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ABSTRACT

Let `,(n, m) denote the class of simple graphs on n vertices and m edges
and let G C `6(n, m) . There are many results in graph theory giving condi-
tions under which G contains certain types of subgraphs, such as cycles
of given lengths, complete graphs, etc . For example, Turan's theorem
gives a sufficient condition for G to contain a K,,„ in terms of the number
of edges in G . In this paper we prove that, for m = an t , a > (k - 1)/2k,
G contains a K,,,, each vertex of which has degree at least f(a)n and
determine the best possible f(a) . For m = Ln 2 /4J + 1 we establish that
G contains cycles whose vertices have certain minimum degrees . Fur-
ther, for m - an t, a > 0 we establish that G contains a subgraph Hwith
S(H)_ f(a, n) and determine the best possible value of f(a, n) .
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1 . INTRODUCTION

All graphs considered in this paper are finite and loopless, and have no multiple
edges . For the most part, our notation and terminology follows that of Bondy
and Murty 121 . Thus a graph G has vertex set V(G), edge set E(G), v(G) vertices,
E(G) edges, and minimum degree 5(G) . K„ denotes the complete graph on n
vertices and C, a cycle of length / .

When the number of vertices and edges of a graph are suitably restricted
much can be said about the structure of the graph . Indeed, the graph theory
literature contains many results concerned with the structure of extremal graphs
containing (or not containing) certain prescribed subgraphs . We refer the reader
to the book by Bollobás II] for an excellent presentation of such results . One of
the best known results of this type is that of Turan 17 .81 :

Turan's Theorem . Let T, , . denote the complete q-partite graph on n vertices
in which all parts are as equal in size as possible . If G is a !triple graph on n
vertices containing no K j , then

where n -- r(mod q), with equality possible if and only if G -- Tq . ,, .
Let `.5(n, m) denote the class of graphs on n vertices and in edges . Let

G E `F(n, m) . When m > Ilk - I )/2k]n'`, k a positive integer, Turan's theorem
asserts that G contains K,,, . In this paper we prove (Theorem 3) that G con-
tains Kk ,,, each vertex of which has degree (in G) at least f(a)n, where

f(a) _

q	1 ,

	

r(q- r)E(G) < E(T,3, ,,) =

	

n --
q
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Moreover, we establish that this result is best possible .
For the particular case m = _r:'/4j + I our result asserts that G contains a

triangle, each vertex of which has degree greater than n/3 . We establish
(Theorem 4) that, when m = Ln'/4, - l , G contains a C, for each r, 3 <- r <-

Ln/6J + 2, each vertex of which has degree greater than n/3 and that this re-
sult is best possible .

We also prove (Theorem 5) that every member of `9(n, an) contains a sub-
graph H with

8(H)

and that this result is best possible .
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Some related unsolved problems are discussed .

2 . PRELIMINARIES

Consider a graph H on n or fewer vertices . For sufficiently large nt, it is easily
seen that all graphs in ',~(n, m) would contain a subgraph isomorphic to H . The
problem of determining this maximum value of m such that `6(n, m) contains at
least one graph G, which has no subgraph isomorphic to H, has attracted con-
siderable interest in the literature and Turan's Theorem mentioned in the intro-
duction is one such example . We shall denote by e(n, H) this maximum value
of m for a given n and H. We restate below two well-known results (see [1]) on
the value of e(n,H) in the form of

Theorem 1 .
(a) When H is the complete graph Kk ,,,

and

where

e

	

k - 1

	

r(k - r)

	

)
(n,Kx+J - 2k n

	

2k

	

(2 .1

n = r (mod k) .

(1
2

(b) When H is a cycle C, of length l .

I

	

2n
4

1) + C -1+2
2

The bound is achievable if 1 is odd or 1 ? ( n + 3)/2 . 1

In this paper we investigate the minimum degree on the vertices of the H-
isomorphic subgraph of G from `Q(n, m) when m is greater than e(n,H) .

In establishing that our results are best possible, the following constructions
are useful . Given two vertex disjoint graphs J, and J2 , J, V J2 will denote the
graph whose vertex set is the union of vertex sets of J, and J,, and the edges
are all those in J, and J2 together with all those edges with one end in vertex set
of J, and the other in vertex set of J 2 . The two graphs we construct are

H, (a, k) = K_ o V T, ,

IK

H2(a, k) = R_ -2a V 4.—
n

a < 2

if l <
n +3

2e(nC)< L

otherwise .
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where K_ denotes the complement of K TA v the complete k-partite graph
of order a with all parts as equal as possible, and R a, n ,p a graph on n - a
vertices and rz(n - a) (n - 2a)] edges with minimum degree n - 2a . It may
be noted that every Kk , , subgraph of H, (a, k) has exactly one vertex of K , and
of H2 (a, k) has at least one vertex of Rn n . The number of edges in H, and
H, are

h, (a, k) _ (n - a)a +
%k - I )

a 2

	

r(k - r)
2k

	

2k

and

hz(a, k) = h,(a, k) + 2 (n - a) (n - 2a)~

respectively, where r -- a(mod k) .

3. MAIN RESULTS

The following general lemma is easily established by simple counting :

Lemma 1 . Let G, denote the subgraph of G E `p(n, m) induced by the vertices
of degree at least d and n, _ ~ V(G,)j . If C, does not contain a subgraph H, then

(n - n,) (d - 1),

	

if n, ? d - 1
m < g(n,,H) = e(n„H) +

12 (n - n) (d + n, - 1)

	

otherwise . 1

(3 .1)

In obtaining the results mentioned in the introduction, we need to maximize
g(n„H) with respect to n, for the two subgraph structures considered .

The following lemma will be useful for this purpose :

Lemma 2. For H = Kx+I

and

where g(n) = g(n„ K, ,) [given in (3 . 1 )] .

max {g(n,)} = max{g(n), g(d - 1)}

	

(3.2)n,ad-1

g(d-1),

	

if d-1<
nk

k+2
max

{g(n,)} =

	

1

	

l

	

(3.3)
n

g~ 2 (n - k + 1) 1 kí,

	

otherwise,



g(ni + 1) - g(n,) = n, -

2 (n - d + 1)

>- 0,

when

k
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Proof. From (2 .1) and (3 .1) we get

rt,
k

-(d - 1),

	

if n, ? d - 1

where S(x) = 0 or 1 according to whether x is even or odd .
For n, ? d - 1, (3 .4) is monotonically increasing in n, . Hence g(n,) attains

its maximum at one of its end points (i .e ., at d - 1 or n) . This proves (3 .2) .
For n, <- d - 1,

g(n, + 1) - g(n,) _
-[kJ

+ I1
(n - k + 1) - S(n - d)S(rt - n, - l)

-[k
+
[2

(n - d - 1)~

rn-d- 1

	

n,
>

	

2

	

k

n, < n- d- 1
+ 1-

n- d+ 1
k

	

2

	

2

In the range of 0 to d - 2, (3 .5) is satisfied if d - I <- Lnk/(k + 2)j . For
d - I > Lnk/(k + 2)], we note that g(n, + 1) - g(n,) changes sign from
positive to negative when n, _ Yn - d + 1)/2]k and hence g(n,) is maxi-
mized at this point . This completes the proof of the lemma . 1

Theorem 2. Suppose all graphs in `e(n, an `), a > (k - 1)/2k, contain sub-
graphs isomorphic to H. Also let

e(n„H) < e(n„KA 1 ) .

- n, - S(n - d) S(n - n, - 1) ,
(3 .4)

(3 .5)

Then for any G E `b(n, an 2 ), G, contains a subgraph J isomorphic to H such
that every vertex of J has degree at least f(a) • n, where

k
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k(k+3)
k+ L
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a
2(k + V

i(a
)
-

	

(3.6)
2

- - (l - 'V/2ka - k + 1 ),

	

otherwise .
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Proof. For a graph G E `~(n, an 2), let d(G) be the smallest value such that
the subgraph G, of G induced by the vertices of degree at least d(G) has no
subgraph isomorphic to H. Let min.{d(G)} = d(G*) = d, and IV(G*)l = n, .
We will show that d > [f(a) • n], thus proving the theorem . Obviously

an'`

an - <_ g(n„H)

g(n,) = g(n,, Kk +,)

and hence

d - 1 -

g(d - 1),

SCLn
	- d+

I JkI

Now, by observing that

9( 2

2

and simplifying we get

n - d + I

if d

	

1 <

	

nk
k-2

otherwise .

n-d+1-S(n-d+I)
2

1 ~n-d+I `
_ ~ 2 k	2

	

+ n(d - 1)

- S'(n - d + I ) •
4}~

<- ~
{
k\n 2

	 +11'
- n(d - 1)~

(By Lemma 2 .)

k

	

1 d

	

1) 2

	

(

	

d

	

1) (d)

	

if

	

I~2k

	

-

	

+n - +

	

- 1,

	

d -
1k + 2

2{(kn
	2+1

)-

	

+ n(d - 1)

	

otherwise .

(3 .7)

Observing that the right-hand side of (3 .7) is a quadratic in (d - 1) ; (3 .7) then
implies that

	nk (

	

k+ 1

)

	 rtka(a)= k+1 1-

	

1-2
k

a

	

if d - 1~
k+2

b(a) = n 1

	

2
-
k

(1 - '\/2ka - k + 1)~ ,

	

otherwise .

min(a(a),b(a)) .

	

(3.8)
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In (3 .8), we note that a(a) = b(a) when a = [k(k + 3)1/[2(k + 2)`1 and
a(a) - b(a) is an increasing function in a . Hence

(a(a),

	

if a <-
k(k + 3)

d - 1 >

	

2(k + 2)'

	

(3 .9)
1 b(a),

	

otherwise .

Observe that the right-hand side of (3 .9) is f(a), and hence if d = f(a), G
would contain a subgraph isomorphic to H . Hence the theorem. 1

For the particular case when H = Kk„ we have

Theorem 3 . Let G E `g(n,a,¢'-), a > (k - 1)/2k. Then G contains a K,.,,,
each vertex of which has degree at least f(a)n, where f(a) is given by (3 .6) .
Moreover, this result is the best possible .

Proof. The first part of the theorem follows from Theorem 2 . The graphs
H I Q(a)n~, k) when a <_ [k(k + 3)]/[2(k + 2)'- 1 and H,(n - r/(a)n], k) when
a > Ik(k + 3)1/12(k 2)'], have at least an' edges and every K,.,, contains
at least one vertex with degree f(a)n] . Hence the result is the best possible . 1

Remark 1 . It follows from Theorem 3 that every graph in ~u(n, Ln'/4j + 1)
contains a triangle, each vertex of which has degree greater than n/3 and that
this result is the best possible .

Remark 2 . Erdős [41 proved that every graph in *n, Ln`/4] + 1) contains a
subgraph

H=K V(Ku ,, -I- e.)

where u„ = c log n] and c is a positive constant . It follows from the above
that every vertex of H has degree greater than n/3 in G .

Next we consider the case when H is a cycle . We make use of the following
result :

Lemma 3 [1, p. 150] . Let G E'9(n, m) with rn > n'/4 . If G has circum-
ference c, then G contains a C, for each r, 3- r s max{[(n - 3)/2j, ej . 1

Theorem 4. Let G (=- `b(n, Ln 2 /4] + 1) . Then G contains a C, for each r,
3 - r s Ln/6] + 2, each vertex of which has degree at least r(n + 1)/3] .
Moreover, this result is best possible .

Proof. That G contains cycles of the specified length follows from Theo-
rem 1 . Let d be the smallest integer such that the subgraph G, of G induced by
the vertices of degree at least d does not contain cycles of every length from 3
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to Ln/6] + 2. We may assume that d :< r(n + 1)/31, as otherwise there is
nothing to prove . Suppose G, has n, vertices and a maximum cycle of length
l- Is(n/6J+1 .

We may suppose that e(G,) > 4'n 2,, as otherwise the result follows from the
proof of Theorem 2 . This, together with Theorem 1 and Lemmas I and 3, im-
plies that

and

~ II + 1

n,23
J_l-1

	

n +1,

	

(3.10)

,(- )
+
( i -1+2)

2

	

22
(n - n,) (d - 1),

	

if n, >- d - 1
(3 .11)

2 (n - n,) (d + n, - 1),

	

otherwise ,

Let g(n„ d, l) denote the right-hand side of (3 .11) . We have

n
g(nnd,1)

	

+ L1
~ g n„ ~	

3

	

,l

< 81 n 3'

	

1
~n 3

	 1
j

' (1

gl n 3 1

	

I
n3l

	

6+1

This contradiction establishes that l - 1 ? Ln/61 + l . The following simple
construction establishes that the result is best possible : Let H„, denote a graph
on rn vertices having no more than _M2/4] edges and containing no cycle of
length c, c

	

L(m + 3)/2j . For each r, 3 < r <_ Ln/6J + 2, we can choose a

H

	

graph such that the graph

G = K2-iiVH - n+i

has L,1 2 /4j + l edges and all cycles of length r have at least one vertex of de-
gree r(n + 1)/31 . 1

Remark 3 . Continuing from Theorem 4, Caccetta and Vijayan [3] have es-
tablished that every G E `P(n,Ln 2 /4j + 1) contains a cycle C, for each r,
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3 - r

	

n), each vertex of which has degree greater than On, /3
where

I (13, n1

-(n + 3),
2

1
(3n +- + ~I (n - f3n - 2) - (2 - n~

1
-((3n + 1) - V 1 - ,3) (I - 3/3i,2 + 4,
2

f/3s 4

I

	

I'

	

l

	

I
if-</3< I

4

	

2n

	

2

	

n

otherwise .

Moreover, this result is best possible .
The more general problem for the class (6(n,an`) has been considered and

the results will form part of a forthcoming paper .
We conclude our discussion on cycles with the following problem :

Problem 1 . Let f(n, r) denote the largest integer such that every G E `4(n,
,n'/4_ + 1) contains an r-cycle, with the sum of the degrees of its vertices at
least f(n, r) . Determine f(17, r) . Theorem 4 asserts that f(n, r) > nr/3 for 3 <_

r - I_n/6j + 2 . Erdős and Laskar (5] proved that

(1 + c)n < f(n, 3) < 32 - c n ,

where c is a positive constant . This result has recently been improved by
Fan [6], who proves that for every G E `e(n, m)

n, 3) ?

	

+ (Vm(4m - n 2 ) - m) ,fin,
n

(30 - 2n + 4m)/J ,

'
if
4

< m < n'(10 - 1/32)/17

n 2 (10 - V 32)

	

n'
if

	

17	 sm < 3

otherwise .

Determining f(n . 3) exactly seems difficult .
We next turn our attention to the following problem . If H is a subgraph of

G E m), what can be said about S(H)? The following lemma is useful in
our investigations .

Lemma 4 . Let G be a graph on n vertices containing no subgraph H with
6(H) >- a .
Then

e(G) 2- (n - 1) (a - 1) + 2a(a - 1) .

	

(3 .12)
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Proof, Define a sequence of graphs G o , G„ .

	

G,,- .,, as follows: G„ = G,
and for 1 5 i - n - a,

where x, , is a vertex of G,-, having minimum degree . Note that du (x ;) :-
a - I for 0 <- i < n - a - l . Let A - {x,,,x„ . . . Since there are
at most (n - a) (a - 1) edges of G incident to the vertices of A, and G_ has
a vertices and at most (a/2) edges, inequality (3 .12) follows immediately. 1

Theorem 5, Let G E `A(n, an 2), a > 0 . Then G contains a subgraph H with

and this result is best possible .

Proof. Suppose G has no subgraph H with

S(H)?-a .

Then, by Lemma 4,

G;-G;,-x,,,

1

	

1
h(H) ? ~~1

	

(1 - 1)z - 2a 1n -
12

an 2 :- (n - a) (a - 1) + 2 a(a (3 .13)

The right-hand side of (3 .13) is a monotonically increasing function of a . Fur-
ther, equality in (3 .13) is possible only if

a=ll± ~/ (I-2rt) -2a)n- 2 .
Hence inequality (3 .13) holds only if

a?~1 - ~ T- ~~ -2a~n+ 1 .
2n

	

2

This establishes the existence of a subgraph H with the desired degree property .
That this result is best possible follows from the following construction : Let

1

	

1t= l-

	

1-2n -2an --

The graph G, is obtained from the graph K,,-,-, V K,,, by deleting one edge
from each of the n - t - I vertices in K,-,-, . Clearly



Since

we have

Further.
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E(G I )

	

(n - t - 1)t +
2

t(t + 1) .

t ? I/1 - ~ 1 - 2
I
n
\

- 2a
J

\
n -

1
-

e(G,) ? an ° .

2t(t+1)<an .

Hence we can construct a graph G, E `fj(n, an'') from G, by deleting appropri-
ate edges so that G, contains a subgraph H - K,,, and every vertex of G, not
in H has degree at most t . 1

ACKNOWLEDGMENTS

We are grateful to the referees for their suggestions, which have helped im-
prove the format of the paper .

References

[1] B . Bollobás, Eztremal Graph Theory. Academic Press, London (1978) .
[2] J . A. Bondy and U . S . R . Murty . Graph Theory with Applications . The

MacMillan Press, London (1977) .
[3] L . Caccetta and K . Vijayan, On cycles in graphs . Ars Combinat . 23A

(1987) 51-65 .
[41 P. Erdős, On the structure of linear graphs . Israel J . Math . 1 (1963) 156-

160 .
[5] P. Erdős and R . Laskar, A note on the side of a chordal subgraph . Proceed-

ings of Southeastern Conference on Combinatorics, Graph Theory and
Computing, Boca Raton Utilitas Math . Public . Winnipeg (1985), 81-86 .

[6] G. Fan, Degree sum for a triangle in a graph, J . Graph Theory (to appear) .
[7] P. Turán, On an extremal problem in graph theory [in Hungarian] . Mat .

Fiz . Lapok 48 (1941) 436-452 .
[8] P. Turán, On the theory of graphs . Colloq . Math . 3 (1954) 19-30 .


	page 1
	page 2
	page 3
	page 4
	page 5
	page 6
	page 7
	page 8
	page 9
	page 10
	page 11

