
(3)

	

F(n) --+-,

(4)

	

F(n+ 1) -- F(n) for n -- n o
and

(5)

	

F(n) = o ( n(log n) 2 '
and we write
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PROBLEMS AND RESULTS ON ADDITIVE
PROPERTIES OF GENERAL SEQUENCES . II
P. ERDŐS, member of the Academy and A . SÁRKŐZY (Budapest)

1. Let .4= (a l , a2 , . . . ) (a 1< a 2 , < . . . ) be an infinite sequence of positive integers .
Denote by R(n) the number of solutions of ai +a;=n . Starting from a problem of
Sidon, P . Erdős [1] proved the following theorem (by using probabilistic methods) :
There is a sequence sl so that there are two constants cl and c2 for which for every n

(1)

	

cl log n < R(n) < c, log n .

On the other hand, an old conjecture of Erdős states that for no sequence 4 can we
have

(2)

	

R (n)
-- c (0-<C-<+-) .log n

(See [2] and [4] for further related results and problems .)
These problems led us to study the question : how regular can be the behaviour

of the function R(n)? In part I [3] of this paper, we proved the following results :

THEOREM 1 . If F(n) is an arithmetic function such that

N
A (N) _ Z (R (n) - F(n))2 ,

n=1

then A (N) = o (NF(N)) cannot hold.

COROLLARY 1 . If F(n) is an arithmetic function satisfying (3), (4) and (5), then

(6)

	

max IR(n)-F(n)I = o((F(n))111)

cannot hold.

(In fact, Theorem 1 says that (6) is impossible in square mean .)
The aim of this paper is to show that the above results are nearly best possible .

We will prove the following theorem :

Acta Mathematics Hungarica 48, 1986
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THEOREM 2 . If F(n) is an arithmetic function satisfying

(7)

	

F(n) > 36 log n for n > no ,

and there exist a real function g(x), defined for 0<x< +-, and real numbers xo, nl
such that

(i) g' (x) exists and it is continuous for 0 < x < + ~,
(ü) g'(x)-0 for x-x,,
(iii) 0<g(x)<1 for x-x,,

n/2
(1v) IF(n)-2 f g(x)g(n-x)dxj < (F(n) log n) 1 / 2 for n::-n1,

0
then there exists a sequence d such that

IR (n) - F(n) I < 8 (F(n) log n) 1/2 for n > n 2 .
By choosing F(n) and g(x) in Theorem 2 in an appropriate way, the following

corollaries can be derived from Theorem 2 :

COROLLARY 2. If # is an arbitrary real number such that /3>8/7r 1 /2 , then there
exists an infinite sequence 4 such that (1) holds with (0<)cl=/327r-8#7r1/2' c2 ==t ;27r +gh7r '/2r

(So that, e.g., choosing /3=5, we obtain that (1) holds with c 1 =6<Q 27r-8&1/ 2

and C2=151 >#27r+g#rzl/2 )

COROLLARY 3 . If G(x) is a real function defined in (0, +-) and such that

(i) x lim log
x
) _ +

(ü) G(x)=o(x),
(iii) G' (x) exists and it is continuous for 0 < x < + ~,
(iv) G'(x)>0 for x ::-x,

and

(v) G' (x) = o (	Gxx)) ,

then there exists a sequence 4 such that

lim R (n) - 1 .
R~+m G(n) -

(So that, e.g ., there exists a sequence .4 with R(n)-log n log log n.)

COROLLARY 4 . If 0-<a-.-::I, then there exists a sequence S4, such that

JR(n)-n11j--8na12 (logn) 112 for n ::-n, .

In fact, in order to derive Corollaries 2, 3 and 4 from Theorem 2, we have to use
log x 1/2 G(x) 1/z

Theorem 2 with Q ( x

	

7

	

, cxca-1>/2 (where c=c(a)) and #27r log n,
n/2

2 f g(x)g(n-x)dx, na in place of g(x) and F(n), respectively.
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2. Sections 2, 3 and 4 will be devoted to the proof of Theorem 2. The proof is
based on the probabilistic method of Erdős and Rényi [1], [2] . The Halberstam-Roth
book [4] contains an excellent exposition of this method thus we use the terminology
and notation of this book . In this section, we give a survey of those notations, facts
and results connected with this probabilistic method which will be needed in the
proof of Theorem 2 .

Let 0 denote the set of the strictly increasing sequences of positive integers .

LEMMA 1 . Let

(8)

be real numbers satisfying

(9)

ADDITIVE PROPERTIES OF GENERAL SEQUENCES . II

	

203

a1 , a2, 0C3, . . .

0 < an < 1 (n = 1, 2, . . .) .

Then there exists a probability space (Q, S, p) with the following two properties:
(i) For every natural number n, the event B (" ) ={w : co(0, nE(0} is measurable,

and µ(B("))=an .
(ü) The events B(1) , B (2) , . . . are independent .

This lemma is identical with Theorem 13 in [4], p. 142 .
We denote by on ( (O ) the characteristic function of the event B(" ) :

1 if nEw,

~" ((0) - 1 0 if n 4w.

For some w={a 1 , a 2 , . . .}EQ, we denote by rn =r n ( (o ) the number of solutions of

(10)

	

ax +ay = n, a.Ew, ayEw, ax --::ay

so that

(11)

	

JR(n)-2rn(w)j -- 1

(where R(n) is the number of solutions of (10) without the restriction a.,-ay) and
rn ((0) _

	

Z Qj (w) Qn - j ((O) .
115j<2 n

Furthermore, we put

b n (j) = p({w : jEw, n-jEco)) = aj a n_ j for j n/2,

~n = M(rn(w)) _

	

6.(j)
n

151< 2

(where M(~) denotes the expectation of the random variable ~),

(12)

	

Pjd) =,u({(o : rjco) = d)) _

2

	

Sn(.11)(1 - 6ní .11))-1 . . .6n(Id)(I -6nUd))-1

	

(1-b"(.l))
Is jl< . . .<j d <n12

	

13j<nl2

for O ~i d~n

Acta Mathematics Hungarica 48, 1986
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and

(13)

P. ERDŐS and A. SÁRKÖZY

n
f(Z) -

	

P,,(d)Z' =
d=0

n

	

4

	

~

Z(

	

11Sn(.I1)(I-Sn(~1))-1 . . .Un(~d)(1-Sn( .Id))
- 1

	

( 1-Sn(j)))Zd=
d=0 15 j j< . . .-jQ<n12

	

15j-n12

lI ((I Sn M+3.0)Z)
155j-n12

(for any complex number z) .
We shall also need the Borel-Cantelli lemma :

LEMMA 2. Let (X, S, p) be a probability space and let E l , E2 , . . . be a sequence of
measurable events. If

(16)

Acta Mathematics Hungarica 48, 1986

Z µ(Ej) < +
j=1

then, with probability 1, at most a finite number of the events Ej can occur .

(See [4], p. 135 .)

3. The proof of Theorem 2 will be based on Lemma 3 and Theorem 3 below .

LEMMA 3 . If the sequence (8) satisfies (9), n--3, and d is a real number satisfying

(14)

	

0 < d
then we have
(15)

	

µ({w :

	

d) < 2 exp (-d214Á,,) .

(Note that (9) implies 2,,>0 for n--3 .)

PROOF OF LEMMA 3 . First we estimate µ({w : rn(w)-Aa+d}) . In view of (13)
and (14), for 1 <x<2 we have

µ({w : r,(úo) -- Rn+d }) _ Z Pn(d)

	

Z P,,(d)xd-cx„+M _
d~ ;1„+d

	

dz .1„+d

n

	

~ 7
= x-(z„ +e) 1 P,,(d)xd x-(z „ +e) Z P,(ü)xd = x-(A„+e)f(x) _

d-x„+d

	

d=0

_ 0+(x-1))-(Z„+A) H (1+(x-1)bn(A) <
Lj<n12

< exp l -(íln+d)
«X

(X

21)21)
15 jj 12 exp ((x-I)bn( .l)) _

=exp - (.1n+d)~(x-1)- (x	21)2)+(x-1) 15 12ZSn(i), _

- exp l -(7 n +d) «x-1)- (x 21)2Í+(x-1)~„~ _

= exp ( -d(x-1)+(~„ +d) (x	
21)21

< exp (-d(x-1)+~n(x-1)2)



ADDITIVE PROPERTIES OF GENERAL SEQUENCES . 11

since we have 1 +u<ea for a>0 and

l+u=exp(log (I+ u))=exp(u-22
3

+3- . . .)>exp(u-2) for 0-u<1 .

Writing x=1 +d/2A,, in (16) (then 1 <x<2 holds by (14)), we obtain that

(17)

	

p({co : rn (co)

	

tin +d}) < exp (-d 2/2A n+4 2 /4A,,) = exp (-d2/4A,,).

Similarly, for 0 < x < 1 we have

(18)

	

yQco: rn((o) -

	

_ Z Pn(d) f Z Pn(d)xd-(z„-d) _
d5 i„-d

	

d-x„-d

n
= x-(4-d) Z P.(d)xd `

	

Pn(d)xd = x-(z„ A) Í(x)
d_x „-d

	

d=0

_ (1-0 -x))-(z „ -d) 1[ (1-(1 -x)bn(j)) <
1 :5j<n/2

< exp((1-x)(),n-d)) ]I exp(1-x)Sn(%)+ (1 x)2(Sn(%) 2
Isj<n/2

	

(-	 ) _

2

= exp((1-x)(~n-d)-0-x) z a.(Í)+(1-x)2 Z (Sn(j))2 )
15j<nj2

	

2

	

1 :5j-n12

exp(0-x)(4-d)-(1-x) z Sn(j)+(1-x)2 z an(.Í)) -15j-n/2 2 1sj<n/2

= exp((1-x)(An-d)-(1-x)) n+ (12x)2~n) = exp(-d(1-x)+ (1 2x)2
„)

since for 0<x< 1 we have
u2 u 3

	

u2exp(-u)<1-u=exp (log (1-u))=exp -u+2-3+ . . .)<exp(-u +2 )'
Writing x=1-dl2 n in (18) (then 0<x holds by (14)), we obtain

(19)

	

it ({(t) : r,, (a))

	

7,,-d}) < exp (-d2/An+d2/2AJ = exp (-d 2/Nj.

(17) and (19) yield (15) .

THEOREM 3 . If the sequence (8) satisfies (9), and there exists a positive integer n o
such that

(20)

	

~n =

	

ajan -j > 9log n for n - n a ,
1 ;5j-n12

then, with probability 1, there exists a number n,=n,(co) such that

IR(n)-2A,,I < 7(á,n log n) 1 / 2 for n > n 1 .

205
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PROOF . By using Lemma 3 with A=3O,, log n)1 /2 (then (14) holds by (20)),
we obtain

Z p({co Irn(co)-'hr1

	

3().„ log#11))
n=1

=0(1)+ Z u(fco : Irjco) - % n l ~3( ),nlogn)1/2))
n=n o

--0(1)+2

	

exp(-(3(;tn logn) 1 / 2 ) 2 /4~ )=0(1)+2

	

n -s/4__+~ .

n=n,

	

n=n,

Thus by the Borel-Cantelli lemma (Lemma 2), with probability 1, at most a finite
number of the events

Irjo))-%,I -- 3(%n log n) 1 / 2

can occur, i .e ., with probability 1, there exists a number n2 =n 2 (co) such that
IrnM-~nI < 3(JL„ log n) 1/2 for n > n2 .

By (11) and (20), for such a sequence co, for large n we have

IR(n) -241 ` IR(n)-2rn (w)I+2Irn (w)-~nl < 1+6(.án log n)1/2 -< 7(~,,log n )1/2

which completes the proof of Theorem 3 .

4. In this section, we complete the proof of Theorem 2 . We put
1/2 for 1 --n--x,,an - { g (n) for xo < n < + ~ .

Defining the sequence (8) in this way, (9) holds trivially . Furthermore, in view of (iii)
in Theorem 2, we have

(21)

	

g(J)g(n -j) +0(1) .
1sj<n/2

	

x 0<jsn/2

By (i) in Theorem 2, we may use the Euler--Maclaurin summation formula in order
to estimate the last sum . In view of (i), (ü) and (iii), we obtain
(22)

n/2

	

n/2
g(J)g(n-J)= f g(x)g(n-x)dx-[g(x)g(n-x)(x-[x]-12

)]n/2 +

xo~jsn/2

	

xo

n/2
+ f (g'(x) g (n -x) - g (x) g'(n -x)) (x-[xj-2-L) dx =

xo

n/2
_ ( f g(x)g(n-x)dx+0(1» +0((g(n/2))2+g(xo)g(n-xo))+

1 n/2
+0( f (Ig (x)1+Ig (n-x)I)dx) _

n/2

	

x0

	

n/2
= f g(x)g(n-x)dx+0(1)+O (f ( - g'(x)-g'(n-x))dx) _

1

	

xp
n/2

	

n/2
f g(x)g(n-x)dx+0(1)+0([-g(x)+g(n-x)]n12) = f g(x)g(n-x) dx+0(1) .
1

	

1
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(21) and (22) yield

Thus by (7) and (iv) in Theorem 2,

n/2

	

n/2

(23) IF(n)-2.1ná ` jF(n)-2 f g(x)g(n-x)dxl+2I f g(x)g(n-x)dx-A j <
1

	

1

(F(n) log n) 1 /2 +0 (1) < 2(F(n)-log n) 1/ 2

for large n, hence in view of (7),
(

	

1/2

A. ::-
2

F(n) - (F(n) log n) 1 / 2 >
2

F(n) - / F(n) • 3(6 )) =
3

F(n) > 12 log n

so that also (20) holds

	

`

.
Thus all the conditions in Theorem 3 hold. By using Theorem 3, we obtain that,

with probability 1, for large n we have

(24)

	

IR(n)-2An 1 < 7(.á n log n) 1/2 .

In view of (7), (23) and (24) yield for large n

IR(n)-F(n)I -- IR(n)-2A,,l+I2.,,-F(n)I < 7On log n)I/ 2+I2.1n -F(n)I s
7 (( 1

F(n) +
2

I2A n -F(n)I)log n) '12 + IN, -F(n)I <ll
7 ~(1 F(n) + (F(n) log n)1/2) log n

1/2

l + 2 (F(n) log n)1/2

1/2

< 7 ~(1 F(n) + (F(n) •
( )

) 1/2)

log n) +2 (F(n) log n)1/2 =

1/2
36

= 7 (3 F(n) log n) +2 (F(n) log n)1/2 < 8 (F(n) log n)1/2

which completes the proof of Theorem 3 .

5. So far we have estimated the probabilities P,,(d) for d "far" from the expec-
tation An=M(rn((o)) . In [2], Erdős and Rényi gave lower and upper bounds for
P,(d) for all d. These estimates give the right order of magnitude of P,(d) for d
"near" 1, provided a;=0(j-1/4) . Furthermore, they determined the limit distri-
bution of rjw). Sharpening and generalizing these estimates, we are going to com-
plete this paper by giving an asymptotics for P,,(d) for d "near" A,

THEOREM 4. If the sequence (8) satisfies (9),

(25)

	

lim an = 0

Acts Mathematics Hungarica 48, 1986
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n/2

f g(x)g(n-x)dx+0(1) .
1
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and

(26)

	

Z IXj IX„- j > 3 for n -- no ,
15j-n/2

and we put

Furthermore, we put

(27)

Then we have

Acta Mathematics Hungarica 48, 1986
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~n = ~ IXjIXn-jll - IXjIX„ -j) _ ~ bn(J)(1-bn(J))~
1=j<n/2

	

15j-n/2

then for n, n1 and all d we have

P (d) -	
i

	

e-(An-d)2/2A„

	

13 (log %„)2
n (27r%.')1/2

where P„(d) is defined by (12) .
-~,

(Thus the limit distribution of the random variable
r„ ((áwn))1/
~" is the normal

distribution .)

PROOF . Throughout the proof, 9 will denote a complex number with absolute
value --1 . (In other words, a=Bv means that Jul _ w l .)

We denote the characteristic function of the random variable r„(a)) by (p(t),
so that in view of (13)

n
(p (t) = M(eir„ (a» 1) = f(e it) _ Z P,(d)erdt =

Z «1-S„(J))+S,(J)err) .
d=0 1-j-n/2

q=2 (logA")
1/2

A n

P,,(d) = 2 „-- f (p(t)e-idrdt =
-a

4n

1

	

f e-(1/ 2)A „ tz e i( A ^ -d)`dt-1 f g
-(112)A „ t2 e i(z ^ - d) `dt+27r _~

	

27r n5~t~

+1 f (e-iA„`(p(t)-e-(1/2)A^tz)ei(A „-d)`dt+
27r It Is n

+1 f (p(t)e-iatdt = J-Jl+J2+J3 .27L " -It~sn

First we estimate J. Substituting t=(~")-112x, we obtain
1

(28)

	

J =

	

f e
-(1/2)

A
' j 2

e i(A " -d)` dt =2n

_	1		e (112)XZ e i(A„ d)(A

	

dx	 1	e (A.,-d)=I2A„
2~l~n\1/2 f

	

(27r%„) 1/ 2



since it is well-known that

(see, e .g ., [5], p. 261) .
In order to estimate J2 and J3 , we need an estimate for (p (t) . For Izj < 1/2,

we have

and

hence

ADDITIVE PROPERTIES OF GENERAL SEQUENCES . 11

Z 2
e=- 1+z+2)

(29)

	

e-i4 tw (t) _

11 exp ( -
2

(bn (i) -(on (j))2) t2 + ©Sn (j) t3) = e -tl/2) Z tt+B l tR
15 j <n/2

(for large n and It 1 --112) .

14
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f etux-Xti2dx = (2 7r)1/2e-uf/2

+m Zk

k k!
IZI, = IZI 3	1		IZI 2

k_ 3 3

	

6 1- IZI
c

3

z2 z31-z = exp(log (1-z)) = exp -z+-!-T+

(

	

Z 2 Z 3

	

(

	

Z 2 Z 3=expl-z+e(I 2~ +~3I + . . .~)=exp1-z+e(I2I +~ 2I + . . .) _
l

	

l

= exp -z+0?I2	 1 l exp(-z+BIz1 2 ) .2 1-Izll

Thus in view of (25), for large n, 1 j-_n/2 and ItI21/2 we have

e-ió„(j)t((1-Sn(j))+S,(j)e
") = e-iá.0)(1-an(j)(1-e"» _

(1- lSn(j)t -2 (Sn(j))2t2+
8

(&(j))3 t 3 ) 1-~(j)(-It+
2

2+
13~

2(bn(j)-(Sn(j))2)t2+
o

Sn(j)t 3 -

= expl 2(Sn(i)-(Sn(M2)t2+
8
Sn(j)t3+o(-

2
(Sn(j)-(Sn(j))2)t2+2 Sn(j)t3 ) 2 I =

- exp( 2(Sn(i)-(an(J))2)t2+ bn(j)t3 + 3B(Sn(j))2t4~ _

= exp (-2 (on(j)-(on(j))2)t2+©Sn(j)t3)

11 e-ió.tjjt((1-an(j))+&(i)e") _
1:5j-n12

209
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Furthermore, in view of (25), for large n and j t j -_ 7r we have
19(t)I =

	

11

	

II - an(J)+Sn(J)e `t l
1~j<n/2

II ((1-Sn(J)+S„(J)e")(1-6,(j)+an(J)e-`t))1/2=
1~ j <n/2

11 (0 -5n(J))2+On(J)) 2+ 2an(J)( 1- ba(J))cost)
1t2_

15j<n/2

_ 11 (1 +2Sn(J)(1 - & W)(COS t- 1))1/2 =
15 j-n/2

17 (1-48„(J)(1-8n (i»(sin t/2) 2) 1 /2

15j<n/2

'(

	

/(( 2 t
,

' 1 -3Sn(J)
(_

	

/ r)
1/J

15j<n/2

	

7r 2 11

	

\1/2

' 1
-n

&(,)t2~
1-j <n/ l2

1/2~ l

	

I

	

,/

	

~

	

1
11 I 1 -- 6nU) t2) <

	

11 (1-- 6n (J) t2)
15j<n/2

	

4

	

15j<n/2

	

Ó8

<

	

e-(1/8)6„(M' = e-(1/8)~ 1 2
l j-n/2

(for large n and ItI--7r), since

Isin xj =
2

1XI for ~xj = 7r/2,

(1 -u) 1 / 2 ., 1-2 for 0 ~_-- u< 1

and
(0-) I-x-e x for 0=x< 1 .

By (25), (29) and (30) . for large n we have

(31)

	

~Jil+~Jad

	

I

	

f e-(1/2)A'1'dt+I

	

f

	

P(t) j dt
27r ns r

	

27r I--Ir =R

2

1

c
( f e-(1/2)'-r dt+

	

f e-( i/8 ) ; " 2 411)
gslrl

	

B-itI-_a

27r
( f e tu8)R. "dt+ f e-(1/8)a„t'dt) _

	

f e-(1/8)x.,l z dt =

nslrl

	

n51(1

	

n-111

f e - ( 1 /e)xnr'dt =

	

f t e

	

zn1'dt=

ti

	

n

	

h

_ -	ó

	

ó
e-(118)z„n~ _

7rq). n

	

7M4

	 4	e-(1/2)109 Z„	 2
IT

	

log Á.,,) 1/2

	

Án (Iog ,n) 1/2
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and

(32)

1J21 - 27c f le``l„ t tp(t)-e -19(t) - ~ ~e-(I12) ~n tr 1ee(1 )an t3
-l I dt~

I=I :~ n

	

Itl=n

~ I f 2%n tl3dt-
1

;, f
r~3dt =?

	

(log	 ~n) 2
27r

	

7C

	

7r

	

a

since

ADDITIVE PROPERTIES OF GENERAL SEQUENCES . II

Itl`n

	

Itlsn

	

n

Z2 Z3
z+2+!+

In view of (26), (27), (28), (31) and (32) yield for large n that

~P„(d) - Jj _

= IZ +Iz 2+IZI3 + . . .= 1 ZIZI ~ 2IzI .

p
(d)

_	I	e-(~ „ -d)312~n
n

	

(2R~n)I12

~J1 I+ 1 J2 1 + 1 J3 1 <	 ~	
( log n)112

+ii	
(log an2 , 13 (]Og~„) 2

n

	

An

which completes the proof of Theorem 4 .
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