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ON THE RESIDUES OF PRODUCTS
OF PRIME NUMBERS

P. ERDŐS (Budapest), A. M. ODLYZKO (Alurray Hill) and
A. SÁRKÖZY (Budapest)

1 .

Throughout this paper, we use the following notations :
cl , c2 , . . . denote positive absolute constants . A(n) is Mangoldt's symbol :

A(n) =
`log p if n = p° ` ,
j
t0 otherwise .

q is a large but fixed prime number, a is an arbitrary integer such that
(a, q) = 1 . PIP p2 , . . . denote arbitrary prime numbers . xa is the principal
character modulo q while x denotes an arbitrary character modulo q . We put

V(x) =2 A(n)
n<x

V(x,x) =2 x(n) A (n)
n<x

For k = 2, 3, . . , x ~ 2, (a, q) = 1, we denote the number of solu-
tions of

PlP2 . . . pk-a (mod q), p,<x, p2Sx, . . .,Pk<x

by f (x, a, k) ; in particular, we put

F(a, k) = f (q, a, k)

so that F(a, k) denotes the number of solutions of

PIP2 . . . pk = a (mod q), pl. S q, p2 < q, . . . , Pk S q .

Furthermore, we put

g(x, a, k) _

	

2

	

log pi . . . log pk ,
P,SX Pk<x

p, . . . pk=a (mod q)

h(x, a, k) _

	

2

	

A(nl ) . . . A(nk ) ,
nsx nksxn, . . .nk-a (mod q)
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G(a, k) = 9(q, a, k)
and

H(a, k) = h(q, a, k) .

2 .

P. Erdős conjectured that for q > q° and all a satisfying (a, q) = 1
we have

F(a, 2) > 0 ,
i .e .,

pipe - a (mod q), pi < q, p2 < q
can be solved .

Unfortunately, we have not been able to prove this conjecture ; in fact,
this is almost certainly true, but will be hopelessly difficult to prove . The
purpose of this paper is to prove some slightly weaker related results .

In particular, in Part I we prove some conditional results . In fact, we
derive relatively sharp estimates from the following weaker form of the gene-
ralized Riemann hypothesis (it will be referred to as hypothesis H(0q, X)) :

HYPOTHESIS H(0., x) . 0q , x are real numbers such that 1/2 < oq < 1,
x > 2 and the functions L(e, x) (where x runs over the modulo q characters)
do not vanish in the domain Re s > 0q , JIm sf < xl-B4 .

The applicability of this hypothesis is based on the following lemma :

LEMMA 1. There exists an absolute constant cl such that if 2 < q < x and
the hypothesis H(0q , x) is true then we have

(1)

	

IV(x, X) - E °xJ < clxe4(log x) 2

where
_ (1 for x

	

x°
E0

	

0 for x x°

(c° is independent of q, x, oq , x) .

In fact, (1) is identical with formula (5 .10) in [2], p. 236 .
In Section 4, we study the functions F(a, 2), G(a, 2) . In Section 5, we

estimate F(a, 3), G(a, 3) . Finally, in Section 6, we seek for a possibly small
function x = x(q) such that for q > q0 and all a satisfying (a, q) = 1 we have

f(x,a,2)>0 .

(Part II will be devoted to weaker but unconditional results .)
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3 .

We need some preliminary lemmas .

LEMMA 2. I f a1 , a2 , . . . , a,,-1 are arbitrary complex numbers then we have

q-1

Z anx(n)
x n=1

(We recall that q denotes a prime number .)

PROOF . See [1], p. 53 .

LEMMA 3. For q > qa we have

j 1V (q, x) I2 G 2q2 log q .

PROOF . By the prime number theorem and Lemma 2, for large q we have

.Z IV (q, x) 1 2 =
X

	

x

x

q-1
X(n)A(n)

n=1

2
=(q - 1)Z(A(n»2 <

n=1

q-1

	

q-1
< q2 d(n) log q = q log q 2 A(n) < 2q2 log q .

n=1

	

n=1

LEDIMA 4 . For k=2,3, . . . , q > qo , x > q and (a, q) = 1 we have

g(x, a, k) -
1

q

	

12x(a)(V(x, x))k

2

	

q-1
lanl2

.
n=1

< 5kxk -112(log x)q -1 .

PROOF . We have

1 kx(a)(ip(x , x)) k = 1	x(a) ~~ &)A(n)/=
q -1 x

	

q -1 x

	

nsx

	 1
2

	

2

	

x(a)x(n1) . . . x(n k)A(n1 ) . . . d(nk )
q - 1 x n,sx, . . .,n ksx

1
x(a)x(n1 . . . n k ) d(n1 ) . . . d(74k) _

n,Sx nk5x q - 1 x

2

	

A(n1 ) . . . A(nk ) .
nsx, . . . .nkGx

n, . . .nk=_a (mod q)
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Thus, by the prime number theorem, for large q we have

g(x, a, k)

	

1
q - 1 Z x(a)(V(x, x))k

c I

	

109 pi . . . log pk -

	

d(nl)

	

d(nk) I =
p15x, . . .,pk5x

	

n,Sx,. . .,nkSxA . . .pk_-a (mod a)

	

n, . . . nk=_a (mod q)

a=1

Z

	

log PI, . .1og pk <
p;1Sx, . . .,pk%k<x

a,+ . . . +ak>k
pl . . .pk=-a(mod q)

k
<

	

(log x)k =
:-1 A:'SX, . . .,pkk<x

aj~2

PI "'Paak-_a(modq)

= k(log x)k

	

Y

	

1 <
P'1"Sx, . . .,pak Sx

kpil . . . pk (modq)

< k(log x)k

	

1 <
pi15x,a,Z2 p2=Sx, . . . . PkxiSx a a

	

a nkSxp 11p2s . . .pkk ink-a(modq)

< k(log x)k

	

~~ x + 11 <pIiSx,a,Z2 p2~Sx pk -~ sx q

	

J

k

	

x)k

	

= 2kxk-1(log x)2 q-1 ~ ~ 1 --~ 1,+

	

_< (log

	

p~sx,a,Z2 f log
x
x,

k 2 2x
q

= 2kxk-1(log x) 2 q-1((2 + o(1)x1f2(log x) -1 + 0(x'13)) < 5kxk - 112 log x • q- 1 .

4 .

In this section, we prove the following results :

THEoREm 1 . If the hypothesis H(Bq , q) is true, then we have

(G(a, 2) - q)2 < CW +leg (log q) S

CoRoLLARY 1 . If the hypothesis H(0 q , q) is true, then

(2)

	

F(a, 2) > 0



holds for all but c3g2e- 1(log q) 5 integers a such that 0 < a < q. (In particular,
if the generalized Riemann hypothesis is true then (2) holds for all but c3 (log q) 5
integers a such that 0 < a < q.)

PRoop of Theorem 1 . By Lemmas 1 and 3, for large q we have

(3)
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1
,~ x(a)(V(q, x))2 - q)

a=1 q - 1 X

1

	

xl(a) (y(q, xl)}2 1 ~~
1 	

x2(a)(~V(q, x2))2 I
a=1 q - 1 x,

	

11

2q 4-em

q -
1

	

Zx(a) (lv(q, x)}2 + q2(q - 1)

1

	

Q-1

(q-1)2-Y- ~2 (xlx2) (a), (1v(q, x1)) 2 (w (q, x2)) 2 -

	 q

	

(

	

1

	

j	 2
Z lZ

x(a)i (y(q, x))2 + q2 (q - 1)
q - 1 X a=1

(q 1 1)2
2

	

xo(a), (V(q, X»2 (V(q, x)}2 -

11

	

j
X ~a-I

2q
l
~ x0(a)I (V(q, x0)) 2 + q2(q - 1)

q - 1 a=1

1

12 I1v(q, x)~ 4 - 2q(TV(q, x0))2 + q2(q - 1)
q

SI1

q-

	

- 2q(V(q, x0}2 + q2(q
1

- 1)I (q~ xo)I4

S

+1 2 I~V(q, x)14 =
q - 1 x96x.

= 1	 1 ((w(q, x0)2 - q(q - 1)) 2 + q
1

1
xZ

Iv(q,q

	

x)14 =

q

1
1 «y(q, xo) - q)(y(q, xo) + q) + q)2 + q1i

X~

hv(q, x)14 S

S 11 (hv(q, x0) - q) IhVq, x0) + qj + q)2 +	 1[max hV(q, x)1) 2 .ZI'V(q, x)12 <
q -

	

q - 1 X0Xu

	

X

<
1

(c1gO,,(log q)2 . 3q + q)2 +
1

(clg0t(log q)2 )22g2 log q <
q-1

	

q-1

< c4g1+26q(log q)4 + c q1+2e4(log q)5 < c8g1+2BQ(log q)5 .

233
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By using Lemma 4, (3) and Cauchy's inequality, we obtain for large
q that

(4)

	

(G(a, 2) - q) 2 -

	

1

	

z(a)(w(q, x) 2 - q) 2a=,

	

a=1 q- 1 x

_

	

I(G(a, 2) - 1

	

x(a)(y~(q, í~)) 2 I +	
1

	

x(a) (V(q, x)) 2 - q), 2-
a=i l

	

q- 1 x

	

q - 1 x

1
-

	

x(a)(V(q, x)) 2 - q~
2

_
q - 1 x

I (G(a, 2) - 1 Zx(a)(V(q, x)) 2
J
2 +

a=1

	

q - 1 x

+ 2
lG(a,

2) - 1

	

x(a)(w(q, x))2 ~	1 	x(a) (V(q, x)) 2 - ql <
q - 1 x

	

q - 1 x

<Z G(a, 2) - 1

	

x(a)(y(q, x))2
2
+

a=1

	

q - 1 x

q-1
+ 2Z G(a 2) -	 X(a)(y(q, x)) 2

a=1

	

q - 1 x

1

q -
1

	

x(a)(y(q, x))2 - q

< q(10gsf2(log q)q -1) 2 +
q-1

+ 2 . 10g3f2(logq)q-1

	

1 Y ~C(a)(~V(q, x))2 - q <
a=1 q - 1 x

1

	

1 2
< 100g2(log q)2 + 20q112(log q) S (q - 1)

q-1

f

	

Z x(a)(V(q, x)) 2
(

	

- ql
1lf2
<I

	

a=1 q - 1 xx

< 100g2(log q) 2 + 20q(log q) (c&
+2eq(log q) 5 ) 112 <

< 100g 2(log q) 2 + c,g3,2+eq(log q)7/2 < c3 g3f2+eq(log q) 7,2

(in View of Bq > 1/2) .
(3) and (4) yield for large q that

1
~(G(a, 2)

-g)2
<

a=1

(G(a, 2) - q) 2 -

	

1

	

x(a)(y(q, x)) 2 - ql2
a=1

	

a=1 q - 1 x

+

	

1

	

x(a)(1Y(q, x)) 2 - g,2 <
a=I q - l xx

< c$ g312+eq (log q)7/ 2 + ca ql+2eq(log q)5 < c9 ql+2eq(log q)5

(again by 6q 1/2) which completes the proof of the theorem .



(5)

which proves Corollary 1 .

ERDőS, ODLYZKO, SÁRKÖZY : PRODUCTS OF PRIME NUMBERS

	

235

PROOF of Corollary 1 . Obviously, we have

2 (G(a, 2) -
q)2 <

	

(G(a, 2) - q) 2 =
a=i

	

1<a<q-i
G(a, 2)=0

_

	

q2 =e Z I = q2 1 .
i<a<q-i

	

1<a<e-i

	

1<a<q-i
G(a, 2)=0

	

G(a, 2)=0

	

F(a, 2)=0

Theorem 1 and (5) yield that

q-1
1 < q-2

	

(G(a, 2) - q) 2 < c2g20 -1(log q)5
1<a<q-1

	

a=1
F(a, 2)=0

5.

In this section, we study G(a, 3) and F(a, 3) .

THEOREM 2 . There exists an absolute constant c10 such that if q > 3 and the
hypothesis H(B9 , q) is true with

(6)

	

2
< B q < 1 -

3logolog q

gq
then we have

IG(a, 3 ) - q2l < clog'"q(log q) 3

for all a stisfying (a, q) = 1 .

COROLLARY 2. If s > 0, q > q o(e) and the hypothesis H(Bq, q) is true with

(7)

	

Bq = 1 - (3 + e)
log log q

log q
then we have

(8)

	

F(a, 3) > 0

far all a satisfying (a, q) = 1 .

PROOF of Theorem 2 . By Lemma 4, for (a, q) = 1 we have

(9)

	

G(a, 3) -
1 2 x(a)(V(q, Y)) 3

q - 1 x

g(q, a, 3) - 1 1 Z x(a)(V(q, x))3 < 15g 5 f 2 (log q)q-1 = 15g3J2(log q)
q
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Furthermore, by using Lemmas 1 and 3, and in view of (6), we obtain that

(10)

+

1
x(a) (y(q, x)) 3 - q2

q - 1 x

x0(a)(y(q,xo))3 - q3 + q2 + 1 	x(a)(y(q x))3
S

q-1

	

q-1 q -1 x0,

z1
- 1(1V(q, xo)) 3 - q3 1 + q	 +	1

	

21 v(q, x) 13 -
q-1

	

q-1 q-lx xo

=
q

1 1 I1V(q , xo) - qll ('V(q , xo) - q)2 + 3(V(q, xo) - q) q + 3g21 +
q

	 1 +

1
+

	

IV(q, x)1 3 <
q - 1 x#x,

< 2 1V(q, xo) - gl(iy(q, xo) - q1 2 + 3 1 1V(q , xo) - qlq + 3q2) + 2q +
q

+ 2 Z hv(q> x) j3 <
q x#xo

<

2
hV (q, X O) - q 1 (3 1 V (q, X,) -

q12 + 5q2 ) + 2q +
9

+ 2 (max jV(q, xo) I j Z hV(q, x) I2 <
q l xox,

	

x:96x.

< 2 . clq%(log q) 2 (3C2 g20, ( 1og q)4 + 5q2) + 2q +

q

9

+
2 • cl g04(log q)2 • 2q2 log q <
q

< cu(g3A,-1( 1og q)1 + ql+Or(log q)2 + q + q1 +OQ(1og q.) 3) <

< c12(g3eq-'(log q) B + q1+eq(log q) 3 ) _

= c12 q1+0, (log q)3 (q-2(1-00(log q) 3 + 1) < 2c12g1+e,(log q) 3

In view of (6), (9) and (10) yield that

q21 S

1

- 1

	

x(a)(1V(q, x)) 3 - q2
x

which completes the proof of Theorem 2 .

G(a, 3) -

	

1

	

x(a)(~V(q, x)) 3
q - lx

< 15g312(log q) + c13g1+0q(1og q)
3 <úc14g1t0Q(logq)S
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PROOF of Corollary 2 . By Theorem 2 and in view of (7), we have

G(a, 3) > q2 - clogl+eq(log q) 3 = q2(1 - cl0gsq-'(log q) 3) _

= g2(1 - clo(log q)-(3+e)(log q) 3 ) >!t > 0
2

which implies (8) (in fact, we have F(a, 3) > g2(log q) -2) .

6 .

In this section, we prove the following results :

THEOREM 3 . There exists an absolute constant % such that if

1<8q <1-q -11 10 ,
2

(11)

and writing

( 12 )

	

x = (CIS q)112(1-eq)	 log q
2 1(1-0q)

,
(1 -0q

the hypothesis H(9q, x) is true, then we have

(13)

	

I(x, a, 2) > 0

for all a satisfying (a, q) = 1 .

COROLLARY 3. There exists an absolute constant c1e such that if q > q0, and
the generalized Riemann hypothesis is true, then we have

f(clsg(log q)4 , a, 2) > 0

for all a satisfying (a, q) = 1 .

PROOF of Theorem 3 . By Lemma 4, we have

(14)

	

g(x, a, 2) -

	

1
1

	

x(a)(1V(x, x))2
q - X

Furthermore, by Lemma 1 we have

z1 2x(a)(V(x, x))2 - x

q - 1x

	

g

< 10a3J2(log x)q-1 .
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1
(xo(a)(y(x, xo))2 - x2) -i-	

x2

	

+	1

	

x(a) (y'(x, X»2
q - 1

	

(q -1)q q -1 x x.

S l j (V(x, xo»2 - x2 I +	 az	 + 1 Z jV(x , x) I2
q - 1

	

(q -1)q q -1 x,,x .
2

q _ 1

	

q2 + q 1 1
x~

jy~(x, x) j2 <S 1

	

1 yp(x, xo) - x~ 1 (y(x, xa) - x) +

	

2x1 +

S	1 (IV(x, Z()) - XI 2 + 2x lV(x, xo) - xj) +
22z

+	
1

	

lv(x, Z) I' <
q -1

	

q

	

q - lx x .

<C17

	

1	 x2eq(log x)4 + x xeq(log.x)2 +	z + 1
2 xeWq(log x)4~ <

q-1

	

q-1

	

q2

	

q -1 xox.

G cls (x2Bq(log x)4 +
x1+0q ( og x)2 + xz l<

t

	

q

	

q 2

x 2

	

x2
< C19 (xeq(log x)2 + -

I
< C20 Ix2Bq(log x)4

+ -

.

l

	

q

	

Illl

	

q2

Now we are going to show that

(lő)

	

C15 = czo

can be chosen in Theorem 3 .
In view of (11), for large q we have

(

	

log

	

2/(1-B q) 4

	 (logx)4
- ' log I (cls q)llz(1-eq)

	 11	
~

l	l	 4
X2-26g

(clsq)

	

l0g
21(1-e q) } 2-2eq

~~12(i-eq)
í1-0j 1-e 4

l
logclsq +2 log

log q ~4

2(1-89 ) 1-84
g
1-84

log q 4Cj5
~ q
1- oq

1 j l + log C15 + 1
lo (	log q l l4<

C15 q 2 2 logq

	

log q
g

1- B 1 lQ

1

	

1

	

log cls

	

2

	

log q 4
l~lo

< clsq ~2 + 21og q + log q
	 tog (lq-

_ 1 1

	

log C15

	

1

	

2 log log q Í 4

	

1

	

1

	

1 4

	

1

clsq f2 + 2 log q + 5 +

	

log q

	

< c15q (2 + 41 G 3clgq

S



Thus in view of (16), we obtain from (15) that for large q,
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1 Z x(a)(v(x, x))2 - x2
q - 1 xx

	

q

1

	

x2

	

x'

	

x2

	

x2

,

	

~

~	

+
< C20 X2	 - --+ c.~ 0-<- .

3c, q

	

q 2

	

3q

	

q2

	

2q

Formulas (14) and (17) yield for large q that

x-

	

1

	

x2
g(x, a, 2) _ -

q
+

jq - 1 x
x(a)(ip(x, x))` - ? +

q

+ Ig(x, a, 2) -
1

~Y(a)('(x, x)) 2 ' > x' -
q -1 x

	

J

	

q

- g(x, a, 2) - 1 	YX(a)(V(x, x) )2

~

	

q - 1 x
X2

	

x2

	

x2

	

x2
>	 > 0
q 2q 4q 4q

which implies (13) (in fact, we have

NITA MATEIIATIKAI KUTATÓINT-EZET
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U .S .A .

f(x, a, 2) > -
x2

q(log x) 2

and this completes the proof of Theorem 3 .

(log x) 4

	

x2 1
< C20 x2	 -}

x2 -20q

	

q2

1 	
x(a)( , (x , x)) 2 - X2

q - 1 x

	

q
x2

	

x2

	

x3,12 log x
>---- 10

	

>
q 2q q
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PB,oor of Corollary 3 . By using Theorem 3 with 0 = 1/ 2, we obtain
Corollary 3 .
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