nk+5/2,

	

tog t
1

I J

	

f lot; 11

< Cl

< C,

c, such that the folloit , ing

t a rea umber such that
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-/

	

~ .

	

1

	

}2)

	

+2)( te that f r

	

c , i.e ., t-

	

we haze2 111,1(

	

<p_t1 3 /(

	

by (32) a d
g

(33)) a d

(6)

	

N(x,~)=

	

1 (f r 0-7--#-1).
t

x :I1

	

/3{ 1t1í

The we haze
(7)

	

~N(x, /3)-(f3-x)P < aP f r 0 - x < a - .
PROOF Or THEOREM 1 . The pr f wi be based m st y Vi grad v's ideas ;

see [3] a d [4] . We eed three emmas .

LEMMA 1 . Let x, /3, d be rea umbers satisfyi g

(8)

	

0 - d - 1/2, d #-a - 1 -d .

The there exists a peri dic fu cti ~(x), with peri d 1, satisfyi g

'(i) 0(x)=1 i the i terva a+
12 d=x-f -

1
2 d,

(ü) O(x)=0 i the i terva +
2

d -x-1 +a-
2

d,

0-0(x)-1 i the remai der f the i terva a-
1
2 d-x-1+a-

1
2 d,

(iv) O(x) has a expa si i F urier series f the f rm

ip (x) _ (/3-a)+

	

(a,,, c s 27zmx+bm si 27 mix)

where
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M=1

~am~ = m '

am1 -- 2(f -a),

am
C 7L 2m2d '

C 2Ibm
= 7C i '

Ibm -- 2(f -a),

2
Ibm

I
< 7r 2m2d

This emma is ide tica with the specia case r=1 f Lemma 12 i [41, p . 32 .

LEMMA 2. Let r, M, M' be p sitive i tegers, it, w rea umbers such that

(9)

	

u = 2r+3

(10)

	

0-w-1,

r}3

,1,1 2

	

Mr +2

í - A ' = 2M.



The x ,e have
!srI

	

Zr
(13)

	

e	
) < c2M1-1/z-- -1I2• - '(r+1) u 112 -1tr+111 g u

~~~= r m+w

Irhere c 2 is a abs ute c sta t (i depe de t f r, M, M', u, w) .

This emma ca be pr ved by usi g Wey 's meth d a d it is ide tica with The -
rem 1 i [5], p. 22 .

LEMMA 3. There exists a abs ute c sta t c 3 such that if , P are p sitive i te-
gers, Q is a i teger, a, a , . . ., a„ are rea umbers,
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(17)

The writi g

Q+P
e(f ( »

=Q+1

This emma ca be derived fr m a estimate f Hua (see [1]), a d it is ide tica
with "The rem 4.2 i [2], p . 286 .

N w we are g i g t sh w that the asserti f The rem 1 h ds with

c = max C3+ 1 , , 20)

(where c3 is defi ed i Lemma 3) .
I rder t pr ve (7), we may assume that s < 1 a d et q, Q be arbitrary rea

umbers satisfyi g Orq<P 1 a d

we have 0<d=8<2 a d

2e15 1 g2 P1-1/6 2 1 g g P+ 21a -1 /

E

	

E
4

	

4.

a=q-

	

/3=Q+
16L' d= 8 ,16

	

8

E
A
<

E
4 -

	

E
2+ 16) q E16) _ (

-q)+
8

_(1-4)+g =1- =1-d,

311

(14)

	

c3
a d
(15) 0 < 2( +1)P a -- 1,
the Icriti g

we have
f(x) = ax' +1+a x + . . . +a x +%,
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s that (8) h ds a d thus Lemma 1 ca be app ied with the umbers a, /3, d defi ed
by ( 8) . We btai that there exists a peri dic fu cti F(x) with peri d 1, satisfyi g

(20)

(21)

a d such that

(22)

where

(23)

(26)
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F(x)= 1 f r =x =
£

	

EF(x)=0 f r tr+ ~- --x- 1+11- 8 ,

0

	

F(x)

	

1 f r a x,

it has a expa si i F urier series f the f rm

F.
F(x) _ - ~- +

	

(am c s 2zmx+ b,,, si 2rr x) _8

	

r --t
_ Q -11+- + z Re (a,,,-ibm)e(mx) =

~-
F)+

	

Red, e(mx)
m=1

	

8

	

m=1

d

	

21/-2
_

1
2+

~
b t

12)1/2.

	

_,,, - a, -fbm~
_
- (~am

	

- 7r111

	

111

(24)

	

dm = 'a,,-ib,,, = (Tam i + bm 2)112
a d

(2 ~)

	

Id. = am- bm = (Ia,,12+ bm 2)1i2 <2y2

	

16 2

	

1
z 2 ?, 2A

	

7r2

	

81, 1 '
Let

111 0
= 481 +I

	

1 .
r ,

T ie by ( 9), (21), (22), (23) a d (25), we have

N(~), ) =

	

S

	

1

	

Z F(1 t

1_S --P

	

1`-_ _P

	

,%

AJ +
tp

F(
t

)
_

	

(e-
i4-

e
+

	

Re dme(mt)) _
=1

	

+

	

=1

	

8 m=1

	

i +.

0

	

(m

	

P

	

P
(q- +E)P+ Re dm

	

Re d ,e(m t )~
8

	

m=1

	

=1

	

11+J

	

=1 m=mp+1

	

+~

( - +8)P+ m21 dm

~`~
- +

8 )P+ m~1 1

m 1
< Q- +8) P+ 21 m

P e 1 t )
+J

P e

	

i t )

	

+

P +m

+Z Z dm
=1 m=m'-r1

~e(
mt

+P ~
3

_

		

_ 1 Em1

	

+ )i

	

m m + 2 <

3

	

+°°

	

1
+ E P m ~+1(m-1)m



(27)

m 1
P+

m

N w we are g i g t sh w that

We have t disti guish tw cases .

Case 1 . Assume first that g e < c, (i .e ., t< c1) . I this case, we are g i g t
g

app y Lemma 2 with , , +P-1, t a d 1 i p ace f r, M M', u a d w respecti-
ve y . I fact, f r arge , (9), (10) a d (12) h d trivia y. (N te that > O f ws
fr m (3) .) Furtherm re, we have

	

gt
g"

	

2 (( 2 I g
-3'+3) - 2 ( +3)

u=mt-t=

	

=

	

_
a d f r arge ,

49

	

49 g`

	

49 1 2gs -3 + 3 49 +3
U = 7t = M t <

	

t = - I g = - 2 ( g"

	

2 .~ - 2 < +2
E2

	

E 2

	

E 2

	

E2
s that a s (11) h ds. Thus we may app y Lemma 2. We btai f r age that

m 1
M
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E1PI2
mp 1 P

	

i t

	

3 P 1-
(
-~+

	

e	 +

	

<
8

	

,=1 m ;= 1

	

+

	

E

	

i

<~

		

E

	

i Z	 i
t)

3

	

1p
0-11+ 8 + m ;=1 e + + E P 48/E2

1

(mt)

+

3E

	

m 1-
~16

P+
=,m

1

	

1/2

	

( + )

	

1/2

	

( + )- c2 7-1/21_1_ -1

	

(mt) _1

	

g i t <
,=1 1

M,

	

1/2 - 1( +1)

C2
1 1- 1/2 -' t

	

m g mt <
M=1

	

m 1
1m

P e

	

tY t )

i

	

+J

P e ( , i t

,=

( , i t

3

	

1

	

1
1
1

+ e PE m=mp+1 - 1

P

e

	

i t ,)
+

16P.

gy 1 /2 - 1( +1)
< c2m -1/2 -1 ( Ig-

	

g m t <

C 1-1/2 - 1 +( 1 (2g-3)+1)/2 -1( + )

	

49C 4

	

2 I g

	

2

	

g

	

`, <
E 2

	

E2
C5 1-1/2 -1+(s ( + )+ )/2 -1( +1)

<-

	

g =
E2

t e2 1-1/2 -1+1/2 +1/2 ( + ) g I, -
CS 1-1/2 -1+1/2 +1/2 } g =E

	

E2

C5 1-1/21-11

	

C5 1-1/2 +2 -1/2 +2

	

E

	

1-1/2 +2 _ E= a2

	

g = e2

		

g <
16 [

	

16 P
which c mp etes the pr f f (27) i this case .
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(28)

Let us write

The by the we - w i equa ity

we have

(29)

Case 2 . Assume that

m 1
C

m=1 m

m

m=1

P
e m

t
,
=1

	

+

m 1
,=1 m

i~ e(f ( »

m 1C
m _1 m

P

P

iZ e(fm(i»

m

1 1M=1 m

,2; e(fm(i»
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g
	 = c = max I c,+!-, 20

		

).
`g

+i

	

mt
fm (x) =

~
(- 1)' + X' .

P

P

	

+_
~Ze(fm(i)+1-z2(-1)'	ím+t JI)

P
+ ~

P

,Z e(fm(i»

~1-e(x) : 2rr~x ,

P +3
+2 t +3

1

	

mt 1Z Z e -
m=1 m =1

	

P

	

mt
)

=1 i=

	

e fm( )+
1
- 2 (- 1) , m1 ' - e(fm( »

P

	

}2
+ ~, 27i

mt
-

=1

	

m

mt

49 P +3

	

m

+ 21r 2 t }3 <E

		

m=1

P

~ e(1m( ))
=1

11 _11z ~ t < +11z

1 = +2 ) )

P }3
+2 m t +3 ~

G e(fm( . ))I + 400 t +3 .

N w we are g i g t estimate the parameters , P . Firs we te that i this case,
(4) ca be rewritte i the f rm

	 g t(30)

	

~
g

	 + 2 < +1,

i.e .,

(31)
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Furtherm re, with respect t (31) we have

(32)

	

P _-
(

+5/21/( +2) -

(

+5/2)1/( +2) - /11 +5/2)1/( +2) -

	

i(/?,1/

	

+2)
t

	

t

	

-1/2

a d

(33)

( te that 2/( +2) _, + _ f ws easi y fr m (3) a d (30)) .
F r arge , the ast term i (29) ca be estimated i the f wi g way :

(34)

P
Fi a y, we estimate the sum Z e(f,,, ( )) by usi g Lemma 3 with 0 a d

i=1
fm(x) i p ace f Q a d f(x), respective y. I fact, by (28) a d (30) we have

s that (14) h ds. Furtherm re, with respect t (30) we have

(35)

} 5/2 1/( +2)

	

11
+5/2 1/( +2)

P [~ t

	

, >~ t )

	

1=

+5/z

)1/(

+2)

	

1
+1/2

	

-1 = 2/( +2)_ 1

	

2 2/( +2)

400 P +3

	

400

	

+5/2 1/( +2)7/ +2 P
E 2 t I +3

	

E2
t
[~

	

t

	

J

	

. +3

_ 400 +5/2 p

	

400 1

	

E

E2 t

	

t

	

+3

	

E2 1/2
P <

32 P.

g
g

2- C1 2 y (C3 +2)- 2= C3
g

(_ 1) +1
mt
+2 = m +2

(3), (30), (32) a d (35) yie d f r arge that

0 < 2( +1)P~a~ < 2
( ge + 2)

3/( +2)£9 -3/2

g

< 2	1

	

( g )5/4
	 + 3 ) 4 r~ _3/z < ( g )1/4 -1/2 < 1

g g g g 2

	

E 2

t

	

IOgt - -2= m Ióg

( '"t+2)-( +1)-2 49gm

		

<
E
2 -3/2.
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s that a s (15) h ds. Thus Lemma 2 ca be app ied, a d we btai that

(36)
P

P. ERDŐS a d A. SÁRKÖZY

2e15 g" P -1/6 2 ] g g P+2 ICC I -1 / .

First we estimate the first term the right ha d side. By (3), (30), (32) a d (33),
f r arge we have

(37) 2e15 g2 p _ 1 6 2 g IOg P -

= 2P exp (15 g'` - g P + g g P
6 2 g

) <

g 1 2/( +2)
2

'i/( +2)+ g g

	

< 2Pexp 15 ( g + 2) g2 ( gg

	

g 6 2 g

2P exp (30 g t ge ( g t _

	

g 	+ g g ! <
g

	

g

	

6 2 ( +2) g

	

i

< 2P exp 130
1 ( g )'/' g' ( g

( g f') - g ± g g

	

g g g

	

g g g

	

8 • g

( g )'/'

	

J e,
< 2P exp 30	( g g )2 -	s

	

+ g g
g g

	

g t

	

1

	

g i

	

1
18(

ge + 2) a( g

	

2)

g
< 2P exp ~ .31 ( g )1/'g g -

< 2P exp 31 ( g )1 /' g g -

( gt ), g(
gt )

10- 17

	

g

< 2P exp 31 ( g ) 1 /' g g -

	

g3

100 (( g
)1/4)

g
( g ) 1/'

g g

	

g g gI--

g

100(g3 g g
17)

= 2P exp (31 ( g ) 1 /' g g -
100 ( g ) 111 ( g g ) 2) <

2P exp ( - 101 ( g )1/' (10,, g ) 2) -- P exp (-( g )1 /')
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With respect t -c -20, (3), (28), (30), (31), (33) a d (35), f r arge the
sec d term the right ha d side f (36) ca be estimated i the f wi g way :

(38)

	

2
x

	

= 2
i i )-1/

	

i t2)1/
-

2 (
11 +2) 1 /

i-1/

	

= 2	

I +5/2 1,'

	

11 +5/2 1í( +2) '+5,12

	

-I/( +2)

= 2 ~	
i

	 ~

	

11-1/2 - 2
(

	 	~

	

~	

	

)','

	

-1~_

,/ +5/2 2/ ( +21

	

+5/ 2/ ( +2)

4P
11 i

	

)

	

-I/2 -_= 4P ( 11 -1 / 2 )

	

II 1 „ __

= 4P116/ ( +2)-1/2 = 4PI ( - )/ 2 ( + 2)

4P ( /2- )/2 ( +2) = 4Pit -1 / 4( + 2)

	

4P17-1/12 =

= 4P exp - gg 11
= 4P exp --

	

g	 - <
( g t

	

12)
12

g +

g< 4P exp - L (t g 17)1/4 f

	

< Pexp - (I
g 12

g 17) 1/ 4 ) =
P exp (-( g 17)3 / 4 )

~( g g + 2)

S -

(29), (34), (36), (37) a d (38) yie d f r arge it that

p

	

e (ti	
=1

	

11+J

r ~

i = 1

P

	

400 P + 3
-

E2 /

	

<
11 +3e (.Í,,, (i))

=1

",O<

(P exp (-( g 17) 1 / 5)+ P exp (-(I g r )3/4»+
32
P,

< 2111„ P exp (-( g ) 115)+32 P =

- 2
4b

+ P ex p (- (1 g )' S)+
F P<

a P+£P=E Pa-

	

32

	

32

	

32

	

16

which pr ves that (27) h ds a s i Case 2 .
(N te that i e Case 1, a s Case 2 c u d be treated i a simp erway by rep aci g

Lemma 3 by The rem 1 i (51, p . 47 ; i fact i this way we ca sh w that the exp e t
5/4 i the upper b u d i (3) ca be rep aced by the greater 3/2, but, the ther
ha d, this meth ds yie ds the much w rse estimate P- `(I gti 09") - 2 r ~

f r P; this is why we have preferred the m re c mp icated way based Lemma 3 .)
We btai fr m (26) a d (27) that

N(I1,
L»
< (p- 11+ -16-)P+ 6 P (Q h+ 4) P
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pr vided that (17) h ds :

(39)

	

N(it, ) < ( -1)+ 4) P f r

	

- -r1 --I- .

Assume w that 0 - -r1<r/4 . The (39) yie ds (with 3i+- i p ace f )

that

(40)

	

N(1t, ) -_ N (11, + ( 4 - ( -' ))) = N
(11' r + 4 ) <

P=

P . ERDŐS a d A. SÁRKÖZY

E

	

E

	

£
(rt+

E
4 )-r +4) P= 2 P_ (~-r1+ 5) P

Fi a y, et I - < -ri=1 . The we have

(41) N(q, )=P =(( I-
)
+ 4

C,

	

q+ 4) P

(39), (40) a d (41) yie d that

(42)

	

N(ry, a) < (~-ri1 2 ) P f r a 0 = -ri = 1 .

O the ther ha d, by usi g (42) repeated y, we btai that

(43)

	

N(a, {3) = N(0, 1)-N(0, a)-N(f3, 1) = P- N(0, a)-N(f , 1)

::-P- (a+2) P-(1-#+
2

) P = (#-a-E)P f r a 0 --- a < (3 1 .

(42) a d (43) yie d (7) a d this c mp etes the pr f f The rem 1 .
3. I this secti , we pr ve the f wi g c seque ce f The rem i

THEOREM 2. Let s~A, r1 a p sitiveiteger- satisfyi g it > e), t a rea umber
such that

	

( g 11 )5!4
< t < exp	

g g »

Let us defi e by (4) (where c, de tes the c sta t defi ed i The rem 1), a d write

17 if 11 < t < 11 2

771-1/' +?] If 11 ? - t < c i

R " t5/

)1 ( +

)I if r - t .

f r 0- -ri<a/4 .

f r a
i - < -r1
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The there exists , a p sitive i teger such that

(44) 1 _ =P
a d

(45)

	

( + )I t .

PROOF . We have t disti guish three cases .
Case 1 . Let

(46)

	

< t < e 2 .

If <t<2 +2, the (45) h ds with

(1 f r <t< +1
= [t- ] f r +1-t<2 +I

f r 2 + -t<2zz+2

(f r arge ) . Thus we may assume that 2 +2-t ; he ce

(47)

	

t J

	

2 .

Let us write t i the f rm

(48)

	

t

	

+1
	 ]( +t)+i- where 0 I < +1

a d

(49)

	

t = [-f I
(2 ) + s where 0 - s < 2 ,

respective y . (48) a d (49) yie d that

(50)

	

2([	
+1 J - -

	

~ +1~

By (47), (48) a d (49), we have

(51)

	

[ } 1 I ( -1)-r+s -- 2( -1)-r >- 2( - )-( +I) = -3 0

f r >3. (50) a d (51) yie d (f r >3) that

zz+1 ~ > L2 J'

Thus there exists a i teger such that - - -1 (=P-1) a d

(52)

	

+
>

+ +1 1

We are g i g t sh w that this i teger ratifies a s (45) .
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Let us write q= [ t ] . The by (52), we have

	

t = q -
	

t

+. 1

	

11 +

	

+ +
thus with respect t (46)

(56)
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t

	

t

	

t

	

t

	

t
11 +
	- q G

+ + +1

	

( + ) ( + +1) G a G E

which imp ies (45) a d this c mp etes the pr f f the the rem i this case .
Case 2 . Let

(53)

	

F112 = t G '- .

F r =1, 2, . . ., -1, et
t

	

t

	

t
d t -

12 +i

	

+ +1

	

(ii +i)( + +1)
The bvi us y,
(54)

	

0 Gd,,

	

it,,

	

G . . .Gd 2 Gd, .

By (53), f r sufficie t y arge we have

t

	

t
(55)

	

d,-d„_t„/31

	

( +1)( +2)

	

(2 -[ /3])(2 -[ /3]+1)

t

	

t

	

_ 81 t

	

1

4
2

( 5 )2400 2 ~ 5 ° - 5'
3 12

)

	

3
) 2

Let p de te umber such that

10
E

20
P G - .

E

(It is we - w that f r x=2, there exists a prime umber q such that x-q-2x.)
(56) yie ds that

(57)

(55) a d (57) imp y that there exists a i teger a such that

a

	

a+1
(58)

	

d„-G, 3) G
P
G	

p G
ci •

The either
(59)

	

(a, p) = 1

r (a+1, p)=1 h ds ; we may assume that (59) .
(54) a d (58) imp y that there exists a i teger a such that

2
(60)

	

1= u-- -[ /3]-1 G
3



a d

(61)

he ce

(63)

(67)

(68)
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t „+~ = P < du .

By (53), f r =1, 2, . . ., -2 we have

t

	

t
(62)

	

0 d -d +, _
( + )(11+ +f)-( + +1)(11+.i+2)

2t

	

2t

	

2_	< <
( + ) ( + +1) ( +_/+2)

	

'3

	

11

(61) a d (62) yie d that

0,t1.- - d.-d,,,, <
2

p

	

a

p

Obvi us y, there exists a i teger b such that

(64)
t b

Defi e the i teger 1 by
(65)

	

a - b (m d P)
(such a 1 exists by (59)) a d
(66)

	

1 - 1 - P .

Put y=
b-a

a d =u+1. (56,) (60) a d (66) yie d f r arge that
p

d i
a

P

+u p

2

1
<

p

2

	

211

	

20

	

211

	

11
(1 =_=) =u+ <

3 +P< 3 +-E < 3 + 3

F r i= I , 2, . . ., - I -u, we have

d„ 7 ~ = d„+(du+1-d„)+(t „+~-du+ ~- . . .+(du+

thus by (62) a d (63),

=

	

du+2 - t u+11 + . . . + d„+i - du+i-1.I+ 2

(f r 0 -- i -1 - u) .

(f r = 1, 2, . . ., 11-2) .

2

	

2

	

2(i+L)
11

	

11

	

321



3221

Furtherm re, we have
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t _

	

t

	

_ t

	

( t

	

t

	

(

	

t

	

t

+ +u+

	

+zs -- ( 11+u +u + - ` +u +1rt+u+2

t

	

t

	

_

	

t
+u+1-1 +u+

	

+u

-

	

t - b b- a 1-11

	

a _

	

t

	

b

	

1

	

aL+u P

	

P

	

i=

	

P

	

+u p

	

i=

	

P

thus with respect t (56), (57), (64), (66) a d (68)

t
+

which imp ies

(69)

- q

that

G t

	

b
+zt P

i-1

t=

t
+J

1

	

212

	

1

	

2p2

	

E

	

800

	

E

	

E
c 2p + c 2p + < 20 + £ 2 < 20 + 2 <£

< £ .

1

	

t-1 2(i+ )
< + s	

2P `J=

	

(67) a d (69) sh w that (44) a d (45) h d a s i Case 2 .
Case 3 . Let

( g )Sia
2 -t< exp	

g g

The by usi g The rem I with
2

i p ace f £, we btai f r arge that

1=

	

1-

	

1=N(O,e)=

0
(+)

J
I
, t

	

t
7:-+_111-

	

O--
Lf 1
+

<E
I `

= EP+(N(0, E)-EP) ~-- EP-IN(0, E)-EP - £P-
£
2 P =

E
2 P 1

which sh ws that there exists a i teger satifyi g (44) a d (45), a d this c mp etes
the pr f f The rem 2 .

4. I this secti , we sh w that if t is arge (i terms f it) the it may ccur that
there d es t exist a i teger satisfyi g I -_" - a d ( + ) E t .

THEOREM 3 . Let
4
> E > O, 6 0. The f r 11 >372 (E), there e_Cists a rea umber

t such that

(70)

	

< t < exp ((2+S) )



a d there d es t exist a i teger satisfyi g

	

a d

(71)

	

(rr+ )1 E t .

PROOF . Let t = [1, 2, . . ., 2 ] +
2

(where [1, 2, . . ., 2 ] de tes the east c m-

m mu tip e f the umbers 1, 2, . . ., 2 ) ; the rr<t h ds trivia y. F r p -- 2 ,
defi e the p sitive i teger a P by

p"P - ' 2 < p"P + I .

The by the prime umber the rem, we have

g[], 2, . . ., 2 ] = g fp"P =

	

g p"P -2
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1
4 c

t
1 11+

Thus (71) d es t h d which c mp etes the pr f f The rem 3 .
5. N te that there is a c siderab e gap betwee The rems 2 a d 3. I fact . et

f( , e) de te the i fimum f the rea umbers t such that r <t a d there d es t
exist a i teger such that a d ( + )! E 1 . The f r r > (E , The rem 2
sh ws that

C
(( g )5}(72)

	

exp t
t

	

- P", £)g g

a d the ther ha d, The rem 3 yie ds that

(73)

	

J '( , e) - exp ((2+ó) ),

we guess that b th the wer estimate (72) a d the upper estimate (73) are far fr m the
best p ssib e .

s that f r arge it .

t = [ 1, 2, . . ., 2 ] + 2
< exp

P`2

~(2 + 2 )

P'2

+
2

< exp ((2+ d) )

which pr ves (70) .
Furtherm re, if 1= = the

{
t

	

f
[1, 2, . . ., 2 ]+ /2

	

[1, 2 . . ., 2 ]

		

_ f

	

} f+ t =

	

+

	

11+. i

	

+ 2( + )~ 12( + )=
Here we have

1

				

1C
4 4

C
- 2( + ) 2

	

2
he ce

1
::5

	

t

	

_

	

rI

	

~. _

		

1
<4

	

+ ~

	

2( + )~ 2( + )

	

2
which imp ies that
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