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For�each�positive�integer n�3��� let Zi be�the�direct�product�of n copies�of Z� ��i �e ��
Zz=�{�a���a � � � � ���aJ�ai=� or���for�all i= �� �� � � �� n} and�let {W� }�� o be�a�random
walk�on�ZZ�such�that P{�Wá ��A�}�= � n�for�all A's in�Zz�and P�{ W�� ��_
�a�� a�� � � ���an � ��� WJ J" �at� a�� � � ���a n�}�� P{Wn +t = �a�� a3� � � ���a n � ����Wln�_
�a�� a � � � � ���a n �} =z for�all�j=���I� �� � � �� and�all �a�� a� � � � ���a n �'s in�Z"� ��For�each
positive�integer n�>� �� let Cn denote�the�covering�time�taken�by�the�random�walk
W��on�Zz�to�cover�Zz��i �e �� to�visit�every�element�of�Zz ��In�this�paper��we�prove�that�
among�other�results��P{except�finitely�many n� c� n ln��n� <�C n <�d�n ln�� n �} =�I�if
c�<�I�<�d�
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For�each�positive�integer n > ���let�Z"�be�the�direct�product�of n copies�of
Z�� i �e �� Z"�_ { �a� � a�� � � �� a n � I a i = ��or ��for�all i =������ � � ���n�} and�let
{ W"�}„ o be�a�random�walk�on�Zn�such�that P�{ Wó�=�A } =��n for�all�A's
in�Zz�and P{W" �=�a�ia3� � ���an����Wn=�a���a � � � �� a n �}=P{W~"��+I
�a�� a3�� a n � ��� Wn=�a��az� � ���a„�}=� for�all j=������ � � � and�all
�a�� a � � � � �� a n � ' s in�Z' ��For�each�positive�integer n�>� l� let Cn denote�the
covering�time�taken�by�the�random�walk�W;�on�Zn�to�cover�Zn� i�e �� to�visit
every�element�of�Zn��In�this�paper��we�prove�that��among�other�results�
P{except�finitely�many n� c�n ln��n� <�Cn <�d�" In ��n�} =���if�c�< ��<�d�

In [�]��Matthews�studied�a�different�random�walk�on�Zz ��His�random
walk�can�be�described�as�follows :�Let µn be�a�probability�measure�on�Zz�
for�each�positive�integer n�>� �� that�puts�mass pn on������� � � �� ���and�mass
���p n ��n on�each�of���� �� � � �� ������������� � � ������ � � �� ������ � � �������������and
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ERDŐS AND�CHEN

������ � � �� ����� ��For�each�step�the�random�walk�on�Z"�corresponding�to µn
does�not�move�with�probability p��� otherwise�it�changes�exactly�one�coor�
dinate��with�each�coordinate�equally�likely�to�be�changed ��He�proved�that
P{�Cn��"ln��"+'�� � � "<x}��>exp��e�X��for�all x if�sup"�p"�<�� ��Our
result�is�similar�to�his ��However��his�technique�does�not�seem�applicable�to
the�random�walk�w"�in�this�paper ��A�completely�different�method�is�used�to
obtain�our�results �

For�ease�of�presentation��we�introduce�the�following�fair�coin�tossing
process {Xn j m � � as�follows : {�X��}�� is�a�sequence�of�independent�and
identically distributed random variables such that P�X��=����_
P�X��= ���='��For�each�positive�integer n�>��� let T" denote�the�first
occurrence�time�such�that��X�� Xz� � � ���XTJ contains�all�A's�in Z���i �e �� Tn =
inf{k j each A in Zn appears�in �X�� X� � � � ���Xk � at�least�once }� =�co�if�no
such k exists ��It�is�easy�to�see�that C"�= T„ ��n for�all n�>�� � Now�we�start
with�the�following�notation�and�definitions �
For�each�element _A�=��a� � a z � � � �� an � in�Z"��the�positive�integer i

���~< i <�n� is�called�a�period�of A if��a�� az � � � �� a n r��_ �a ; ���a;+�� � ����a n � �
Let 'CA denote�the�minimal�period�of A which�is�defined�by 'rA =
min { i j�l �< i�< n and i is�a�period�of Al �

LEMMA�� � For�any�two�elements�A�and�B�in�Z'z�and�any�positive�integer
M� P{�X���X z � � � �� Xm � contains A�} ~<P{�X���X� � � � ���X�„� contains�B}�if
TA�<�TB*

Proof� See�page��86�of�[� ] �

LEMMA��� For�any�element�A�in�Z"�and iA >�k��then { ��n�`}��n�+�l �
x�� � "�P{�X���X� � � � �� Xn� contains�A}�<��n+��� � �" �

Proof� For each integer i= ����� � � �� n+��� let E��=�{�Xj � X� + �� � � ��
X�+����=A} � Then P{�X�� X� � � � �� Xzn � contains A}=P{U"+�' E;} � By
Lemma����we�only�have�to�consider�the�case�when 'CA�k � Now�if
rA =�k� then�it�is�easy�to�see�that Ej and E; are�disjoint�if�j i �jj<�k�
Hence Y_"U' P�E�� >�P�U"+��E� >Y_" + �' P�E���I�<� ;<i�n+i�P�E;nE� �
Therefore� {� � n� k }�n�+����� � "�<�P{U"+�' E�}�<��n�+��� � �"� since
P�E�� = � � " and P�E��n�E��<�� �" �k for�all k�+���<�j �< n�+�� �

LEMMA�3 � For�any�element A in�Zn����n�+ ����� ���"�P{�X���X� � � � ��
Xzn � contains A�} �n�+��� � �" �

Proof� Let A�=����������� be�the�unit�element�of Z� � Then��by
Lemma��� P{�X�� X�� � � ��Xzn � contains A}�> P{�X�� X��'� X�n � contains
A�{� Now�it�is�easy�to�see�that P{�X�� Xz � � � ��Xzn � contains�A�}�_
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��n+�������� � " � Therefore����n+�������� � "�<�P}�X���X�i � � �� X�n � contains�A}
�n�+����� � " for�any�element�A�in�Zz �

LEMMA�4 � For�any�positive�integer�m�and�any�element�A�in�Zn�such
that iA >k��Then P}�X���X�i � � �� X�m+nn� contains�A}�~m�n+����� �"{��
n��k���n+����"����zm�n+��� "} �

Proof� For each�positive integer i = ����� � � �� m� let B ; be�the�event that�B�
occurs�if��X�� ��„+ �� X�r�� I�n + ��

	

X�r+��n��contains�A ��It�is�easy�to�see
that P{�X���X�i � � �� X�m+nn� contains�A}�=P{U"' ��B r } �Y7� P�B���

Y_����;�mP�B�nB;� =�mP�B����m���P�B�nB���j�m����m���x
p� �B��� since�B���B �i � � �� Bn� are exchangeable and B��� B;�are�mutually
independent�if I i �j�I�> � ��Now�by�the lemma of [ 5��p � �78 ] and�Lemma���
we�have�Lemma�4 �

LEMMA 5 � For�any�positive�integer�m�and�any�element�A�in�Zn ��Then
P}�X���X� � � � �� X�m+��n� contains�A}�>��m��n+����� �"U ����n+������ "� � ��
� m�n�+����� � "} �

Proof��Similar to the�proof�of�Lemma 4 ; use�Lemma�3�in�the�final sub�
stitution �

For each�positive integer k�=�l���� � � �� n��let�nk =�card�{A I A E Zn�and
rA�=�k} ��It�is�easy�to�see�that�n k � k for�all�k�=�l���� � � �� n �

LEMMA�6� Y�n � P I Tn >�d�" ln��"�} < oo�if�d�>�I �

Proof� Y_„ � P{Tn >�d�" ln��"�} 5�~�� I Ek=� P{�Xt��X�� Xd�nm�z ��
does�not�contain

A rA=k}~

	

�k}��� �n+����"������n+��� �"�i��
n=�

[d�" In�����m + ��]

�m�n+ ���� � }

+

	

�" }��m�n+l���"C��n��k � ��n+l�� n � ���
n=�

[d�"In�����m + ��]

� � m�n + �� � � "~ }
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It�is�easy�to�see�that�if�k�<���In�n���then

�k~��� �n+����"������n+��� � "��~
n=�

[d�" In�����m + �� ]
�m�n+��� �"�

	

<�c

if and�>�m�+�� ; it�is�possible�since d�>����Now since n��k �+�� as n����> o~~ if
k�>�� In�n�� there exists an no such that if n�>�no and m�< n�
n� �k+��n+����n����+zm�n+����"<E� where �I�E�d>� � Hence

�" {��m�n+��� � "CI�n��k���n+����n�I��
n = ��

\l�[d�" ln�����m + ��]
� � �n+���

y�no+�+

	

�n{���I�E�mn� n}[d�"In�����m+��]6

	

n>np

N�np+�+
Y

�"e [d���e�mnln�����m+��]<��

n>no

if d���E�m>m+� ;

it�is�possible�since d�� � E��>�� � The�proof�of�Lemma�6�now�is�complete �

Now�we�are�in�a�position�to�state�and�prove�our�upper�bound�for�the
covering�time�C" �

THEOREM�� � P�}�C n > d�" ln��"� only finitely�often } =���for�any�constant
d>� �

Proof� Since C"�=�Tn � n for�all n�=��� �� � � �� J]n I P{�C"�>�d�n In�� n ��}
P{Tn >�d�" In��� n ��}�<�oo�if d�>�� � By�the�Borel�Cantelli�lemma��we

have P�{�C n >�d�"�In��n� only�finitely�often�} =���for�any�constant d�>�� �
With�respect�to�the�fair�coin�tossing�process

	

we�define�a�new
sequence {�Y�}_�� of�random�variables�as�follows :�For�each�positive
integer m�>����Ym =� or���according�to �X� ��X� � � � �� Xm+n��� contains
�Xm � X�"�+��� � � ���X��� In � I�� or�not��For�each�positive�integer n�>�l � let�S�" _
Y� i°_ I Yi � It�is�easy�to�see�that�S t n=card { Wo� W„ � � �� Wz"� � } is�the�number
of�distinct�states�which�the�random�walk R� visited�before�the��"th�step �

LEMMA�7 � hm " � ~ E�S� n� � �" > �e� I��e �
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Proof: To show�that�lim n ��� E�S�n��� �" >��e � ���e� it�suffices�to�show
that limn_�� E�S� n����" >��e�����e � E for�any�s�>� �

Let m be�a�fixed�positive�integer�and c= [�"l�mn�] be�the�largest�integer
<�"��inn� � Since ��S E�Yj <�� and�is�non�increasing�in i� inn �

E�Yjmn +��� < E�S� n� < mn ��� o E��Yjmn + i � � Since inn {Y_i� o E�Yjn��� + i ���
j`=��E�Yj_ +��� }�= mnE� Y� ��= inn� limn

	

��"inn j=� E� Y�_� + ���_�o~
limn� �� � � "E�S �n� =limn x � � "innY_}' o E�Yjn�n+�� � Hence�it�is�sufficient
to�show�that�lim n

	

��"inn Y__ p E�Yjm„ +���> �e�� ��le ��e for�any E�> ��
By�the�definition�of Yj 's� it�is�easy�to�see�that E�Yj�nn+ �� _

P�Yi�nn+l =���=Y�AEZZ P{�Xll X�� � � ���Xjmn+n��� does�not�contain A and

�Xjmn+���Xjmn ��� Xjmn+n� = A} >�Y_AeZ' P {�XI � X�� � ��� Xjmn� does�not
contain�A�and �Xjmn+I��Xjmn+�� • • • � Xjmn+n�=A} � n��"> �AeZ� � Y° X
P{I �i=��[�X�i�I�m„+I��X�i���mn+�� � ���Xi���n� does�not�contain A]}�jn� �

�� �mn� �"��' �jn��" for�all j =��������� � � �� c��Hence Y_�_ o E�Yjn�n +����>

Y_i�o {�� � mn� �"�'�� jn� � "{�= �"�mn� �I
{� � �� � mn� � "�` +I }��

n��"{c�c+����} � Therefore��lim n_�� �"inn E��oE�Ymn ��>lim n � a�{{��
���� mn� � "�`+ i } � �n����� �"��"�inn�+ ���} _��e � ���e��� ��m � Sincem can�be
as�large�as�possible��lim n� � � "inn Y_��o E� Yjmn+ �� > �e���le�a for�any
e�>���and�it�completes�the�proof�of�Lemma�7 �

LEMMA 8 � limn p E�S �n� � � "�< �e����le �

Proof��By a�similar�argument�used�in�the�proof�of�Lemma�7��it�is
sufficient�to�show�that�lim„ �� � �"inn�l}�_ o E�Yjmn +���~ �e�� ���e�+ E for
any�s>���Now E�Yjmn+��=P�Yjm„+i =� �<YAeZZP{�Xi�X�� � � ��Xynn�
does not contain A and �Xj�nn+I� Xjmn+��

	

Xjmn+n� = A}
Ek=��nk � "P {n�� � i [�X�i�i�m„+i� X�i���mn+�� � Ximn� does�not�contain
AI'A=k}=Y_k=���"nk{P{ �XI �X�� � � ��Xmn� does�not�contain A}}' �
Now�for�sufficiently�large n and k>��n�n�� P{�XI ��X�� � � ��Xmn� does�not
contain AITA=k}<���mn��"���a�� � Since ni<�`� Y_k���n��" +�
as

	

n

	

co

	

if

	

k <���n�n� �

	

Hence�

	

for

	

sufficiently

	

large

	

n�
E�Yjmn +����< ����mn� � "�����v��'�+�c� Therefore� � � "inn Y_�'��o E�Y�mn + ��

�� "mnY_} o�t�mn��"���F��'+s=�����mn��"���E���+ �
+E ��*��

e �i �i� E � +�s�as�n ���oo and�it�completes�the�proof�of�Lemma�8 �

For�each�positive�integer k�= �� �� � � �� let dk =�} Wr I �k � �� �"�<�t�<�k�" }�
Ak � Uj =� A I �

�7� k ��� ~k� and Ek � Sk Mk�� •

THEOREM � � For�all�k�=������ � � ��

�i� lim n � � � "E{card�sclk�} =�� � e�i �

�ü��lim n� ~� � "E{card��4k�}=��e�k�

�iii��limn_ ���"E{card��~k�}=e�k �
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Proof� By�the�fact�that card��4�� has�the�same�distribution�as�of�Sz n�for
all�k=��� �� � � � � Now��by�Lemmas�7�and�8��we�have �i� �

By�the�fact�that W; and Wn��are�independent�if I t�� t'�l >��� and �i�� we
have��ü� �

By�the�fact�that ~k n �4k =��� Zz = �9k u�l�� and �ii�� we�have��iii� �

In�order�to�obtain�the�lower�bound�for�the�covering�time�C"��we�have�to
estimate�the�asymptotic�upper�bound�for�the�variance�of�card��4 k � for�all
k�=����� � � � ��We�start�with�the�following�lemmas �

For�each�pair �i� j��of�positive�integers��let�a�ij =���or���according�to
�X���X�+�� � � ���X;+�����

	

�X;> X;+�� � � �� X7+n�I� or �Xr�Xr+�� • • �Xt� + n�I� �
�X;� X� + ��� � � �� X� + "���� � For�each�positive�integer N �>�n� let ~�n� N��=
Y���� <�< ;�< NEtj and�for�each�positive�integer n� let t" =sup {N�j N�>��n and
~�n��N��=�� } � It is�easy�to�see�that ~�n��N� is�the�number�of�recurrences�in
N +�n ��� trials�and�t"�is�the�number�of�trials�before�the�first�recurrence �
The�next�lemma�is�a�special�case�of�Theorems���and���of [3] �

LEMMA 9 � If�N���> cc and�n�varies�so�that �i� �z���

	

>�� and��ü�
n'N� �"���for�all�t<�cc��Then

��� E{Z~"�N� } �>exp{íl�Z � ������'Z� }�

��� P{t" > �x�"�� } �>e

Proof� See�pages��7���79�of [3] �

For�each�positive�integer�k�=������ � � �� we�define�a�finite�sequence { i ;` ���
i ~<card�gk�} �probably�empty��of�hitting�times�of �9k as�follows : �
c��min�{�t�I�W' ;' E�Grk � k�" �< t�<��k�+ �� �"}� =�oo�if�no�such�t�exists��and�for�each
j=��3� � � ��card��~k �� ij=min{tIW�c��Yk � ik �<t<�k+���"}�=a~ if�no
such t exists ��Let Vk = {ik i = ����� � � �� and ik�<

	

} � It�is�easy�to�see�that
Ek+�=

	

tk Irki EV k �

If Ek+� �� we�define�a�finite�sequence {Zk ��6 i <�card �Ek+ ��} of�ran�
dom�variables�as�follows :�Z��=�I�and�for�each i =����3� � � �� card�Ek+ �����Zk�=��
or���according�as W''k E�{ Wk � � ~<j < i} or Wik { Wok I � �<j�< i } � It�is�easy

to�check�that S�Ek+��=Y�i rI k+ � Zk=~�k
k�l+°� Y� is�the�number�of�new

states�which�the�random�walk�W"��visited�between�the��k�"�th�step�and�the
��k�+�����" � ��th�step �

LEMMA��� � Var�S�E� + ���� <�ane � ' card�E� + �� for�some�constant�a�>�� �



Proof�
�card�EÁ� ��

Var�S�E�r + � �� = Var

	

Y Zk�
i= �

RANDOM�WALKS�ON Z"�

card��EA +I�

Var�Z'� +

	

Cov�Z'� Z��
i=�

	

i#j

card �Ek�+�� �

{P�Zk=���P��Zk=��}
i=�

+~ { P{�Zk=��n�Zk=�� } �P{Zk=�}P{Zk=� }} �

Since�Z„�Z'� � � �� are�����random�variables��Var�Z�� <'' � Since�the�dis�
tribution Wok is�independent�of W k if I i �j�I�> n��P { Zk�= � I Zk�=�I }

i
P�{ Zk =�� I Zk�=�� } +n� � " �by Lemma�9��as n��> oo and j�> i + n �
Hence J: ; ; Cov�Zk��Z��=iii ;i "„ Cov�Zk� Zk�+I ii ii�" Cov�Zk� Zk�

�n�4� card��E k �+ �� + �n�n� �"� card'�Ek ��� � Since card �Ek +�� �'�
Var�S�Ek+' �� <�an card�Ek+ ����for�some�constant a�>�� and�it�completes
the�proof�of�Lemma����

LEMMA��� � lim"���n� '� �"Var{card�~4k�} < ae � for�some�constant
a>��

Proof� We�will�prove�Lemma����by�induction�on k � By�Lemma����
Lemma����holds�when k= � ��Now�we�assume�that�Lemma����holds�for�all
k= �� �� � � �� M��and�we�will�show�that�lim„ � ~���'��"Var{card��4���+��}
ae " ' � Since ~4�� +' �Mm +' � Mm v�En� + i and �4m n E��� + i � ��

Var�card�~I��� +��} =E{�card��4��� ��� E�card��IM+�����}

=E{[card�~V ��� �� �E{card�MM+��Icard��4����� }]'}

+ E{ [E{card��4��� +�� I card��4���� }�� E{�card��4� +'� }�] � }

;z~ e��Var��I����+E{�"� card�34����I •ane � '

e �ane M�" + �"e "ane ' = an�"e M '�� + e ' � �

Since

	

o e = e��e � ��� by�induction��we�have lim" _ � n�`� � "Var
{card��4k � } < ae�k for�some�constant�a > ��and�for�all k > � �

LEMMA �� � Y_„'_ � P { T" < c�" ln��"� } < oo for�any�c < � �

Proof� P{T„ <c�"ln�� "�} = P{"in��" � Y����"} = PIcard �~Ic�"�zn��
� �"}

	

P{card ��Ir��n������ � EI card� �4� ��n�zn�� > �" � �"�� � � � "`�}
Var Icard��4cIn�zn � � } �� �n� ' � ` �

	

an�"��zn�'�`�e�`'n�� "� = an�� "�'�`� � Hence
Y_~ � P�{T" < c�" In��"�} j � an� �" � ' �`� < �� since�c < � �
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Now�we�are�in�the�position�to�state�and�prove�our�lower�bound�for�the
covering�time�C" �

THEOREM 3 � P{C" >�c�"�ln��"� except�finitely�many�n}�=����if�c�<�� �

Proof� By�Lemma����and�the�fact�that C"�=�T" � n for�all n�>���
~� t P{C" <�c�" ln��"�} <�oo ��By�the�Borel�Cantelli�lemma� P{C"�<
c�"�ln��"��infinitely�often}�=���Hence P{C"�> c�"�ln��"��except�finitely
many n�} =�� �

Combining�Theorem���and�Theorem�3��we�have�the�following�theorems �

THEOREM�4� P {hm„ y � C"���" ln��"�� =�� } =�� �

THEOREM 5� hm" y x E�C"����" ln��"�� =�� �

THEOREM�6 � P�{Y� ;x �"�� ���
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