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ABSTRACT 

A c o n n e c t e d  g r a p h  G is  s a i d  to  be F-good i f  t h e  

Ramsey number r ( F , G )  h a s  t h e  v a l u e  ( y(F) -1 )  ( p ( G ) - 1 )  + 
s ( F ) ,  where  s ( F )  is t h e  minimum number o f  v e r t i c e s  i n  

some color class under  a l l  v e r t e x  c o l o r i n g s  by  y!F) 

colors. I t  h a s  been  p r e v i o u s l y  shown t h a t  c e r t a i n  

" l a r g e "  o r d e r  g r a p h s  G w i t h  "few" e d g e s  a r e  F-good when 

F is a f i x e d  m u l t i p a r t i t e  g r a p h .  We show when F is a 

c o m p l e t e  b i p a r t i t e  g r a p h  t h a t  t h i s  e d g e  c o n d i t i o n  c a n  

be r e l a x e d .  
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L e t  F and  G be ( s i m p l e )  g r a p h s .  The Ramsey number 

r ( F , G )  is t h e  smallest p o s i t i v e  i n t e g e r  p s u c h  t h a t  i f  

e a c h  edge  of  t h e  comple te  g r a p h  is c o l o r e d  one o f  t h e  

two c o l o r s  r e d  o r  b l u e ,  t h e n  e i t h e r  t h e  r e d  subgraph  

c o n t a i n s  a copy of  F or t h e  b l u e  subgraph  c o n t a i n s  a 

copy of G. Two s u r v e y s  on t h i s  s u b j e c t  have been 

w r i t t e n  by S. A. Burr  [ 2 , 3 ] .  N o t a t i o n  t h r o u g h o u t  t h e  

p a p e r  f o l l o w s  t h a t  g i v e n  i n  111. 

C a l c u l a t i o n  of t h e  Ramsey number f o r  an  a r b i t r a r y  

p a i r  of g r a p h s  is known t o  be a n  e x t r e m e l y  d i f f i c u l t  

problem. For a g i v e n  p a i r  of g r a p h s ,  a s t a r t i n g  p l a c e  

is knowing which g r a p h i c a l  p a r a m e t e r s  a f f e c t  t h e  v a l u e  

o f  t h e  Ramsey number. 

Cons ider  t h e  p a i r  (Km,Tn) where Tn d e n o t e s  a 

tree on n v e r t i c e s  and Km (as u s u a l )  t h e  comple te  

g r a p h  on m v e r t i c e s .  V. c h v i t a l  f i r s t  o b s e r v e d  t h a t  

r (Km,Tn)  = ( m - 1 )  (n-1)  + 1 1111. The c a n o n i c a l  example 

which d e t e r m i n e s  t h e  lower bound f o r  t h i s  number is a 

two-colored K ( m - l ) ( n - l )  w i t h  t h e  b l u e  subgraph  

c o n s i s t i n g  o f  m-1 d i s j o i n t  c o p i e s  o f  Kn-l and  w i t h  

t h e  r e d  subgraph  a s  its complementary g r a p h .  The 

example i n d i c a t e s  t h a t  t h e  i m p o r t a n t  p a r a m e t e r s  f o r  

t h i s  p a i r  o f  g r a p h s  are t h e  c h r o m a t i c  number o f  Km 
and t h e  o r d e r  o f  t h e  c o n n e c t e d  g r a p h  Tn. 

The lower bound i m p l i c i t  i n  ~ h v & t a l ' a  r e s u l t  c a p  

be g e n e r a l i e e d .  I f  F is a g r a p h ,  le t  s ( F )  ( t h e  

c h r o m a t i c  s u r p l u s  o f  F )  d e n o t e  t h e  s m a l l e s t  number of 

v e r t i c e s  i n  a color c l a a s  under  any  X c o l o r i n g  of F. 

The symbols  s o r  s ( F )  w i l l  a l w a y s  d e n o t e  t h i s  

q u a n t i t y .  

Lemma 1 t 4 1 .  

I f  F and G are g r a p h s ,  w i t h  p ( G ) )  s ( F ) ,  and  
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where G is c o n n e c t e d ,  t h e n  

r ( F , G )  - > ( x ( F ) - l ) ( p ( G ) - l )  + s ( F ) .  

With t h i s  l e m m a  i n  mind, we s a y  t h a t  a c o n n e c t e d  g r a p h  

G is F-good if r ( F , G )  = ( x ( F ) - l ) ( p ( G ) - l )  + S ( F ) ,  

t h a t  is, i f  Lenmna 1 is s h a r p .  

One would e x p e c t  G * to  be F-good i f  G were 
" a l m o s t n  a tree and  F were " a l m o s t n  a comple te  

g raph .  Some f a m i l i e s  of g r a p h s  known t o  be Km-good or 

F-good where F is a l m o s t  a comple te  g r a p h  a r e  g i v e n  i n  

t4 ,5 ,6 ,7 ,131 .  
R e c e n t l y  t h e  f o l l o w i n g  r e s u l t s  have been o b t a i n e d  

which show t h a t  l a r g e  o r d e r  trees Tn a r e  F-good f o r  

c e r t a i n  f i x e d  g r a p h s  F. 

Theorem. [ 8 1  

r ( K L  + Em,Tn) = L(n-1) + 1 f o r  Rz2 and 3mLm 

Theorem. [ 8 1  

L e t  L l l L 2  . . .'Em be f i x e d  p o s i t i v e  i n t e g e r s .  

For n s u f f i c i e n t l y  l a r g e  

r ( K ( 1 , 1 , L 1 , E 2 ,  ..., Rm),T,) = ( m + l ) ( n - 1 )  + 1. 

I n  e a c h  of  t h e  l a s t  two theorems  a b i t  more is 

t r u e .  The same Ramsey number r e s u l t s  i f  t h e  g r a p h s  

a p p e a r i n g  i n  t h e  f i r s t  argument  a r e  r e p l a c e d  by 

s u b g r a p h s  w i t h  t h e  same c h r o m a t i c  number. I n  some 

s e n s e  t h e s e  g r a p h s  a r e  t h e  most  g e n e r a l  F f o r  which 

l a r g e  o r d e r  trees are F-good. T h i s  f o l l o w s  from t h e  

f o l l o w i n g  theorems.  

Theorem. [ 10 I 
L e t  R1>EZ . . .2!tm be f i x e d  pos i tYve  i n t e g e r s .  I f  

n is s u f f i c i e n t l y  l a r g e ,  t h e n  
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l m ( 1 1 + n - 2 ) + 1  f o r  4 
a n d  n  e v e n  

r ( ~ ( l , R ~ , ~ ~ ,  .. . , R  ) , K ( l , n ) )  = m 1 m(L1 + n-1) + 1 o t h e r w i s e .  

Theorem. C 91 
For n  s u f f i c i e n t l y  l a r g e  

r ( K ( 2 , 2 ) , K ( l , n ) )  > n  + n  'I2 - 5n 3/10 

These r e s u l t s  s u g g e s t  t h a t  l a r g e  o r d e r  " t r e e - l i k e "  

g r a p h s  migh t  be F-good f o r  a n  a r b i t r a r y  f i x e d  g r a p h  F, 

i f  t h e s e  t r e e - l i k e  g r a p h s  do n o t  c o n t a i n  v e r t i c e s  o f  

l a r g e  d e g r e e .  The f o l l o w i n g  r e s u l t  c o n f i r m s  t h i s .  

Theorem. [ 1 2  I 
L e t  G be a c o n n e c t e d  g r a p h  on n  v e r t i c e s  and F a  

f i x e d  g r a p h  on p v e r t i c e s  w i t h  c h r o m a t i c  number X and  

c h r o m a t i c  s u r p l u s  s. There  ex i s t  p o s i t i v e  c o n s t a n t s  

El a n d  E2 s u c h  t h a t  i f  n  s u f f i c i e n t l y  l a r g e  and  bo th  

q ( G )  2 n  + Eln - )  and  *(GI ( E .p 1/(@-l), then 

T h i s  r e s u l t  s a y s  t h a t  G is F-good when G h a s  

l i m i t e d  d e g r e e  and " e s s e n t i a l l y "  n  edges .  The f o c u s  of 

t h i s  p a p e r  w i l l  be to  show t h i s  edge  c o n d i t i o n  c a n  be 

weakened when F  is a b i p a r t i t e  g r a p h .  I n  p a r t i c u l a r  we 
p r o v e  t h e  f o l l o w i n g  theorem.  

Theorem 1. 
L e t  R < m be f i x e d  p o s i t i v e  i n t e g e r s  and let G 

be a c o n n e c t e d  g r a p h  on n  vertices. There  ex i s t s  a 
p o s i t i v e  c o n s t a n t  E s u c h  t h a t  n  s u f f i c i e n t l y  l a r g e  and 

A ( G ) ?  ~n  1 / (k+2)  imply  t h a t  r ( K (  R , ~ ) , G )  = n  + R - 1. 
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The proof  o f  Theorem 1 r e q u i r e s  t h r e e  more lemmas. 

The f i r s t  is v e r y  s i m p l e  and we a n i t  t h e  p r o o f .  

Lemma 2. 
L e t  G be a g r a p h  of  o r d e r  n and  maximum d e g r e e  

* ( G I  2 d. Then G c o n t a i n s  a t  l e a s t  n / (d2+1)  

v e r t i c e s  s u c h  t h a t  t h e  d i s t a n c e  between any two of them 

is a t  l e a s t  t h r e e .  

I t  is h e l p f u l  a t  t h i s  p o i n t  to d e c i d e  on a un i fo rm 

n o t a t i o n  t o  be used i n  t h e  f o l l o w i n g  two lemmas and i n  

t h e  p roof  o f  Theorem 1. Throughout ,  G(V,E) w i l l  

d e n o t e  a g r a p h  of o r d e r  n. W e  s h a l l  u s e  [slk t o  

d e n o t e  t h e  c o l l e c t i o n  of k-element  s u b s e t s  of a set 

S. L e t  U = I l . 2 , .  . . , p f  and c o n s i d e r  a two-co lor ing  
2 of [UI u s i n g  c o l o r s  r e d  and b l u e .  The r e s u l t i n g  

monochromatic g r a p h s  w i l l  be d e n o t e d  R and B 

r e s p e c t i v e l y .  I n  t h e  p roof  o f  Theorem 1, we need t o  

show t h a t ,  s u b j e c t  t o  a n  a p p r o p r i a t e  growth c o n d i t i o n  

on b ( G ) ,  when p = n + R - 1 t h e r e  is e i t h e r  a n  

embedding of  K ( R , m )  i n t o  R o r  else a n  embedding of  

G i n t o  B. The f o l l o w i n g  lemma g i v e s  a s t a r t  toward 

an  embedding of  G i n t o  B. 

Lemma 3. 
Suppose t h a t  G h a s  s v e r t i c e s  x . .  . x such  s 

t h a t  t h e  d i s t a n c e  between a n y  two of  them is a t  l e a s t  

t h r e e .  F u r t h e r ,  suppose  t h a t  w i t h  U = { 1 , 2 , .  . . , n) 
and R and B a s  d e s c r i b e d  above ,  e x c l u d i n g  

(n -s+ l , .  . . , n ) ,  e v e r y  v e r t e x  h a s  d e g r e e  a t  most M i n  

R. L e t  X c o n s i s t  o f  x l , .  . . , x  t o g e t h e r  s 
w i t h  t h e i r  a d d i t i o n a l  n e i g h b o r s  x ~ + ~ ,  . . . , xk i n  G. 

I f  

cS(B) > M(b(G) - 1) + s - 1 
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then  t h e r e  is a map P: X + U which is an embedding 

of <X> i n t o  B and where p(x ) = n-s+j ,  j = l , . . . ,~.  
j 

Proof .  ~ e f  i n e  p one v e r t e x  a t  a t i m e .  For some s < 
j < k we can  f a i l  t o  f i n d  an a p p r o p r i a t e  p ( x j )  o n l y  = 
i f  f o r  t h e  unique xi,  i s t o  which x is a d j a c e n t  

j 
i n  G,  eve ry  v e r t e x  i n  t he  neighborhood of  p(x i )  i n  

B is either an xk, k f i ,  o r  else a d j a c e n t  i n  R 

t o  one of t h e  a t  most A ( G I - 1  v e r t i c e s  which are 

images of ne ighbors  of  x j  i n  G. But t h e s e  images 

have degree  a t  most M i n  R. Thus, t h e  s t a t e d  

i n e q u a l i t y  a s s u r e s  u s  t h a t  we do no t  f a i l .  

The nex t  l e m m a  is a v e r s i o n  of  a r e s u l t  used by 

Sauer and Spencer i n  1141 and t h e  proof t echn ique  is 

e x a c t l y  a s  i n  t h e  proof of  t h e i r  Theorem 3. I t  is a 

key r e s u l t  i n  t h e  proof of  our Theorem 1. 

Lemma 4. 
Let  G(V,E) be a graph of o rde r  n and le t  

U = { l , . . n ) ,  R and B be as d e s c r i b e d  above. I f  

n - k > 2 A ( G )  A ( R ) ,  

then g iven  any X E [ v l k  and any map p :  X -+ U which 

is an embedding of  <X> i n t o  B,p ex tends  t o  a map 

a :  V + U which is an embedding of  G i n t o  B. 

Proof.  Given any map a :  V + U which is an e x t e n s i o n  

of P I  le t  Go denote t h e  cor responding  image of G I  

i.e. E(GJ = ( ~ ( u v ) :  uv E E(G)) .  Of c o u r s e ,  such a Go 

is no t  n e c e s s a r i l y  monochromatic. Le t  us denote by 

ER(G,) and EB(Gal t h e  sets of r e d  edges  and b lue  

edges r e s p e c t i v e l y  i n  Go. We c la im t h a t  i f  t h e  

e x t e n s i o n  o is chosen s o  t h a t  Ga has  a s  many b lue  
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e d g e s  a s  p o s s i b l e ,  t h e n ,  i n  f a c t ,  ER(G,) w i l l  be 

empty. Suppose n o t ,  i.e. suppose  t h a t  t h e r e  is a n  edge  

uv E E(G) f o r  which a ( u v )  is r e d .  A s  a  y i e l d s  an 

embedding of  <X> i n t o  B, we may assume t h a t  v  t X. 

W e  would l i k e  t o  do  a n  "exchangen by i n t r o d u c i n g  a  new 

map T: V -+ U g i v e n  by ~ ( v )  = o ( w ) ,  ~ ( w )  = U(v)  and 

r = a  o t h e r w i s e .  For t h i s  p u r p o s e ,  a  v e r t e x  w  E V\X 

is bad i f  a n y  one of t h e  f o l l o w i n g  f o u r  c o n d i t i o n s  is 

s a t i s f i e d :  ( i )  w  = v ,  ( i i)  a(vw)  E ER(Ga),  (iii) 

f o r  some z  E V, vz E E(G) a n d  a ( z w )  is r e d ,  ( i v )  

f o r  some z  E V, zw E E(G) a n d  o ( v z  ) is r e d .  Suppose 

t h a t  u ( v )  is of d e g r e e  d  i n  t h e  r e d  subgraph  of G,. 

Then d  v e r t i c e s  w  s a t i s f y  ( i i )  and  a t  most d ( b  ( R )  - 
1) + ( A ( G )  - d ) A ( R )  = A ( G ) B  (R)  - d  v e r t i c e s  s a t i s f y  

( i i i) .  S i m i l a r l y ,  a t  most A ( G ) A ( R )  - d  v e r t i c e s  

s a t i s f y  ( i v )  . S i n c e  d  2 1, t h e r e  are a t  most 1 + d  

+ 2(A(G)A(R)-d)  2 ~ A ( G ) A  (R)  bad v e r t i c e s .  I n  view of 

t h e  assumed i n e q u a l i t y ,  t h e r e  is a  v e r t e x  w  E V\X 

which is a good c h o i c e  f o r  t h e  exchange.  Using ( i ) -  

( i v )  it is e a s i l y  checked  t h a t  a l l  of  t h e  e d g e s  

i n c i d e n t  w i t h  e i t h e r  T ( V )  o r  T ( W )  i n  G T  a r e  b l u e .  

Edges which are n o t  i n c i d e n t  w i t h  e i t h e r  ~ ( v )  o r  

r ( w )  are n o t  a f f e c t e d .  I n  p a r t i c u l a r ,  T is s t i l l  an  

e x t e n s i o n  of  p b u t  G T  h a s  more b l u e  e d g e s  t h a n  d o e s  

Go. T h i s  c o n t r a d i c t i o n  o f  our c h o i c e  o f  

c o m p l e t e s  t h e  p r o o f .  

The f o l l o w i n g  s l i g h t  s t r e n g t h e n i n g  of Lemma 4 w i l l  

be t h e  v e r s i o n  a c t u a l l y  used  i n  t h e  p roof  of Theorem 1. 

It is a  c o r o l l a r y  to  t h e  p r o o f  o f  t h e  lemma. 



C o r o l l a r y .  

Lemma 4 r e m a i n s  v a l i d  i f  t h e  i n e q u a l i t y  n  - k  > 
2 A ( G ) h  ( R )  c o n t i n u e s  t o  h o l d  t h e n  A ( R  ) is r e p l a c e d  

by a  bound M c h o s e n  s o  t h a t  no v e r t e x  x  f o r  

which p ( x )  is of d e g r e e  > M i n  R  is a d j a c e n t  t o  

a n y  v e r t e x  i n  V\X. 

Proof  o f  Theorem 1. I n  view of  Lemma 1, we need o n l y  -- 
show t h a t  i f  U = { 1 , 2 ,  .. . , n  + -1)  t h e n  i n  t h e  two- 

c o l o r i n g  of [u12,  e i t h e r  R w i l l  c o n t a i n  K ( L , m )  or 

else B w i l l  c o n t a i n  G. Suppose t h a t  R  c o n t a i n s  no 

K( 9. ,m). Then a n  e a s y  argument  shows t h a t  i n  any 

c o l l e c t i o n  of v e r t i c e s  a t  l e a s t  one w i l l  have 

d e g r e e  2 r t n - m ) / ~  1 i n  B. D e l e t e  t h e  8 -  1 v e r t i c e s  

of h i g h e s t  d e g r e e  i n  R. For c o n v e n i e n c e ,  t h e  v e r t i c e s  

d e l e t e d  are n + l  , . . . , n+ P.-1.  Now l e t  U = { 1 , 2 ,  . . . , n )  

and  let R and B r e f e r  to  t h e  r e d  and b l u e  s u b g r a p h s  
2  of [UI . By t h e  o b s e r v a t i o n  made e a r l i e r ,  w know 

t h a t  6(B) > n/R - 0 1  For  a n  M y e t  t o  be c h o s e n ,  

let  r d e n o t e  t h e  number o f  v e r t i c e s  which have d e g r e e  

a t  least M i n  R. S i n c e  t h e r e  is no r e d  K( t , m )  a  

s t a n d a r d  argument  y i e l d s  t h e  f a c t  t h a t  

and s o  

r < ( rn- l ) (n/(M-k+l))  

S e t  a  = 1 / ( & 2 ) ,  b  = & / ( & + 2 ) ,  c = (&+1)/(11+2) ,  

d ( n )  = C1 n  a  

and ~ ( n )  = c2 nC. 
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Now t h e  p r o o f  r e d u c e s  t o  r o u t i n e  c a l c u l a t i o n s .  S e t t i n g  
s ( n )  = r n / ( d 2  + 1 ) 1  

and assuming  t h a t  A ( G )  5 d ( n ) ,  we c a n  a p p l y  Lemma 3  - 
i f  

s ( n )  -> r ( n )  = ( m - l ) ( n / ( M - t + l ) )  II - 

and  n/R - 0(1) > ~d + s. 

W e  c a n  t h e n  a p p l y  t h e  c o r o l l a r y  t o  Lemma 4 i f  

n  - s ( d + l )  > 2dM. 

For 9, 2 - 2  t h e  d e s i r e d  i n e q u a l i t i e s  h o l d  f o r  a l l  

s u f f i c i e n t l y  l a r g e  n  i f  
R c2 /c12 > m - 1 

a n d  Cl C2 < l / e .  
Hence, Theorem 1 h o l d s  i f  we c h o o s e  E < ( m - l ) - a  -b  

-1/3 For R = 1 t h e  theorem h o l d s  w i t h  E < ( 2  ( m - 1 )  ) . 

Theorem 1 h o l d s  i n  a s l i g h t l y  more g e n e r a l  form 

when t h e  c o m p l e t e  b i p a r t i t e  g r a p h  is r e p l a c e d  by a n  

a r b i t r a r y  b i p a r t i t e  g r a p h  o f  o r d e r  & + m a n d  w i t h  

c h r o m a t i c  s u r p l u s  R . 

Theorem 2. 
L e t  F  be a b i p a r t i t e  g r a p h  o f  o r d e r  R +  m 

w i t h  c h r o m a t i c  s u r p l u s  II and  l e t  G be a c o n n e c t e d  

g r a p h  o f  o r d e r  n. T h e r e  e x i s t s  a p o s i t i v e  c o n s t a n t  E 

s u c h  t h a t  A(G) 2 E n  "(' +2 ) a n d  n  s u f f i c i e n t l y  

l a r g e  imply t h a t  G  is F-good. 

I t  s h o u l d  be n o t e d  t h a t  well-known Ramsey numbers 



f o r  s p e c i a l  p a i r s  o f  g r a p h s  a p p e a r  as c o r o l l a r i e s  t o  
Theorems 1 and  2 or t o  t h e  theorem o f  [12 I ,  a t  least 

when n is l a r g e .  Sane  examples ,  f o r  n  l a r g e ,  are 
r(Km,Cn), r (Cm,Cn),  r (Cm,Pn), r ( T m , P n )  , 
~ ( K ( " , R ~  ,... , P , ~ )  ,P,), r 1  , . E m , c n .  I n  

a d d i t i o n  i f  Gn is a r e g u l a r  c o n n e c t e d  g r a p h  o f  f i x e d  

d e g r e e ,  t h e n  f o r  n l a r g e  Theorem 1 g i v e s  

r E , , G n  = n+E-1 ( R <  - m ) .  T h i s  would n o t  f o l l o w  

from t h e  earlier r e s u l t s .  

The most  n a t u r a l  q u e s t i o n  l e f t  unanswered i n v o l v e s  

t h e  improvement o f  t h e  r e s u l t s  g i v e n  i n  Theorems 1 and  

2 and t h e  theorem o f  112 I .  S p e c i f i c a l l y ,  c a n  t h e  e d g e  

c o n d i t i o n  or t h e  maximum d e g r e e  c o n d i t i o n  i n  a n y  o f  

these theorems be weakened? I t  is l i k e l y  t h a t  there 
e x i s t s  a c o n s t a n t  c < 1 s u c h  t h a t  these r e s u l t s  h o l d  

f o r  A(G) 5 c n  and G of bounded edge  d e n s i t y .  Here - 
edge  d e n s i t y  is d e f i n e d  as max q ( I i ) / p ( ~ ) .  

H<G - 
I n  a n o t h e r  d i r e c t i o n ,  what  a b o u t  r (F.G) when F is 

n o t  b i p a r t i t e ?  I n  141 it was c o n j e c t u r e d  t h a t  i f  F  is 

a n y  f i x e d  g r a p h ,  t h e n  a n y  s u f f i c i e n t l y  l a r g e  c o n n e c t e d  

g r a p h  w i t h  bounded d e g r e e  is F-good. T h i s  a t t r a c t i v e  

c o n j e c t u r e  seems d i f f i c u l t ,  b u t  i n  view of  t h e  r e s u l t s  

p r o v e d  h e r e ,  it m y  y i e l d  to a d e t e r m i n e d  a t t a c k .  
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