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Abstract ; The purpose of this note is to consider various mo-

difications of the following notions . Ramsey graph, Folkman

graph, canonical partition, selective graph etc . Xe survey

the recent research in this area . W e indicate proofs of some

results only . The details will appear elsewhere .

1 . Unrestricted partitions

The notions of chromatic number and of Ramsey graph are ty-

pical examples cf notions .batracted from the study of partitions

of vertices Hedger _^espectsvely) into a bounded number of classes .

Following the idea ofErdős and Rado [2] which represents the

well known generalizat ..cn of Ramse .y theorem we proposed to study

partitions of graphs and suet systems into arbitrarily many classes

and tried to develop results and theory analogous to that for

restricted partitions isee [41,[5 ,[31 ) . In this section we

state just a few rev alts which complement L3, First we statethe

following :

Definition 1 .1 . Let ( íX ,ÍÍt) be a k-graph li .e . M Lx~ ) .

Let C. : T -°- 7TI. be a colouring . We say that C is canonical

on Íl2 í : there exists an ordering G of X an4 a set

W r d, . . . F

	

each ti!at



C(M) = C(M ' )

	

if f MIw = M'X,,i

Here, for M = t„,,,,,

	

< 17 .á , we put

ML mL ;

	

w3 .

The following result extends the "Erdc"s-Rado canonization lemma"

to the general set systems .

Theorem 1 .2

For every k-graph (X 17M) there exists a k-graph (Y 7L) which

is edge selective for (X,M) . This means the following : for

every colouring c-.71-47L there exists on induced ssbgraph

(x', TW )

	

of

	

('/' n) , ,

	

( X', 77e ) isomorphic to ( X, M) ,

such that CI �n is canonical on 17L . The proof uses the

partition property of set systems which was proved in [ó] .

For the partitions of vertices much stronger results can be

proved. This is analogous to the study of Folkman graphs (for

the restricted partitions c .f. [7,g] ) .

Definition 1 .3_

Let (V,t) be a graph . Xe say that a graph (w,p) is selective

for (V,E) if for any colouring c : W-v W there exists an in-

duced subgraph (N', E')

	

of (W, r )

	

, ( V, E' ) ti ( V i E ) ,

such that C restricted to Vi is eithsr constant or 1-1 mapping .

The following result follows from [31 :

Theorem1 .} :

Let G be a graph,

	

3

	

an integer . Then there exists a

graph i i with t `e 'o1_owinv proj~erties :

1 . H

	

a selective 'cr G ;

~, ~GCM)=(,c,~G)-~)(Iv(C,
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3. If the edges e,, . . .,eq form a cycle of length at.most

L in H , then €e,, . • . , eq.} c E (G`) for a subgraph G+

of H which is isomorphic to G .
�articularly, G and H have the same girth .

(�bserve that

	

X(H) > (x(G)`1)(WG),-1)+1
for every graph H selective for G .)

Given a graph G , denote by 5 (G ) the minimal number

o£ vertices of a graph H which is selective for G . �ut

S(^+ •) = nwic-x S (G)

	

where the maximum is taken over all

art.-vertex graphs . It was noted without proof in

s(n.) c (2 *E)m`

for every F >Q

	

and

	

/'rt. > -M. (E) .

Here we strengthen this fsct and prove the following :

Theorem

s (n,• + % ) c ,,.4 z (1 ,Q,,v me + 2 m- 1^ 2 ) .

Before we prove this theorem we introduce the following :

Definition1 .6 :, Let C ~ H be graphs . The lexicographical pro-

`1Uct of G cnd H is a graph G 04 H defined by ,

Fcr

v(G % t-i) - V(C~ ) x VCH) ;

AYe V(G) we

C31 that

either t r, w'jGE(G)1
or nr_nr' end I-r, vr'JeE(H) .

denote ty H r the subgraph of G N H in-
luced cn the set ~ (ti; )j w (: V(H)} .

	

Clearly H,,r Y H .



The proof of 1.5 follows immediately from the following two

lemmas :

Lemma 1 .7 :

Let G be a graph with ,Yu+ 1 vertices and let H -s (G),

Then G M H is selective for G
Here the symbol H --0 (G)",,,, has the following meaning :

For every partition V(H) = Q,,, u --- v CL„ i, there exists an

induced subgreph G~ of H , G' = C,, such that

for an -i. E t1 � - . .,m } .

V(G') a ;

�roof : Suppose G D4 `-{ fails to be selective and consider a

colouringof vertices of G M h`1

	

such that no copy of G

is coloured either 1-1 or constantly . Then, for every w E V(G)
the graph H,r !! H íe coloured by at least m. colours. Thus

for every nrE V(G) there is a vertex rw';r C V(H) such that the

subgreph of G WH induced on set (w, vrN ) j -*- E V(G )~

is coloured 1-1 and it is clearly isomorphic to G .

Lemma 1 .8 : Let G be a graph witn " ,r 1 vertices . Then there

exists a graph H with at Most (Y? 2.m (4 (m m.e +2 n1

	

2)
d

vertices such that

	

H --~ (G),ti .

�roof : Let H b

	

2 ~~e a random graph with x, = IM 2 ~tbv me rz^'ti~n2)

vertices

	

N'o , where the edges are chosen independently

each with the probability 2 . Consider a partition £ ' . .., V"I _
W1 U . . . V W,,,,

	

Then there exists n, M,

	

such

that the cardinality of w;, is at least ;~ . Take the sabset

V1i c ~nlti

	

with ce7dinality

	

and denote by Aw the
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following event :

for any choice of t = 2mi

	

pairwise disjoint sets

A

	

A C W and for any system of subsets Bti Gi A ^,
there exists a vertex N' E

1.+A
and

	

such that

JAY, 6} E E ( H)

	

for every b E gtio

58

~nr,bJ ~ E(H) for every

Clearly, A W implies that the sµbgraph of H induced

on a set W ccntaine any graph with M,t vertices as an

induced subgreph .

	

X2

W

	

WV

	

n*v ) . . . (

	

M.

57e

I - �A- (A ) :~ ( 7;u )(

	

ft"

	

(I-

have

	

_I.M.

	

, _(t-~)

)
2

t

	

il

;2 3

	

X.2

c	-
M

	

,L - ten,)

Thus the probability � that AW fails for some t-element subset

W of Jvl , . . .,v x ~ is bounded from above by

	

X22

2

I,- X

	

X_

271

	

)

	

2117"'

'C~ ut-
~ V_'

im., ine -i-

	

t,,, _~:

w
The validity of A W for any m, -element subset of v l , . . .,vx

implies the fact that there exists H E H with H -w (G)n

for any graph G with n vertices .

2 . Some remarks on restricted partitions .

Many notions of Ramsey theory are derived from partitions

(colourings) of edges into a bounded number of colour classes .

Here we shall investigate colourings which are restricted by



some other condition .

First we shall deal with colourings which use each of colours at

most

	

, times (where i is a fixed integer) .

Towards this end we introduce the following definitions :

Let G be a graph. We say that a colouring

c : E (G) -

	

}

	

is a -6	 -colourituk iff

jC 4 (,.)SL &

	

for every ti % 4,2, . . ., trrv,

A graph H is said to be .b -Ra aey (induced 4A-
-RaUev . reap .) for G iff for every A, -colouring C of

a subgraph G' of H (an induced sub-E(H) there exists

graph G' of H respectively), G' ^-' G , such that C

restricted to the set E (G ' ) is one-to-one .

The following holds :

Theorem 2 .1 For every graph G and for every positive integer

there exists an induced Ji-Ramsey graph Fi . Moreover, if G
has mo vertices and edges then H can be chosen so that

the number of its vertices is at most ((t-4 ) nn. + 1)
3
art. .

Denote by

	

the smallest number of vertices of

a Á -Ramaey graph for the complete graph

	

with n,v ver-

tices .

Me can prove the following :

Theorem 2 .2 .

C $
lqn~

<
A
;, (M-)

.4
_ C n3

where C and C' are constants which are independent on -~

and n .
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a constant independent on !rv .

Thin^_an be zenerelized to
Theorem 2 .4 .

ho

Note that the lower bound in Theorem 2 .2 was obtained by a

probabilistic method and the upper bound by a greedy type argument .

The determination of the numbers ~r (G) presents many

nice problems and for sparse graphs G the numbers

	

(G i
seem to be equal to 1 V(G))

	

( For ti- >> 4 ) .
�articularly the following is a restatement of a

Erdős and Stein

for all m. 7 Iri. (& ) ( m. KI is the matehíng of size m.
Related to this subject is the following function :

Definition2 .3. Let f(^'E,) ,ti be the maximal number a

with the following property : for every colouring of the edges

of ÍG,n , by means of s colours there exists a subgraph K of

Kn„ , K isomorphic to KC , such that the edges of K
are coloured by at most -C colours .

Clearly f (n,, , k ^)

	

Ca.,

	

iff

	

ru, ( f. ) ? !n+

where rtu ( 47. ) is the Ramsey function .

It ~.3 clear that

result due to

and

Li 2} >

	

tw
� . Erdős obseiwed (m , ,

	

C

	

, where C is



Some other results related to the function ~(~,l~~e)

	

are

mentioned in[l] .

At the end of this section we shall consider colourings of

edges which are proper (i .e . chromatic) colourings of the under-

lying �raph :

Definition 2 .5. Let G be s graph.

	

Graph H is said to

be

	

Xv -Ram3ey for G

	

if for every cclauring c : E tH~ -~r t: (I~;
which satisfies

e(e) * c (e')

	

for every pair of distinct edges a and e`

with e n e' -40
there exists an induced subgraph G , of ({

	

G~ = Gr
such that C restricted to E (G ' ) i3 1-1 .

Denote by it. % ((; )

	

the minimal nurber of vertices of

a x -Remeey graph for G

Then the followinc is true :

Theorem 2 .6 .

	

JLx (G) ~- i V (G) 4

	

for any graph G

L. Babai irveatigated the case G = k., His results which

are going to appear in Combínatorica) imply the following ;

Theorem 2 .7 .

	

30+00))

The simpler part of Theorem 2 .7 can be easi-y 3eneralized .

For any aph G set Y(G~ = max

	

IE(ti)1 .
HcG IV(H)i
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Then.the following holds :

Theorem 2.8

Let G be a graph. �ut S _ 21(G) . Then for every proper

colouring of the edges of K„ti with m. > S (IE(G)1-S ) *1 V(G)I
there exists a copy of G which is coloured 1 - 1.

�roof : We assume that the statement of 2 .8 holds for all proper

subgraphs of G ,IE(GAIV4 .

	

Fix nrCV(G) with degree •t, 4 S
and put I-1- G - nr . Consider a proper colouring of k ,,,

By the assumption there exists a copy H 1 of H with edges colou-

red 1 - 7 . It is 4,(IE(G)I-*,) C S(IE(G)1-ó) (by %GSc 1ECG

As we consider proper colourings there exist at most #. (IE(G)1 -&)
vertices X, such that on the set V(H)

	

there fails to be

a copy of (; . However IV(H')I +

	

m. .

(For graphs with at most 3 edges is the statement trivial.)
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